



































































































































LMearOD.ES hordes

Let L be an nth order Linear operator

L d
n pmCx d t t polxdin c

The Homogeneous Equation

Ly o

has n linearly independent solutions
2 coefs

ya C yG t C tdhyuCx
A
basisof

solutions

Boundary conditions determine Ci

The Inhomogeneous Equation

Ly fat source

has solutions of the form
YG ypCx 1 C yCx t 1 C yuh

particular solutionof homogeneousegusolution w

source

Typical strategy
Determine space of homogeneous solutions y Yu
Fudlguess particular solution Yp
fit boundary conditions to fix Ci






































































































































LinearODEswconstantcoefsy
Any order General form source

EE t any ddaY t aoy fast

Homogeneous egn has exponential solutions y eM

DI eMX air MX
dxn

Plugging on to divideout

Mn 1 any air
1 t tao D

plur is nth degree polynomial
fundamental theoremof algebra u roots EQ

Pcm Cm M ne nd Cve Mn

Each root gives Cue and solution

yCx CCMX demi t t Chemnx

If roots have multiplicity need to include derivativesofe.mx

dqme.MX eMX

to get full set of tea cudep solutions






































































































































EI Hooke's Law

qq.IT
mI Ky II E y o

homogeneous linear 2nd order constantcoefs
11111 plug on eat

It ka eat a Ii iw

2 roots General solution

yCx C eliot I e iwt

Or could use real basis

yCx C'Ceos wt t Isin wt t Ceoswt isluwe

E'cos wt t Isin wt
C g
new constant

Boundary conditions determine specific solution

Need 2 pieces of cufo to fix 2 constants

7Initial position velocity a

yco o go Vo
y

9 0 WE Vo

yet smut






































































































































Ez with Driving

g
so.IE S

d E Y coset

Guess particular solution BcosRt Plugin

B f It En Jt Emcosset
D Folmar522

So general solution

yCt fo coset C cos wt t Czseuwt
ar ri

Can fix G G Gy y.co yolo



NthOrder as N 1stOrder

Can always rewrite Nth order ODE as N 1storder ODES

Driven Spring

Me 4foie M daffy Ky fmelt 2nd order linear

f Inhomogeneous

K Introduce pas neIff
11117 Equivalent to

Idf Ky fmect 2 coupled 1storder

ppg
near inhomogeneous

Typically can introduce new dependent variable for each

derivative to get N 1storder equations

GeneralformofNlstorderoDCI
dd fi X y yes syn i i N

To specify solution need boundary conditions

initial value problems Y

Specify yjCxo at some Xo M
N parameters Cxo4 1

Obtain yfx in region
starting at Xoby 1 I x
integrating forward Xo

boundary value problems µSpecify yo at 2 endsofregion
generally trickier



Numericallutegration Initial Value Problem

Obtain approximate solution yCx on discretegridofpoints xn
x

o Stepsize DX

grid can be uniformlyspaced
but in practice better to adapt
DX to be fines where y

1 I varies faster
to4 4 Xn

Many algorithms available

for e 1storder Runge Kutta

conceptually important but neither accurate nor stable in practice

Aziz
Approximatetruesolution

through i y x tox yCxo tox d 1 106
2

truesolution
through xoxo f Xo yCxd

p XoYo
g

to Y 1
2

So given xn Yu get next value
DX

Yn Yu ox fGu Yu
1 evaluation of f per step

Converges to ideal yu yCxn as DX o

All methods better do this

Asymmetric uses fat leftedge ofsteponly forced
Error perstep is 0613 2 called a first order method



2ndordesRungekuttallse midpoint to make better
estimate of Yuti

Dy ox f xn Yu

GoYo oyz DX flynt tox Yu 1 EDY

1 I I Yuu Yu t Oya t 06 3

Xo X Xz
DX

2 evaluations of f per step

But error is 04 3 wthorder oeethop has stepas onOCDX

Can cheek by Taylor expansion
Can keepgoing to make more complicated series w highercodes

work horse 4th order Runge Kutta
Additional feates

Adaptive stepsize is crucial

take bigsteps where y is smooth small where wiggly

Need to be able to detect errors

Stability if steps too large solutions may run away

Implementing a robust ODE integrator is tricky

Sarpy provides many good integrators See HW


