PY 355: Methods of Theoretical Physics SOLUTIONS
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1. After centrifuging, the mass density of a fluid in a bucket of radius R and height L is
given by (5)

o= (1 (2))

in cylindrical coordinates (s, ¢, z), where py and a are constants. What is the total mass M

of the fluid?
21 L R 82
M—/pdT—/ d¢/ dz/ p0<1+a2)sds
0 0 0 R

The ¢ and z integrals give 2w L. The s integral is:
/R +as3 d R2+ a R* R? <1+a>
0 R? 2 Rz 4 2 2

M = nwLpyR* (1 + g)

Units check: [poR*L] = % - L3 = M. v
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x2—4
2 -1

2. Sketch the function f(x) = e~?, labeling any important qualitative features. (5)

Key features to identify:

e Zeros: 22 —4=(z—-2)(x+2)=0= 2 = £2.
e Vertical asymptotes: 22 — 1= (z —1)(z +1) = 0=z = £1.
e Value at origin: f(0) = =3 -1=4.

x2—4
x2—1

2— —
£27%—>1,sof~e ¥ — +o0.

o As x — +oo:

— 1,50 f~e 0",

o As x — —o0:

a K4 =(x-2Yr+2)
X5~ == (x+1)

2305 +2
’D}va,fuwi

i fiy= Ze0=g

il

£
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3. Express the i’th component of the cross product A x B in terms of the components of A
and B and the Levi-Civita symbol. (5)

(/_( X é)z = Eijk Aj Bk

where the Einstein summation convention (sum over repeated indices j and k) is implied.

4. State the gradient theorem carefully. (5)

For a scalar field f(7) and a curve C' from point @ to point b:

l; — -
[ Vf-di= ) = £(@)

The line integral of a gradient depends only on the endpoints, not on the path.
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5. Prove that V- (A x B) = (V x A)- B— A - (V x B) using index notation. (5)

6 . (A_: X é) = ai(&‘ijk Aj Bk)
= €ijk (0;A;) B, + €iji Aj (0;By) (product rule)

First term: relabel ;5 = €; (cyclic permutation):

€kij (0i4;5) B, = (VxA)pBr=(VxA)-B

Second term: swap two indices €;;, = —¢€jik:

Therefore:

6. A certain magnetic field B = V x A where (5)
A= cyz &+ 22§ + ayz’ 2

Find a scalar f(z,y,z) such that A’ = A+ Vf has a z-component identically zero.
We need the z-component of A=A+vV f to vanish:

of of 2
A, +—=0 = —=-—
) 0z 0z e
Integrating with respect to z:
3
TYZ
f=-2
Check: 2+ A = zy22 + 0, —IZJ;B) =xyz? —ayz? =0. v
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7. A plane wave of light propagates in vacuum. The electric field is given by (the real part

of) (5)

= (14+4) . e
E(7t) = ~——2 z¢@et)
(7, 1) 7
where ¢ is the speed of light. Sketch E in the z—2 plane at time ¢ = 0.
Note that I—\g =™ At t =0:

E(7,0) = Re[e”r/4 eix} z= cos(a: + g) z

This is a linearly polarized wave in the z direction, propagating in &, with a phase shift of
/4.
Zeros at x + /4 =7/2 + nr, i.e. x = /4 + nr.

V/T/TTT\ N 110,
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8. A viscous fluid is trapped between two large parallel plates (at z = 0 and z = d). The top
plate is moving at velocity vo&. The velocity of the flow is then
z

7 = 1g pi T
(a) Sketch the flow field with a quiver plot in the X Z plane. (5)

All arrows point in the & direction. The magnitude increases linearly with z: zero at
the bottom plate (z = 0) and vy at the top plate (z = d). The flow is independent of x.

z
— — — — —
& " 4 \ " 4 T
(b) Compute the divergence V - 7. (5)
- 0 [vpz ov ov,
YT 9x\d ) y + 0z o
V-7=0
The component v, = vgz/d depends only on z, not on x, so its z-derivative vanishes.
(¢) Compute the curl V x 7. (5)
With ¢ = (voz/d, 0, 0):
= Ov,  Ovy
(VX )a dy 0z
= Ovy,  0v, o )
(Vo @)y 0z Ox d 0= d
- v ov
Vxi),=—=-2--2=0
(V) ox dy
= - v .
v -
XU=-"T9

The curl is constant and uniform — the shear flow has constant vorticity.
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9. Consider the cardioid described by 7(#) = 1 — cos# in polar coordinates. (10)

(a) Sketch the cardioid. (5)
Key points: 7(0) = 0 (cusp at origin), r(7/2) = 1, r(7) = 2 (farthest point, on —x axis),
r(37/2) =1, r(2w) = 0. The curve is symmetric about the z-axis and opens to the left.

Y

(0,1)

(b) Compute the area enclosed. (5)

The area in polar coordinates is:

2r  pr(0) 2m 2 1 27
A:/da:/ / rdrd@z/ r(6) d@z/ (1 —cosh)?db
o Jo o 2 2 Jo

27
= 1/ (1 —200s0+00829) do
0

Expand:

2

Each term: fozﬂ 1df = 2m; fo% cos 6 df = 0; fo% cos?0df = 7.

(For the last integral: f027r cos? 0 df = OQW sin? 0 d, and their sum equals fo% 1d0 = 2,
so each equals 7.)

1
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10. A piece of tubing with square cross section of side length a runs along the z-axis. That
is, its sides lie at © = +a/2 and y = +a/2. Maple sap runs through the tube with a velocity
(40)

(a) Make a contour plot in the zy plane (z = 0) of the magnitude of the velocity field. (5)
2
The magnitude is || = vo(1 — %)2<1 _ 2#) .

Key features:

e |U| =0 along x = a/2 and y = a/2 (two walls of the tube).

e Maximum at (z,y) = (—a/2,—a/2): |0] = v -4 -4 = 16w0p.
Each factor increases quadratically from 0 at z = a/2 (or y = a/2) to4 at = —a/2
(or y = —a/2).
Since |U] factors as g(x) - h(y), the contour lines g(z)h(y) = ¢ are symmetric under
x > y (reflections about the line x = y).

t 0
ll=o ea 1= 0 (- EY0-22Y
B T o @ =% er y=2
[ Euck feekn wmorgeres guechetialy
o 4R x=-% o y="%
e Sl s, Symtic xesy = reflacts
\ ) et
1U=\6 =2/
~ |

(b) Make an arrow plot in the xz plane (y = 0) of the velocity field inside the tube. (5)
Ony=0: ?7:1)0(1 — %“)22.
All arrows point in the 2 direction. The magnitude is zero at © = a/2, equals vy at

x =0, and reaches 4vg at x = —a/2. The flow is independent of z.
2 ™ yse!
£ EAGEE
[
o
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(c) What is V - 47 (5)
= . Ovy Ovy, Ov,
VU= ox + Giy 0z
Since v; = v, = 0 and v, has no z-dependence:
V-7=0
The flow is incompressible.
(d) What is V x &7 (5)
With ¢ = (0,0,v,(x,y)):
S . 22\ 2 2 4 22\ ° 2
(T x i), =2 :%(1_56) .2(1_y> <_ :_%(1_90) (1_y>
y a a a a a
o B 2 2 2\> 4 2 2\ >
S R L O L
oz a a a a a
(VxT),=0
Factoring:
- 4 2 2 2 2
T (] ) S YD
a a a a a
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(e)

If the sap has mass p per unit volume, what mass of sap flows through the tube per unit
time? (5)
The mass flux through the cross section ¥ (at any fixed z) is:

. a/2 9 2 a/2 92 2
M:/pﬁ~d&:pvo/ (1—30) d:v/ <l—y> dy
b —a/2 a —a/2 a

Each integral is the same. Substituting u = 1 — 2x/a, du = —2/a dx:

a/2 9 2 2 3
—a/2 a 2 0 2 3 0

: da\* 1
M = puyg <a> :—6p00a2

2

8 _da
.

3

[\CRRS]

3 9

Units check: [pvga®] = & . 2 .m? = k&

Compute the circulation fsg ¥ - dF for a circle S? of radius a/4 around the origin lying
in the zy plane. (5)

The circle lies in the zy plane, so dr lies in the zy plane: di L Z.
But ¢ = v, 2 points entirely in the z-direction.
Therefore v - di = 0 everywhere on the circle, and:

7{ - dif =0
S2
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(g) Compute the circulation fRU - dr for a square of side length a/4 lying in the xz plane,
with one side on the z axis and the other at x = a/4, by explicit integration. (5)

(5) (g) Compute tl
plane, with

2

®
2
) > x
=~y W gy,

The square R has vertices (0,0,0) = (a/4,0,0) = (a/4,0,a/4) — (0,0,a/4) — (0,0,0).
Ony=0: v=uv(l —2x/a)?2.

Since ¥ o Z, only the sides along 2 contribute (sides (D) and @) have dr o< &, so U-dr" = 0).
Side @: x=a/4, 2:0 = a/4, dir =dz 2:

- 1\2 4 vo IR a
U:UO(].—?) Zzzz — /@q)dr:44:16

2 ~ 0 a/UO
T=v9(1—-0)°2=wp 2 — / ﬁdf’:vo/ dz = ———
@ a/4 4
Total:
j{ 5 dF avg  avg 3avg
v-adr= — — — = —
" 16 4 16
(h) Compute the same circulation as in part (g) using Stokes’ theorem. (5)

(5) (h) Compt
2

a*/q ‘ﬁa/z

>)

“ly




Practice Midterm 2 Solutions - Page 13 of 12 PY 355 Spring 2024

?{ v-dr = / /
The surface ¥ is the square in the zz plane (y = 0). By the right-hand rule with the

given traversal direction, do = —g dz dz.
From part (d), the g-component of the curl on ¥ (where y = 0) is:

By Stokes’ theorem:

So:
N a/4 a/44 9
//(VXU) (—9)dedz = — | d= ”°<1—$>daz
) 0 0 a a
I R o [
T a4 al, °la 16 16

% v-dr'= _3at v (agrees with part (g))
R




