Contour Integral Example PY355 — Methods of Theoretical Physics
Spring 2026 Prof Schmaltz
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We already know the answer is 7 (from arctan), but let’s re-derive it using contour integration.

Step 1: Find the poles
We need the roots of 22 +1 =0, i.e. 22 = —1:

z = +i (upper half-plane), z = —i (lower half-plane)
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Step 2: Choose the contour and check the arc

Close the real-line integral with a semicircle Cr of radius R in the upper half-plane.
Parametrize z = Re", dz = iRe' df, with 6 from 0 to 7
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In the second step we used |R?e?| = R? >> 1 for all 4, so the 1 in the denominator is negligible.

Shortcut (ML inequality): 2% +1| > R?> — 1 on Cg, so

/ dz
Cr 1 +22

The arc integral vanishes. One pole is enclosed: z = +i.
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Step 3: Compute the residue

Factor the denominator: 22 +1 = (z —4)(z +1). So

1
1&) = e+
has a simple pole at z = 7 with residue:
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Aside: Residues for higher-order poles

In this example we had a simple pole (order 1), and the residue was easy to compute by multiplying
by (z — zp) and taking the limit. What if the pole has higher order?

If f(z) has a pole of order n at z = 2y, then near z:
A—n
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f(z) =

The residue is a1 (the coefficient of the 1/(z — zp) term). To extract it, multiply by (z — 2¢)" and
differentiate n — 1 times:

Res(f, 20) = oy Jim A (=20 72
Example: f(z) = - L — = 1 has a double pole at z = i.
(z—=1i)2(z+1)%2 (1+22)2
Res(f, i) = lim 7 [(z—i—lz)z] = (zfz')s - (2_53 - E
This would let us evaluate /_ O; (1_53;2)2 =27 X % = g

Step 4: Apply the residue theorem

* dx o1
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Checks
o0
¢ Known result: / dia:Q = [arctan:c]io T (_f) =7 v
o L+ 2 2
e Sign check: The integrand is positive, so the result must be positive. v'
e Lower half-plane: We could also close in the lower half-plane (clockwise, picking up z = —i).
Then Res(f, —i) = - and the clockwise orientation gives an extra minus sign: (—2mi) x = = 7.

Same answer. v’
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