Discussion 8: Laplacian and Curvilinear Coordinates PY355 — Methods of
Theoretical Physics
Monday, March 30 TAs Eashwar N. Sivarajan, Xiang Jin

1 Derivatives in curvilinear coordinates

(a) Verify that the following function

f(:v,y,z) = (xQ —y2)z

satisfies the Laplace equation V2f = 0 using the expression of the Laplacian in Cartesian
coordinates,
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(b) Convert the function f into spherical coordinates.

Hint: Use the expressions x = rsinflcos¢, y = rsinfsin¢, z = rcosf, and simplify the
expression using the trig identity cos?t — sin?t = cos(2t).

(c) Verify that V2f = 0 using the expression of the Laplacian in spherical coordinates,
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2 Coordinate basis vectors in curvilinear coordinates vary with
position

Consider a particle along the following trajectory in polar coordinates

Here k is a positive constant.

(a) Use the fact that dr = dpp + pdf 6, find the velocity of the particle and express it in the
polar coordinate basis.

(b) What angle does the velocity make with the p vector? How does it depend on time?

(c) What kind of motion does this describe? Sketch this curve.



3 The averaging property of harmonic functions
Suppose f satisfies the Laplace equation, V2f = 0 in two dimensions, i.e. (02 + 35) f=0.

a) Use the Taylor expansion to the second order to show that the function f satisfies the following
Use the Tayl ion to th d order to show that the functi tisfies the followi
approximate averaging property

flay) = §[f+ap) + F@ —ay) + [,y +a) + fa,y - a)] + 0@

(b) Challenge: Show that the following ezact averaging property is satisfied,

Fro) = 271}27401"@0 + Ar) [dAr

where C is a circle of radius R centered at rg.

Hint: Consider the integral ¢, % dz for an analytic function g(z). You may assume that
if f(x,y) satisfies the Laplace equation, it is the real part of some complex analytic function

9(2).



