Including interactions

For any diagonal interaction V (Trotter, or split-operator, approximation)
e A = A KAV L O(A2) = (ausale ) & eV e ay)

Product over all times slices —

W({a}) = A’Xexp ( A, Z Vz Q *@ e = Min [Ag Vaew : 1]
old

The continuous time limit

Limit A+—0: number of kinetic jumps remains finite, store events only

B-
I (a) (b)
B _ll- T Ty T, Ty Ty
. : - 5 T To T
b - =
|E| jl Ta Ta T,
| T, T, T Ty T
. -

Special methods (loop local updates (problem when Ar—07?)

and worm updates) e consider probability of inserting/removing

develqped for efficient events within a time window
sampling of the paths < Eyertz, Lana, Marcu (1993), Prokofev et al (1996)

in the continuum Beard & Wiese (1996)

Tuesday, April 20, 2010




Series expansion representation

. _8H = (-B)" ... (approximation-free
Start from the Taylor expansion ¢ 7 = %" ——H method from the outset)
00 n=0
(=B)"
Z=> . > {aolHlan 1) - (ag|H|ax) (o | H]e)

n=0 {Oé}n
Similar to the path integral; 1 — A7 H — H and weight factor outside
For hard-core bosons the (allowed) path weight is W ({«a},,) = 3" /n!

For any model, the energy is o
y 9y / this is the operator we “measure”

B o= 23 TN S aglHian) - faslHla) (o Hlao)

=0 .
" {afntl €——0o0o one more “slice” to sum over here

1 <= (=)™ n (n)
= X 2 feolHlan ) el e Hleo) =

{a}n
— relabel terms to “get rid of” extra slice

C = (n*) —(n)* = (n)
From this follows: narrow n-distribution with (n) oc N3, o, o< /N[
Fixed-length scheme: cut-off at N=L, fill in with unit operators Ho=1

(=B)™(L —n)!
4= Z Z é! ) <O‘0‘Hz‘(L)‘0¢L—1> T <&2\H¢(2)’&1><&1\H¢(1)\C¥o>
{atr {Hi}

Here n is the number of H;, i>0 instances in the sequence of L operators
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Stochastic Series expansion (SSE): S=1/2 Heisenberg model
Write H as a bond sum for arbitrary lattice

Ny,
H=1J7Y Sz -Sjw:
b=1

Diagonal (1) and off-diagonal (2) bond operators

2D square lattice
bond and site labels

1
Hip = 3= 5Siw)Swm)
_ 1o+ - — o+
Hap = 3050w T Siw) %)
Ny
J Ny,
H=-J Z(Hl,b — Hop) + >
b=1
Four non-zero matrix elements
Ty Ly 1Hil iy Lin)) = 3 Ly i) [ H2] Tiwy Liw)) = 5
Ly Ty 1Hipl Liy Tiw)) = 3 (TiwyLiw) 1H2pl LiyTijm)) = 3
Partition function
00 gn n—1 n2 = number of a(i)=2
7 — 1) H, (off-diagonal operators)
za:ng:o( ) n! ; <oz pl_[o (p).b(p) a> in the sequence

Index sequence: S,, = [a(0),b(0)], [a(1),b(1)],...,[a(n—1),b(n—1)
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For fixed-length scheme

n([ —n)l L1 " (L —n)!
7 — Z Z(_1>n2 p (LL! ) <a H Ho),b(p) Oz> Wi(a, Sp) = (g) (L - )!
a Sp p=0 '

p—1 (W50 (n2 even) for bipartite lattice
Propagated states: |a(p)) o H Hoiyp0) ) Frustration leads to sign problem

i=1234s5678 VA AN VA e VAN VAN
- Y,

o(i) = -1 +1 -1 -1 +1 -1 +1 +1

p a(p) blp)  s(p)
@ ¢ OO @@ O @O
— 11 1 2 4
¢6ococeoceoc 0 0 0 In a program:
@ ®© OO @ O @ O 9 ) 4 9
@ ®© O ® OO0 O . .
— 8 2 6 13 s(p) = operator-index string
60 90ceoco 13 6 e s(p) = 2*b(p) + a(p)-1
©e® 000000 0 0 0 \
0000000 . ) . -dlag(?nal; s(p) = even
ee@eoO0@O0@©@O0O0 e off-diagonal; s(p) = off
— 4 1 2 4
@ ® O @ O :_:? O 3 ) 6 13
@ @0 @00 @O 2 0 0 (j o(i) = spin state, i=1,...,N
¢e0e00CO®®O0C | 4 9 ¢ only one has to be stored
@ ® OO @ O @ O
— 0 7 14
@ ®© O O @ O @O

SSE effectively provides a discrete representation of the time continuum
e computational advantage; only integer operations in sampling
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Linked vertex storage

The “legs” of a vertex represents
the spin states before (below) and
after (above) an operator has acted

P
@ € O O @ 0O O
Q=Cl)|| 11
10
(ONN
I 9
@ O O ©o 2
(O N ) @ O
— 7
O @
| 6
@ O )
— 4
@ O @ O 2
(ONN | )
@ O | |
o e @ O
[ — 0

v X(v)

v X(v)
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[=0

[=1

[=2

[=3

X() = vertex list

e operator at p—X(v)
v=4p+l, 1=0,1,2,3

¢ |links to next and
previous leg

Spin states between operations are redundant; represented by links
e network of linked vertices will be used for loop updates of vertices/operators
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Monte Carlo sampling scheme

B\" (L —n)!

Change the configuration; (c, S7) — (o, S7) Wi(a,51) = <§> I
D . [ W(d,SL) Paclect (@', ST — a, SL) 1 0000000

= Inin )

aecept W(O%SL) Pselect(CV;SL — ala‘Si) : : g g : g : g
Diagonal update: [0, 0], < [1,b], oo ="
lop+l)) @ OO ®@ 0O @ ® O @0 0@0®eo ©eeceo0eo0o0
D — @ ® O ® O @ OO0
oap) @ 0O @O0 e eo @0 0O@eO0@eo 606060600
Attempt at p=0,...,L-1. Need to know |a(p)> : : Z : Z ;_‘: g
¢ generate by flipping spins when off-diagonal operator 66060060
Pselect<a:0_>a:1):1/Nba (bE{l,,Nb}) ..OC)_.O.IICI)
@ @ OO OO0 0

Pitect(a=1—a=0)=1

n is the current power

W(a=1) (/2 W(@=0) L-n+1
W(a=0) L-n Wa=1) /2
Acceptance probabilities
| N
Prceept([0,0] — [1,0])) = min ﬁ 1]
[ 2(L — 1
Pasepe (18] = 0,0)) = min | 250 >,1]

en — n+l1 (a=0 — a=1)
en—n-1 (a=1 — a=0)
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