



































































































































DifferentialCalculus of 1 Real Variable ofAVO a
Shankar C

Why derivatives Quantify smooth changes locally

af tangent

fq
Ii.IE7 Ian

ft be approximated by a linear
funatron near x

x 48 x
linear functionofSx

fcxtsaxl fcx7 sfn fcxl fkxlsx OCS.si

I g g
smalldeviation derivative x termsoforder 82andbuglesfrom dropped

If 8 10 2 82 104 so neglect should be ok

fix 3

factSx Get85 XtSx x cSx Sx Is 13 28 1 3 8 5 xp

fCx 3 28 018 7
o e f't 8 factsx Hx 3 2

Sx 87

Say quantity Sx is infinitesimal if we workwith it planning to takeSx so
at the endof a calculation

formally
Cx buy Lem fCx 8x

Sx o Sx so Sx

desirable differencequotient slope

Say f is differentiable at if Gaut exists

Notation f daf d f f equivalent notationsfor thederivativerap
fCx daffy d fCx fCx d

y
notations for value x






































































































































Differentiability
f f f

lo rX X X

OG O x 10 fix 1 1 fix it x
I X 0

not continuous at x D continuous but vertical x D

so definitely no deenahue
not differentiable slope
f G ti x o f x 43 a

fCI D Ig I so x o

But want ambiguous
at 0

DifferentratoonRules

Linearity afar 1 by addCx t bdgcx GobEm

ProductRule df d g t f Idf
chain rule df daff

y g
d

Why fcgcxtSD fcgcxstg.GS e fCgCxDtF'cyan gtx 8A T
approxgbylinearfouc approx f by linear fume

near x reargox
f SfInverseRule daff daff 1 Stx

T 5

off
slope off slopeof I 1
as fancy as fare x x 8x

Moreformally df Y dY Tx f 4






































































































































Highesdernatwesi
dfCx d Apply thederivative operates twice

Notation f G diffG ddfCx

A function is smooth in an open set Ca b CosIR if
a1 derivatives exist

Q Interpretation of higher derivatives as approximations

Taylor expansion match up to 4thorder cu Sx by matchingderivatives at up to nth
f Sx fix f 7 38 1 FIG 8 2 08 3

2

af fzCx parabola
2

fi4 Linear

µ constant

1 I l x
I 2 X

If f is smooth can write Taylor series w a terms

FG I E f fxKsxY
Q Does this series have to equal fCx on domainof f

No 1 Series may not converge
Ratio test etc

2 f could bedefacedwith pieces






































































































































Integration
Idea divide domain into lotsof littlepieces and sum localcontribution

To estimate area under curve
f x f x from a to boo

fixed Divide carb into l bars of width

11 1 11 1 sx b x

I il l i e i r a Draw a rectangleof height FCIax Xis b Je
xo Xe any point we bur i will doSx

Q whyl
Area E Sx f Ii Riemann sum

c

Becomes exact as L so and bun size fxi o

b ydummy
variable

fix line SxFCE Riemann Integral
a 8x o

g
definite integral over domainCarb

is just a weird s standing for sum

Integral exists so long as limit exists independentofway barsarechosen

Continuous functions are integrable
µ

7iaysenoafhasiangugigesia.mg a maYa

oxx Cnx hi YET1
Not integrable across singularity x o

d
z 2 4210 2 O is






































































































































fundamentaltheoremotculus
Integrals and derivatives are inverse operations up toconstants

f fC d fCx fCb's Ela fda version

in 9Sx so
f x Sf8 c

t O 8 2 Lib FC.at OCS.x

The sum of local changes cu f is the total change auf

Alternatively integral as functionofendpoint is an anti derivative

FCxtSx Iffy'sdy fifty dyt G7dy

fCx fG Sx OGE
areaoflast8xbar

so d x fiftydy fix f version

Antiderivatives are defined up to integration constants C

fax C daffCx x dC fix

corresponds to choice of lower Limit ofdomain above

Can evaluate any defecate integral if you know an antidesivatac

using version I

fabfCx dx fG lab






































































































































Tables summarize antiderivatives as indefcacE integrals

dx Lux d Lux I
DX X

indefinite

1,2dg Lux 1,2 Cn2 lui cuz



Integrations
Just a few important ones follow from derivative roles

Linearity Safa by dx affixdx bfg dx

integrationbyparts

daff offer udder adx uu fabdxddyvtfadxudd.ie
p

product role
ceu la

Rearrange

fabdxn'G v Cx uG vG Iba fabdxuG v'G

Surprisingly useful
A

fax x e e xx I dx e I fo d e4 l
o u e ee e X

V X V

U substitution

Let celx be monotonically increasing so acts ceca ucb
Ucb

dx d Cx flux f da flu followsfromchain rule
ceca

as

fax x e fo e
a I

I
2

DX



Intuition is that we can use varying width discretization
a

ffmerwhffariesgufdufcay e.gg Ug Uy1

THAT aI 1111111111 1 Du Carb Uo U suchthat

I f X regular grid a leads to ug ucxg
I l l l l l l l l l

Then u flu e lug y e flag

GETCucxy Uag D flucxya

g age tsx acxy D flag is

ddu_ Xy c Sx fluky i

fabdxduzfcucxDTipsfo.tn
egration

Derivatives are mechanical Antiderivatives are not

If dx

Take practice and some guess work to get antiderivative
Always check candidate f x satisfies d c fCx

Strategies
Guess and adjust U substitution

Integration byparts Table ofintegrals



Antiderivative need not be elementary
Mdx erf x defines error function

computers can help Mathematica Alpha Maple et but

may lose insight into structure of integral

Definite integrals can be numerically computedbydiscretization
Hw


