



































































































































The Determinant

basis invariant characteristicof a matrixdetects if a matrix is singular ifeng.fi de
Levi Civitasymbol

det A
A A A

E Ei inAprilAizz Ainn

strague iii I undies it pLines
eachgoes1 n

The Levi Civita symbol is completely antisymmetricform in n indices

Ei in 1 if i iz in is an even permutationof 123 n

if odd

if any indices are equal
So non zero terres in detCA

for each row pick an elementfrom a column but do not
use same column twice

Sign is It depending on permutationofcolumns
Ex 1A A

AllAza AkAz

Q Howmany terms in some

detA Efi intin Ann go.EEgi inAin
Acnn

of12 n

n non n n ncu wa l n

BAD lotsofteams still BAD
Naive evaluation of detA is SLOW for bignWill return to efficient approaches later



Expansioniuminois Laplace Rule

helps to organize terms in detA recursively still lots

useful if matrix is sparse has lots ofzeroes
A minor Mig of A is the determinant of n i xn I subreatsix

of A obtained by striking out ith row fth column

My Au Ay Am

I
ythcolumn

Prof det A GEAy CD
t
My can expand any row i

T or column

nxudet Cu i xCuc det
can be expanded in a 2x a 2 dets etc

I YEH 4 toys
3 2C 20 to 37

EI Upper Triangular Matrices

1 2431
10 41If to 4.6

Ay 0 oficy detA f.TA.ci

Products ldetAB detA.de VeryusefulSee book for proof
Cos If A exists then

Iet A 1
detA



ColProps of Determinant
Think of matrix as n column vectors

A fan III than Ant

A A An

The following follow easily fromthedefinition

antisymmetry swap any 2 cols get sign
det Ai Az An det Az Ai Aa

multilinearity diet is linear with respect to each column

det KA t k B Az Aa KdeHA Az Au 1 K'detCB Az Aa

Consequence

1 Scale a column by k scale Det by K
2 If any 2 columns equal def A 0 by antisyawaby

det Ai Ai As Au detCA Ai As Au
3 If any 2 columnsproportional det A D by H2

4 Can add multiples of 1 column to another def is invariant

by multilinearity and 3

Comment All above works just as well for rows
ble FtAdtA will discuss soon

T
transpose



Cramer's role inverting A using det

Approach to solving Ax y for explicitly

Let
D out

an

To find multiply Istool by x
X D Ai Az Ain

Iii
Addmultiples of other cots to colt Def unchanged

X D

y
x Ai x Ant t xnAu Az Am
I
AnitaAnt xnAun Aa Aun

column vector 5
So long as Dto

X I y Aa An column notation formatrix

Generalizing to Xi e ithcolumn

TjzAydA Craven's Rule
column form

7h1 The following are equivalent
2 det A to

22 AI _I has a unique solution I forany y
iii A exists and is unique
iv the columns ofA form a basis



Comparing Cramer's rule to A y and using expansionbyminers

A
g Cj M Cramer's role cofactor farm

the order ofendices

Why Choose 7 Fyi ythrow

x A y x E CA iYk A
g

Cramer's rule on column four

I

i

Ig CDi'T Nyi D

Effieseucyofc.name Ru6

Craven's rule is closed forone for inverse but not

efficient in practice

Q How many operations to evaluate Cramer's roleforacuasinglex
Two alerts Ocr

Gaussian elimination next discussion much faster
14W



GeometftepratonfDeterminant
Column vectors of A A 1A 1An specify where

basis vectors get mapped

A As Ai

det A gifted n volume of parallelepipedAi Ai Ai
sign if orientation same as é Ey Ea

Ex A 3

a

ÉiÉ length 3

Ex A 1 3 det A

a

length 3 but reversed orientation

A det 1 1

Ai area 1 AT Az still righthanded
A

E 4 3 A detA o

no volume b c all 3 I lie in
a plane

IT


