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PART3: Quantum Monte Carlo Methods

Introduction; path integrals and series representation

SSE algorithm for the S=1/2 Heisenberg model
¢ some details needed to make a simple but very efficient program
¢ essentially lattice-independent (bipartite) formulation

Examples: properties of chains, ladders, planes
e critical state of the Heisenberg chain and odd number of coupled chains
e gapped (quantum diordered) state of even number of coupled chains
® long-range order in 2D

The valence-bond basis and resonating valence-bond states
e alternative to single-spin T,! basis; properties of the basis
e exact solution of the frustrated chain at the “Majumdar-Ghosh” point
e amplitude-product states
¢ projector QMC method

Néel to VBS quantum phase transition
¢ J-Q models; evidense for “deconfined” quantum criticality
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Path integrals in quantum statistical mechanics

We want to compute a thermal expectation value
1
(A) = ETr{Ae_ﬁH}

where =1/T (and possibly T—0). How to deal with the exponential operator?

“Time slicing” of the partition function
L

ZTr{eBH}Tr{HeATH} A =p/L

=1
Choose a basis and insert complete sets of states;
Z=3"%" > faole ™ lap_) - {azle s (asle™ )
a0 a1 OéL—l
Use approximation for imaginary time evolution operator. Simplest way
7 ~ Z<a0|1 — A Hlap_1) -+ {az|l — A H|ag){a1]|1 — A H|ap)

{a}
Leads to error oc A ;. Limit A_. — ( can be taken
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Example: hard-core bosons

H:K:_ZKij :—Z(a;aijtajaj) n; :azai e {0,1}
(2,9) (2,9)
Equivalent to S=1/2 XY model
H=-2 Z(Sgﬁs;c +575Y) = — Z(Sjsj— +5757), S5*= i% ~n; =0,1
(4,7) (2,7)
“World line” representation of

Z =Y (ool = ArHlo—1) -+ (aa|l — A Hlon ) (|1 — A Hlag)
{a}

—I
} world line moves for

Monte Carlo sampling

D
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Z=>Y W{a}), W({a})=Arx nk = number of “jumps”
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Expectation values

1
(A) = — (anle ™ fap_1) -+ (azle” 2 Hag) (ar|e” > Alag)

Z
{a}
We want to write this in a form suitable for MC importance sampling
A 2 (o} Ada}p)W({a}) () = (A({a})
p— pu— W
Z{a} W({a})
W({a}) = weight
For any quantity diagonal in the A({a}) =  estimator

occupation numbers (spin z):

A({a}) = A(ay,) or A({a}) = Z Aley)

Kinetic energy (here full energy). Use
K;;
<041‘ J‘&0> c {O,—}
<Oél‘1 — ATK|040> AT

Ke_ATK ~ K sz({()é}) =

- O

Average over all slices = count number of kinetic jumps

(Kij) = <ng>’ <K>=—<nT§<> (K) x N — (ng) < BN

There should be of the order BN “jumps” (regardless of approximation used)
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