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What does it mean to modify probability theory?

R.T. Cox, Am. J. Phys. 15, 1 (1946).
S. Youssef, A reformulation of quantum mechanics, Mod. Phys. Lett, A6, 225-236 (1991).
S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 (1994).
S. Youssef, Physics with Exotic Probability Theory, arXiv:hep-th/0110253, (2001).

• Probabilities can be any real associative algebra with unit.
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But what does probability “3 + 5i” mean?

First, consider how this works in standard probability theory…

1. Consider N copies of the predicted situation with probability p. 
2. The probability of n/N successful predictions peaks at p = n/N.
3. With the additional assumption which is, roughly, “probability zero events don’t 

actually happen,” we predict frequency n/N = p.

As pointed out by Ed Jaynes, there is nothing intrinsic about probability and 
frequency being equal.  Probability theory would work just as well if >=1 would also 
work if the predicted frequency was 1/p.  

S. Youssef, Physics with Exotic Probability Theory, arXiv:hep-th/0110253, (2001).



Everything works if 
probabilities have the 
additional property of 
being a square norm…

With this, standard 
probability returns for 
subsets of X.
“wave functions” are 
functions from X to P

S. Youssef, Physics with Exotic 
Probability Theory, arXiv:hep-
th/0110253, (2001).



Thus, probabilities must be an associative algebra with unit, with a 
square norm.

…but there are exactly three such algebras…
• The real numbers
• The complex numbers
• The quaternions

Hurwitz theorem.  See, for instance Spinors and Calibrations, by F. Reese Harvey, 
Academic Press, (1990). 

From this point of view, to define a quantum theory, simply….

1. Choose a “state space” of disjoint propositions X.
2. Choose R, C, or H.



Example:

“It’s not true that the electron either goes through one slit 
or the other slit.”



What does this mean?

“It’s not true that the electron either goes through one slit 
or the other slit.”

Prob(arrive at    ) >= Prob(arrive at    | slit 1)



What does this mean?

“It’s not true that the electron either goes through one slit 
or the other slit.”

Prob(arrive at    ) >= Prob(arrive at    | slit 1)

ß This is actually wrong! 



S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 (1994).

State space: R3

Probability: C



S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 (1994).

But what about which path 
arguments?...

“If you can tell which path is 
taken, the interference is lost.”



S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 (1994).

Hit   No HitAttach a device 
that measures
Whether M1 has 
been hit or not.



S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 (1994).

Hit   No Hit

State space: 
R3 x {Hit, No Hit}

Probability: C

Sure enough, if you plug this in, the interference 
disappears.  Also, if the device works so poorly that 
{Hit, No hit} is independent of whether P1 or P2 is 
taken, then the interference is restored.



But what about Hamiltonians and the Schrodinger equation etc.?

S. Youssef, Quantum Mechanics as Exotic Probability Theory, proceedings of the Fifteenth 
International Workshop on Maximum Entropy and Bayesian Methods, K.M.Hanson and 
R.N. Silver, Santa Fe, 1995. 





You don’t have to choose the Hamiltonian in this approach.  A 
Hamiltonian is effectively given to you depending on X, in the R4

case, complete with mass, Aμ and gμν …

Can you guess what happens with probability H instead of C? 

….Yes, you get the Dirac equation.

S.K.Srinivasan, Quantum Mechanics via Extended Measures, J.Phy.A (23) 8297, (1997).  See 
also http://physics.bu.edu/~youssef/quantum/quantum_refs.html for more.

http://physics.bu.edu/~youssef/quantum/quantum_refs.html


1. To define a theory, choose a set X and 
choose probability R, C or H.

2. The state of the system is a point in X.
3. Under suitable assumptions, dynamics is 

determined by the probabilities to go 
from x to y in X in a short time interval t. 

4. Dynamics depends only on the 
moments of 3) in a manner similar to 
the central limit theorem.  In the case of 
R4, moments can be identified as 
particle mass, Aμ and gμν

1. To define a theory, you must define a 
Hilbert space and a complete set of 
mutually commuting self-adjoint
operators to serve as observables.

2. The state of a system is a ray in Hilbert 
space.

3. In addition, one must choose a 
Hamiltonian and label states by the 
irreducible representations of the 
Hamiltonian’s symmetry group.

4. Time evolution is a one-parameter 
semigroup given by the Hamiltonian 
operator.

Standard Quantum Theory Modified Probability



Our modified probabilities have the same status as probabilities do in 
Bayesian inference.

If you know a, then 

( a         x )

is the modified probability that x is true given that a is known.  Different 
people know different things and can have different wave functions.

If you happen to know more about the system (say, M), you just calculate 

( a      M x )

If you know more about a system, you get better results.  
That makes sense, right?

Wave functions are not “the state of the system”

∧



1. To define a theory, choose a set X and 
choose probability R, C or H.

2. The state of the system is a point in X.
3. Under suitable assumptions, dynamics is 

determined by the probabilities to go 
from x to y in X in a short time interval t. 

4. Dynamics depends only on the moments 
of 3) in a manner similar to the central 
limit theorem.  In the case of R4, 
moments can be identified as particle 
mass, Aμ and gμν

1. To define a theory, you must define a 
Hilbert space and a complete set of 
mutually commuting self-adjoint
operators to server as observables.

2. The state of a system is a ray in Hilbert 
space.

3. In addition, one must choose a 
Hamiltonian and label states by the 
irreducible representations of the 
Hamiltonian’s symmetry group.

4. Time evolution is a one-parameter 
semigroup given by the Hamiltonian 
operator.

5. If “mixed states” occur instead of 
“pure states,” they must be described 
by density matrices.

Standard Quantum Theory Modified Probability



What about “pure states” vs “mixed states”?

S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 
(1994).

From our point of view, there is no such thing as “the system is in a pure state” or “the 
system is in a mixed state.”  It just depends upon what you happen to know.  Does this really 
work in detail?



What about “wave function” collapse?  The Observer problem, etc.?

In our theory, the “wave function” is just a function from X to P representing what you 
happen to know about a system.    

Just as in Bayesian probability theory, it makes no sense to say that such a function is 
“the state of the system”.  The state of the system is simply some unknown point in X.
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Exponential Decay

μ
Suppose that we have some system that can 
decay irreversibly to something else.

Suppose that the probability that this decay 
happens is independent of the past.

1 – e-λt

However, this does not follow in Quantum Theory.  (See Sakurai’s book, e.g.)

This is a lesser known paradox of quantum theory.  Since quantum theory disagrees 
with this prediction in general, that means that such systems aren’t independent of 
their past.  Right?  Or are they?  Is a muon more likely to decay if it’s old?  



Exponential Decay

μ

S. Youssef, Quantum 
Mechanics as Complex 
Probability Theory, Mod. 
Phys.Lett. A9, 2571 (1994).

We avoid this paradox because the 
standard probability argument does 
not follow in our theory.



But isn’t this all impossible because of Bell’s theorem?
In 1964, Bell analyzed a version of the Einstein-Podolsky-Rosen experiment.  

Bell’s results are almost always summarized this way:

No local realistic theory can give the predictions of Quantum Theory.

In the 1990s there were many, many, confirmations of this result. 

All conclude the 
same thing:  Local 
realistic theories 
are impossible.



But wait…
Bell’s result is an argument in standard probability theory.
It does not follow for us.

Bell has exactly shown that if you want a local realistic theory, you 
have to abandon probability theory.

S. Youssef, Is Complex Probability Theory Consistent with Bell’s Theorem?, Phys. Lett. A204, 
181 (1995). 



S. Youssef, Is Complex Probability Theory Consistent with Bell’s Theorem?, Phys. Lett. A 204, 
181 (1995). 

What about those 25 confirmations of Bell’s results?

These also fail to rule out local realistic theories.  They do not 
rule out modified probabilities as we have been discussing.



What about non-local effects?

Doesn’t Bell show that Quantum Theory is non-local?

Cut a penny so that there is a heads ½ and a tails ½.  Secretly mail one half to house A 
and the other half to house B.  When we open the envelope in house A, does this 
cause a non-local effect at house B?

A B

Answer:   No.  What’s called “non-local effects” in quantum theory are just correlations 
in modified probability theory.

S. Youssef, Quantum Mechanics as Complex Probability Theory, Mod. Phys.Lett. A9, 2571 
(1994).



What does this all mean?



What could the ultimate answer be?



What could the ultimate answer be?

In the case of a die, it would be silly to say that {1,2,3,4,5,6} is the true ultimate state space of 
a real physical die, but that is only because we know that dies are made of ivory, have 
physical dots, move in gravity, etc.  On the other hand, if we propose an ultimate state space, 
we can no longer ask any more questions and can never know what those points “really are.”

In this scenario, you just have propositions and their (necessarily) simple relationship to each 
other.  Because we have assumed that this is all that can be knows, these simple things must, 
therefore, determine the Standard Model, Gravity and all the vast, detailed, seemingly highly 
specific world that we know.




