Charging a two-plate capacitor in detail

(revisited 21.10.2024)


Let us have two parallel conductive slabs, with same or different thicknesses t1, t2 and very large area A which stand vertically side by side at some distance d. We expect that A is almost infinite and t1, t2, d are small so we can neglect effects near the edges and all electric field everywhere is homogeneous and its direction is horizontal. For quantities concerning the left slab we use index S (sinistra). For those concerning the right one we use index D (dextra). Each slab has its left and right surface for which we use indices L and R respectively, so that e.g. the charge on the right surface of the left slab is QSR.
Using the Gauss theorem it can be shown that one charged infinite slab generates homogeneous fields E in the direction of its both outer normals, proportional to its charge Q 
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where (0 is the permittivity of vacuum. The proper unit of k is [V/Cm], however to simplify our further main ideas and equations as much as possible but being still general, we expect Q>0 and switch to special units in which k = 1 so that numerically E = /Q/. The sign is positive when the charge is to the left from the test point or negative if it is to the right. In another words the sign of the field pointing to the right is positive.

Let's charge each slab by some free charge QS, QD. The geometrical conditions are such that the charge on each slab will be distributed between its surfaces
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The electric field at any point is the superposition of fields created by the all four charged surfaces. Especially, the field far to the right or far to the left from both slabs has all signs positive resp. negative
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Since the slabs are conducting the electric field within each of them must be zero in equilibrium so for the left resp. right slab
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.
Obviously, if the test point is outside of a slab then its both surfaces act together and we use only one slab index.
By adding equations (2) and (5) resp. subtracting (3) from (6) we obtain an interesting result that the total charge is evenly distributed between the outer surfaces QSL and QDR
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From these equations we also find that charges on inner surfaces have the same absolute value but opposite sign 
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Using these general equations we see what happens in particular steps of charging this capacitor. At first let's charge only the left slab, so that QL=Q and QD=0. Inserting this in (7), (8) and (4) we obtain 
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The charge on the left slab is evenly distributed between its surfaces since the right slab is uncharged while on that the zero charge is divided and its negative part is facing the right (positively charged) slab. Since the far right field is nonzero current will flow from the right slab if it is connected to the ground. Particularly since we expected that Q>0, positive charges will tend to leave the right slab. Let' check what happens when some charge q>0 already left the right slab. Now QS=Q, and QD=-q 
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Apparently, positive charges will leave the right slab until there is nonzero field to force them and an equilibrium is reached when this field disappears EFR=0 so q=-Q and in the final equilibrium state we have
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This is indeed, how a charged capacitor is usually depicted but now we know much more.: We know that since we must have arrived to the equilibrium:

opposite charges are on the inner surfaces of the capacitor's electrodes 
there is zero field outside the capacitor
the negative charge appears on the grounded electrode if the other is charged positively or vice versa.

M. Steinhart 1. 11. 2007
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