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1 Analytic or not?

Which of the following functions are analytic? What are their domains of analyticity? Try to use
the easiest criterion (Cauchy-Riemann condition, independence from z∗, composition of analytic
functions).

(a) f(x+ iy) = x3 − 3xy2 + i(3x2y − y3)

(b) f(x+ iy) =
x− iy

x2 + y2

(c) Challenge: f±(x+ iy) = ex(x cos y ± y sin y)± iex(x sin y ∓ y cos y)

2 Singularities

Find the singularities of the following functions and describe them. If they are simple poles, compute
the residue. If it has a branch point, choose a branch cut.

(a)
1

z4 + z2

(b)
π

sin(πz)

(c)
√
z2 − 1

3 Contour integrals

Evaluate the integral

∫
γ

1

z
dz along the following contours.

(a) γ is the semicircle from −i to i, traversed counterclockwise.

(b) γ is the semicircle from −2i to 2i, traversed clockwise.

(c) γ is the line segment −i to −2i

(d) Bonus question: Using the above results, compute the integral along the closed contour: −i
to i along a counterclockwise semicircle, then to 2i along a line segment, then to −2i along a
counterclockwise semicircle, finally back to −i along a line segment.
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