Semi-momentum states

Mix momenta +k and -k for k0, 1. Introduce function

s~ | cos(kr), o=+1
Ci(r) = { sin(kr), o= —1.

Useful trigonometric relationships

Ci(-r) = *Ci(n),
Ci(r+d) = Ci(rCf(d)FCl(r)C; (d).
Semi-momentum state
1 N—-1
% (k)) = Cy (r)T"|a)

2T

k=m—, m=1,... N/2—-1, o=+l

N’

States with same k, different o are orthogonal

(a7 (k)|a® (k)) = Z (kr) cos(kr) =

@ r=1

0,

Wednesday, April 14, 2010

17




Normalization of semi-momentum states

v (BY Siere = 2

r=1

Hamiltonian: ac with H

H|a (R) = Y by | 2 (CF @) () € (@) (),

The matrix elements are

(b7 (k)| Hyla” (k) = 77721}

O is mot a conserved quantum number
* Hand T mix o=+1 and o=-1 states
 the H matrix is twice as large as for momentum states
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Why are the semi-momentum states useful then?
Because we can construct a real-valued basis:
Semi-momentum states with parity

This state has definite parity with p=+1 or p=-1
N-1
1

a%(k,p)) = —== > CZ(rT"(1+pP)|a)

V Ng r=0

 (k,—1) and (k,+1) blocks

* roughly of the same size as original k blocks

 but these states are real, not complex!

* For k#0,m, the p=-1 and p=+1 states are degenerate

T! T'p

e - LY T N SV N R = Y

27 [O]JO]OJI[1[0]1]1]
54 [0[O]1]1]0]1]1]0]
108 [0]1]1]0]1]1]0]0]
216 [1]1]o]1]1]o]0]0]
177 [1]o]1]1]oJo]o1]
99 [0[1]1]0]0]O]1]1]
198 [1][1]0]0]0[1[1[0]
141 [1]0]oJ01]1]0]1]

216 [1]1]0]1]1][0]0]0]
177 [1[O]1]1]0]0]0[1]
99 [0[1]1]0[0[0]1]1]
198 [1]1]o]oJo]1]1]0]
141 [1]o[oJo[1]1]0[1]
27 [oJo[o]1]1]0]1]1]
54 [OJOJL]1][O]1][1]0]
108 [O[1]1]0]1]1]0[0]

P.T transformations
example: N=8;note that
* T°Pla>=la>

such P, T relationships
will affect normalization
and H-elements
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Normalization: We have to check whether or not
T™Pla) = |a) for some m € {1,...,N — 1}
Simple algebra gives
no -V {1, T Pla) # |a)
“ R, 1+ opcos(km), T™Pla) =|a)
In the latter case the 0=-1 and o=+1 states are not orthogonal

Then only one of them should be included in the basis
« convention: use o=+1 if 1+opcos(km)=0, else o=-1

If both o=+1 and o=-1 are present:
» we store 2 copies of the same representative
- we will store the o value along with the periodicity of the representative
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Pseudocode: semi-momentum, parity basis construction

do s=0,2% —1
call checkstate(s, R, m)
do o =241 (doonly o =+4+1if k=0o0r k = N/2)
if (m # —1) then
if (14 opcos(ikm2n/N) =0) R = —1
if (0 =—1and 1 —opcos(ikm2n/N) #0); R = —1
endif
if R>0thena=a+1; sq =s; R, = cR; mgs = m endif
enddo
enddo

In the subroutine checkstate(), we now find whether
T™Pla) = |a) for some m € {1,..., N — 1}
m=-1 if there is no such transformation

if m#-1, then the 0=+1 and o=-1 states are not orthogonal
 use only the o=+1 state if it has non-zero normalization
 use the o=-1 state if 0=+1 has normalization=0

* R=-1 for not including in the basis
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the subroutine checkstate()

is modified to gives us:

* periodicity R (R=-1 if incompatible)
e m>0 if T"Pls>=ls>

* m=-1 if no such relationship

check all translations of Is>

>

construct reflected state Pls>

check all translations of Pls>

>

subroutine checkstate(s, R, m)
R=-1
if (>, s[t] # n1) return
t=s
do:=1, N
t = cyclebits(t, V)
if (t < s) then
return
elseif (t = s) then
if (mod(k, N/i) # 0) return
R = 7; exit
endif
enddo
t = reflectbits(s, N); m = —1
do:=0,R—1
if (t < s) then
R = —1; return
elseif (t = s) then
m = 1; return
endif
t = cyclebits(t, V)
enddo
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Hamiltonian : Act with an operator H; on a representative state:
Hjla) = hg PYT 7 [bj)

We can write H acting on a basis state as

] QJ
Hla“ ( Zh 7p) ZC’k (r+1;)(1+pP)T"|b;)

Vi

Using the propertles (trlgonometry) of the C-functions:

NO'
Hla’( Zhj op)?
Nb_a
(cos (k)11 (k. p)) - Al COLLC »)))
If, for some m, 1" P|b,) \bj> then
N, .° 1 —Jpcos | sin(km)|
N" 1+ opcos(km) 1+ opcos(km)
(bF (k,p)|b> (K, p)) = —p

else the ratio is one and the + and — states are orthogonal
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The matrix elements are

diagonal in o

[Ny
(07 (k,p)|Hjla” (k,p)) = b} (op)% Ao %

Cos(klilg-), - Plb;) # T™|b;)
COS j)+opcos j—Mm o m
: 1+0ppcos(km) ) P’b9> =1 ’b]>
off-diagonal in o
) Ny
(057 (k, p) | Hjla” (K, p)) = i (op) ¥ || =7
—osin(kl;), Plbj) # T™|bj),
—o sin(kl;)+psin(k|l; —m _ mm
(1—;pfos(k(m[) ])‘7 P‘b]> =T ‘b]>
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* do both in the same loop iteration

Pseudocode: semi-momentum, parity hamiltonian

If 2 copies of the same representative, o0=—1 and o=+1:

e examine the previous and next element
e carry out the loop iteration only if representative found for the first time

doa=1M
if (a > 1 and s, = sq—1) then
cycle

n =2
else
n =1

endif

enddo

elseif (a < M and s, = sq+1) then

n is the number of copies
of the representative

do?=a,a+n—1

H(a,a) = H(a,a) + E.,
enddo

diagonal matrix elements
* E; = diagonal energy
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s = flip(sa, i, J)
call representative(s, r, 1, q)
call findstate(r, b)
if (b > 0) then
if (b > 1 and s, = sp_1) then
m=2;b=b—-1
elseif (b < M and s, = sp4+1) then

m = 2
else

m =1
endif

doj=b,b+m —1
do?r=a,a+n—1
H(i,j) = H(i, j) + helement(s, j, , q)
enddo
enddo
endif

subroutine representative(s, r, 1, q)

t = reflectbits(s, N); g =0
doi=1,N—1

t = cyclebits(t, N)

if (t <r) thenr =t;1=1; q =1 endif
enddo

construct
off-diagonal
matrix elements

helement()
computes the
values based on
e stored info

* and |,q

find the

representative r of s

e translation and
reflection numbers |1,q
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Using spin-inversion symmetry
Spin inversion operator: 7|57, 55,...,5%) =|—57,—=55,...,—=S%)

In the magnetization block mz=0 we can use eigenstates of Z
N-—1
1

> CR(r)T"(L+ pP)(1+ 2Z)|a)

V l\ﬁg- r=0
Zla® (k,p,z)) = zla’ (k,p, 2)), =z==%1

Normalization: must check how a representative transforms under Z,P, T

a? (k,p, 2)) =

1) T™Pla) #la), T™Z|a) # |a) T PZ|a) # |a)
2) T™mPla)=l|a), T"™Z|a)# |a) T PZ|a) # |a)
3)  T™Pla) # |a), T™Z|a)=|a) T PZ|a) # |a)
4)  T™Pla) # |a), T™Z|a) # |a) T"PZ|a) = |a)
5  T™Pla) = |a), T"Zla) =la) = T™t"PZ|a) = |a)
For cases 2,4,5 only o=+1 or o=-1 included

(1, 1)

1 4 opcos(km), 2)

N7 = 2N X < 1+ zcos(km), 3)

R 1 + opz cos(km), 4)

| [1 4+ opcos(km)|[1 + zcos(kn)], 5)
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Hamiltonian: acting on a state gives a transformed representative
Hjla) = hi P 29T~ b))
q; €{0,1}, ¢, =€40,1}, [, ={0,1,...,N —1}

After some algebra .... we can obtain the matrix elements

diagonal in o ' NbT
(k. ) H o (k. ) = W (op) 2% | <25
( Cos((k/?lg-j): . 1),3)
cos(kl;j)4opcos(k[l;—m
14+op cos(km) ’ 2)’ 5)
cos(kl;)+opz cos(k[l; —m]) 4)
\ 1+opz cos(km) !
off-diagonal in o T
—0 o ' j ] Nb‘?
(677 (k. D) Hy a7 (k.p) = B (op)® 290y | <22
( —osin(kl;). 1),3)
—o sin(kl;)+psin(k[l; —m])
{ ]r-UPéLSUWH) ’ 2)75)
—o sin(kl;)+pzsin(k[l; —m]) 4)
L 1—opz cos(km) !

Wednesday, April 14, 2010

28




Example: block sizes (. i i R
P Total spin S conservation
k=0, mz=0 (largest block) » more difficult to exploit
(p==£1,z=+1) * complicated basis states
N (+1,41) (+1,-1) (=1,41) (=1,-1) e calculate S using $2=5(S+1)
S A
12 35 2
16 257 183 158 212 S° = Z Z Si - S;
20 2518 2234 2136 2364 i=1 j=1
24 28968 27854 27482 28416 3
28 361270 356876 355458 359256 = 2 Z S;i-S; +-N
32 4707969 4690551 4685150 4700500 oy 4
\_ _J

Full diagonalization; expectation values
shorthand block label: j=(mzk,p) or j=(mz=0,k,p,z)

Dy H;jDj = Ej, (nj|An;) = [D; " ADj]nn
T>0: sum over all blocks j and states in block n=0,M;-1

1 M;—1 M;—1
(A) = 3 3 I DT AU, 2=y Y e
g n=0 7 n=0

Ej = diagonal (energy) matrix, Ejn = energies, n=0,...,M;-1

Full diagonalization limited to small N; N=20-24
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Example: Thermodynamics

some quantities can be computed using only the magnetization m,=0 sector

* spin-inversion symmetry can be used, smallest blocks

- spin-S state is (2S+1)-fold degenerate (no magnetix field) — weight factor

« possible spin dependence of expectation value — average over m;=-S,...,S

d{H) 1
C = — =) - (1))
; dim,) 1
o= mptt = s ((md) — (m.)?)
2 2 2
(m.) =0 <m2>:<mfc+m?‘/+mz>:<SQ>:S(S+1>
: ’ ? 3 3 3
o5F vV T
oal AN\ TTTEE
: N - Cgmpargd
\ — L=16 with leading
o ) high-T forms
ol i \ X = (1/4)/T
L) C = (3/13)/T2
I
O.lj;;

/lllllllllllllllllll
0161) 0.5 1.0 1.5 2.0
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The Lanczos method

If we need only the ground state and a small number of excitations
 can use “Krylov space” methods, which work for much larger matrices
* basis states with 107 states or more can be easily handled (30-40 spins)

The Krylov space and “projecting out” the ground state

Start with an arbitrary state 1)
* it has an expansion in eigenstates of H; act with a high power A of H

A
HAMO) = chEmm = B2 <COO> + ¢ (%) 1) +>

n

For large A, if the state with largest |IEnl dominates the sum
e one may have to subtract a constant, H-C, to ensure ground state
* even better to use linear combination of states generated for different A

lwa Z% Hm’\P> a:O,...,A

» diagonalize H in this basis

In the Lanczos basis, H is tridiagonal, convenient to generate and use
* Normally M=50-200 basis states is enough; easy to diagonalize H
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Constructing the Lanczos basis
First: construct orthogonal but not normalized basis {fn}. Define

Ny, = <fm‘fm>7 Hpym = <fm’H‘fm>
The first state Ifo> is arbitrary, e.g., random. The next one is

|f1) = H|fo) — aol fo)

Demand orthogonality

(f1lfo) = {folH|fo) — ao(folfo) = Hoo — aoNo — ao = Hoo/No
The next state and its overlaps with the previous states

| f2) = H|f1) — a1|f1) — bol fo)

(f2|f1) = Hi1 —a1 N1,  (f2|fo) = N1 —boNog
For orthogonal states

ar = Hy1 /Ny, by = Ni/Ng
All subsequent states are constructed according to
’fm+1> — H‘fm> - am’fm> - bm—l‘fm—1>

Am = mm/Nma bm—l :Nm/Nm—l
Easy to prove orthogonality of all these states (<fm+1lfm>=0 is enough)
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The hamiltonian in the Lanczos basis
Rewrite the state generation formula

H‘f’m> — ‘fm+1> + am’fm> + bm—llfm—1>

Because of the orthogonality, the only non-0 matrix elements are

<fm—1 H fm> — bm—le—l — Nm
<fm H fm> — amem
<fm+1 H fm> — Nm+1
But the f-states or not normalized. The normalized states are:
1
‘¢m> — —‘fm>

VN,

In this basis the H-matrix is

<¢m—1 H ¢m> — bm—l
<§bm H ¢m> —  Om
(Sm1Hlbm) = Vbm
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