Charging a two-plate capacitor in detail


Let us have two parallel conductive plates each with a very large area  A which stand vertically side by side and are separated by some distance. For quantities concerning the left plate we use index  S (sinistra). For those concerning the right plate we use index  D (dextra). In any situation free charge on each plate will be distributed between its surfaces. Each plate has a left and right surface for which we use indices L and R respectively, so that e.g. the charge on the left surface of the left plate is QSL. 

Using the Gauss theorem it can be shown that one charged infinite plate generates homogeneous fields E in the direction of its both outer normals, proportional to its charge Q 
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where (0 is the permittivity of vacuum. To simplify our further ideas and equations as much as possible but being still general, we switch to special units in which  k = 1 so that numerically E = Q. 
Generally, the electric field in any point is the superposition of fields created by the all four charged surfaces. The sign of the field pointing to the right is positive. We study field in test points of an axis perpendicular to the plates. If the generating surface is to the left of the test point we use the positive sign and if it is to the right we use negative. For instance the field far to the right from both plates has all signs positive EFR = QSL + QSR + QDL + QDR.

Since the plates are conducting the electric field within each of them must be zero in equilibrium. If the test point is outside of a plate then its both surfaces act together and we use only one (plate) index
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.
The free charge in each plate is distributed to its surfaces, so at the same time
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.
Let us first put a free excess charge Q on the left plate and leave the right plate neither charged nor grounded so we have
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Inserting (6,7) into (2,3) we easily obtain for the initial state
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.
Obviously the left plate is not influenced by the right, uncharged plate, while the charge in the right plate is polarized due to the influence of the left charged plate. Except within the right plate the field is the same as if the right plate was not present. Specially, the field far to the right from both plates EFR is nonzero. In our units it is equal to Q. So after grounding the right plate the positive charges tend to leave it. 

Let us investigate the situation when some charge +q has already left the right plate. By that this plate got negatively charged and its charge now is   
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Now since the distribution of charge in each plate is influenced by the total charge on the other plate, by inserting (6,7’) into (2,3) we get
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(9)
.
We see that as the right plate gets charged also the charge in both the plates moves to the inner surface. At the same time the field far to the right EFR decreased to Q - q. After charge +Q has left the right plate this field disappears completely. Then EFR is zero and here is no field to force further charge to leave the right plate so it is the final equilibrium. The exact situation we get by substituing Q for q into (9)
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.
The charge has moved completely to the inner surfaces and the field outside the plates is zero. 

The very same final situation can be anticipated from simple reasoning that electric field in the plates must vanish when charging one plate with a charge +Q and the other with –Q e.g. by connecting the capacitor to a power source. Here we elucidate this in more detail and show that if only one plate is charged then simple grounding takes care for getting the right charge on the second originally uncharged plate.  




M. Steinhart 1. 11. 2007
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