
 

HermitianEigensystems
Most important eigenproblems en physics involve

Hermitian operators

def The Hermitian conjugateladyount of is theoperator
r or n

At suck that Cv Aw Atv w tu WEH

Prod Matrix cu ON basis At AT

def A At A A is Hermitian self adjoint
Spectral7hry
If A is Hermitian operator on Hilbertspace H
1 Eigenvalues di are real

2 Eigenvectors lui corresponding to distinct d are orthogonal
3 Possible to choose eigenvectors to be a

complete orthonormal bases for H called the eigenbasis

Converts
set of eigenvaluesofA is called spectrumof A
for nxn A paca det CA AI is nthdegree poly

n roots counting multiplicity
Completeness degenerate root w multiplicity K

has K dimensional degenerate eigenspace

spectral thai also holds an infinite dimensional

function spaces
Good way to fund ON bases for suchspaces
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Can find orthogonal basis for thedegenerate eigenspace
by inspection or by Gram Schmidt Gee Hw
Normalizing A I NEH
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Complete orthonormal basis for H eigenbasisofA



proofofi eigenvalues real

consider Alu Xlv ius o

v1 Atv X Lv Iv Cannesprod w art

Conjugate LHS's notation conjugate symmetry

lui Al E Ev A Aviv
Cv Atv Lv Av

A
adjourt It is Hermitian

at Alu
So LHS is real

Lulu so so X EIR
pg

proofed eigenvecs of distinct evils 1

Alu X Iv Alva Rely

GIAN X Lviv IAIvzD za he

Suzi AND Az Suzie
Subtract 420 o a a Lulu

So of 1 Rz Luzly 0 B

Comment If spectrum is non degenerate n evals n tenrecs

eigenbasis is complete

Case with degeneracy is slightly harder to prove
See Wikipedia for sketch



Diagonaligation

Say A has eigenbasis lui
Ily A

What is matrix of Ayn eigenbasis Diagonal

Alvy fly Aig E Ivi dysig

so AE th

What if Ai is given by matrix Ay ur standardCow basis

Solve ATo dive in standard basis

Get column vectors Ii choose 0N

Change basis original basis
t

T Vi Va Vs Un D TA Tt
in

A diagonal A in eigenbases
basis transformation
Eigenbasis standard

Note Since T transforms ON to 0N it is unitary
1 p 1

Checks Df Raf TATtf.to TAy d Ty

all
so solving eigensystems also called dragonaligation
Eigensolvers computer return spectrum and T Cort
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Orthogoual7ransformationse
An orthogonal transformation is a linear

r
ez r n transformation which preserves the

ex length of any vector T and the angle
between any pair T E

hey
Js

SvuConsider unit vectors Ei
n a
ex ex

Ei Sei ith column

salsa Isn
To preserve length angles

Esg Seiffsey eat55g efg Sig
the column vectors of S form an orthonormal basis

def The matrix S is an orthogonal matrix if 5 5

ie STS SST _11

IQthogonalmatricesrepresentorthogonaltransformations

Ex show S tf is orthogonal

5 Effy 55 43 E I

F z has length wl f
2 5

Check Si tf Isil Fit 5



Propsofathogoual7ransformatiousMatic

closed under product s s orthogonal Ssl is orthogonal

SST Sst s Ssl S s SS 11

In terms of transformations this is obvious

If s and s preserve lengths then firstdoing S

and then S will preserve lengths
closed under inverse s orthogonal 51 5 is orthogonal

identity is orthogonal It preserves lengths Also IFI I

The set of men orthogonal matrices is called the orthogonalgroupOCD

determinant I detests Colet5 clefs ColetS5
so det s 1 1

The orthogonal transformations with
a rotations

det s 11 are proper
l are improper reflections

change righthanded to
left handed basis



ActiveuspassiveTransformations

Passive transformation describe how components ofafixed
vector transform under change of basisIcoosekuatesystem

n ne eI T

E'I as us

n n
ex ex

Passive Active

Active transformations change vector an fixed basis

Matrix representation Sactive spatssive Sptassive

Orthogonal Transformations on 3D OCD

Rotations
Rotate basis by e from E to Er

4 hey
rey r S cos e sure

Jx sure cose

Te
Q
Iet S coset sine 1

ex

Proper transformation

In general rotations aze smoothy connected to 11 rotationangle o

so dets 11 by continuity
neaet

q Log.ua

c
Ex Q dets I

Improper Changes right handed to Left handed basis
Q Is inversion u proper or improper in 213



Orthogonal7ransformatiousin3Di
Rotations Sood

In 2d rotations parametrized by single angle e

STS Il 4 unknowns we 5 Ibd
6 12 and 21 equations

I parametes redundant bysymmetry
geometry counting unconstrained parameters us

In 3d 3 independent parameters

STS 11 9 unknowns cu S
26 equations
3 parameters

Q la n dimensions how many paraoes

STS II n unknowns

Kz equations
ulu 1712 parameters


