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lll. Applications

Anders W Sandvik

Finite-size scaling at critical points
- general method illustrated by 2D Ising model

Examples

- scaling corrections in dimerized Heisenberg models

- quantum phase transition inTICuCls (3d dimerized Heisenberg)
- deconfined quantum criticality (J-Q models)

- emergent symmetries

- detecting deconfined spinons in spectral functions

- plaquett-solid state in SrCu2(BOs)2; unusual first-order transition
- random-singlet state in the presence of disorder



Classical and quantum phase transitions

Classical (thermal) phase transition

- Fluctuations regulated by temperature T>0

Quantum (ground state, T=0) phase transition

- Fluctuations regulated by parameter g in Hamiltonian
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In both cases phase transitions can be

- first-order (discontinuous): finite correlation length € as g—gc org—gc
- continuous: correlation length diverges, §~|g-gc|™ or §~|T-T¢|

There are many similarities between classical and quantum transitions
- and also important differences

The quantum phases (ground states) can also be highly non-trivial
- even with rather simple lattice models



Example: Néel-paramagnetic quantum phase transition
Dimerized S=1/2 Heisenberg models

¢ every spin belongs to a dimer (strongly-coupled pair)

e many possibilities, e.g., bilayer, dimerized single layer

=== Strong interactions

g=Jo/J1 J = \Weak interactions
2

J1

Singlet formation on strong bonds = Néel - quantum-paramagnetic transition
Ground state (T=0) phases
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A = spin gap

= 3D classical Heisenberg (O3) universality class; QMC confirmed
Experimental realization (3D coupled-dimer system): TICuCls




What'’s so special about guantum-criticality?

- large T>0 quantum-critical “fan” where T is the only relevant energy scale
- physical quantities show power laws governed by the T=0 critical point

| 2D Neel
T high-T', lattice effects 5 —pararr]egnet
“cross-over diagram”
[Chakravarty, Halperin,
Ps Nelson, PRB 1988]
QC A

QC: Universal quantum

RC Qb critical scaling regime

T' = 0 Néel order non-magnetic g

—

Changing T is changing the imaginary-time size L::
- Finite-size scaling at gc leads to power laws

S oy (correlation length)
- (specific heat)
x(0) ~T (uniform magnetic susceptibility)
Quantum phase transition (T=0) can be unusual - ‘beyond Landau’

QMC used to test existing theories, discover new physics,...




Phase transitions - Finite-size scaling

Correlation length divergent for T — T¢

£ o0l =

o T -1,

Other singular quantity: A(L — 00) o |§|" f_":/”
For L-dependence at T just let E»L: A(T ~T,,L) =
Close to critical point: A(L,T") = L‘“’/”g(f/L) — L—“?/Vf((SLl/V)
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oD Ising universality class

v =1

Critical T known

T. = 2/In(1 +v2) ~ 2.2692

When these are not known,
treat as fitting parameters
- or extract in other way




Binder ratios and cumulants order parameter distribution
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a(N)~N-' R2—3 (Gaussian integrals)
The Binder cumulant is defined as (n-component order parameter; n=1 for Ising)
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Systematic crossing-point analysis (2D Ising)
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Case with more significant corrections
- common at quantum critical points

S=1/2 Heisenberg model with
- columnar dimers (CDM)
- staggered dimers (SDM)

The SDM has been controversial
- O(3) or new universality class SDM CDM
- strange scaling behaviors

PHYSICAL REVIEW LETTERS 121, 117202 (2018)

Anomalous Quantum-Critical Scaling Corrections in Two-Dimensional Antiferromagnets
Nvsen Ma,l’z’3 Phillip Weinberg,3 Hui Shao,4’3 Wenan Guo,s’4 Dao-Xin Yao,l’* and Anders W. Sandvik>>'

Analyze critical behavior with two scaling 7
corrections taken into account 2401
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Leading-order cross-point shifts
il —g.talz""
O*(L) = O, + bL™¥1,

- Works for CDM, w1=0.78
- Two corrections needed for SDM
w1=0.78, w2=1.25

- Fits within theory where the SDM

field theory needs a new term
(Fritz et al, PRB 2012)
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nature
physics ARTICLES TICuCls

PUBLISHED ONLINE: 6 APRIL 2014 | DOI: 10.1038/NPHYS2902

Quantum and classical criticality in a dimerized 3D Network of dimers

qguantum antiferromagnet - couplings can be
changed by pressure

P. Merchant', B. Normand?, K. W. Kramer3, M. Boehm?, D. F. McMorrow' and Ch. Riiegg>¢*
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Universality of the Neel temperature in 3D dimerized systems?

[S. Jin, AWS, PRB2012]

Determine the Neel
ordering temperature
Tn and the T=0

ordered moment @ b) © 1
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e
Couplings vs pressure not known experimentally

- plot Tn vs ms to avoid this issue and study universality

- but how to normalize Tn? s
Three normalizations

_ prR o - weaker copling J1
. ® Columnar Dimer " : :
| [ © Staggercd Dimer . - sum Js of couplings per spin
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T* normalization is accessible experimentally
- some experimental susc. results available

- neutron data analyzed with this normalization
Merchant et al (2014)
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Same features observed in models and experiment
- experimental slope about 25% lower if g-factor =2 assumed
(what exactly is the g-factor?)

More recent works to study log corrections, dynamics,....
Qin, Normand, Sandvik, Meng, PRB 2015, PRL 2017
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PRL 118, 147207 (2017)

week ending
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Amplitude Mode in Three-Dimensional Dimerized Antiferromagnets
Yan Qi Qin,1 B. Normand,2 Anders W. Sandvik,3 and Zi Yang Meng1

SSE and SAC used to study scaling of
the “Higgs” mode in the “double cube”
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More complex non-magnetic states; systems with 1 spin per unit cell

H JZSISJ g X
(1.3)
- highly non-trivial non-magnetic ground states are possible, e.g.,

= resonating valence-bond (RVB) spin liquid
= valence-bond solid (VBS)

Non-magnetic states often have natural descriptions with valence bonds

RVB
Z ﬁ — = lquj)/\@

The basis including bonds of all lengths
is overcomplete in the singlet sector

* non-magnetic states dominated by short bonds




Deconfined quantum criticality

Senthil, Vishwanath, Balents, Sachdev, Fisher (Science 2004)
(+ many previous works; Read & Sachdev, Sachdev & Murthy, Motrunich & Vishwanath....)

Continuous AF - VBS transition at T=0
- would be violation of Landau rule

- first-order would normally be expected
- role of topological defects

N

order parameter

Numerical (QMC) tests using J-Q models

4

The “J-Q” model with two projectors is (Sandvik, PRL 2007)
H- Jy 6 @5 .6,
ij (ijkl) )

- Has Néel-VBS transition, appears to be continuous ==

* Not a realistic microscopic model for materials - A\
- “Designer Hamiltonian” for VBS physics and AF-VBS transmon

e Unusual scaling properties [Shao, Guo, Sandvik (Science 2016)]




Phase transition in the J-Q model AFM

Staggered magnetization % ﬁ
v 1 Ti+Y; &
M= Z(—n vi S,
5 1
Dimer order parameter (Dx,Dy) 0sl ﬁ
N L | |
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Us = 1, Ug = 0in AFM phase Behaviors of crossing pomts — exponents

Us = 0, Us = 1in VBS phase Competing scenario:

Phenomenological two-length scaling - weak first-order transition
[Shao, Guo, Sandvik (Science 2016)] - non-unitary conformal field theory




Exponent v: crossing-point analysis
H. Shao, W. Guo, A. W. Sandvik (Science 2016)

Binder ratio of the AF order parameter

2
.

(Imsz|)?

- Crossing of Ri(g,L), R1(g,rL), g=J/Q,
g*(L), analyze size dependence (using r=2)

s — o al )

RT(L) — 3 gl
1 1

=In[s(¢*,rL)/s(¢g", L) = —In(r)+al™™ + ...

s(g, L) = dR1(g,L)/dg (slope)

- Small correction exponent; w = 0.5
-v =0.45 +/- 0.01
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% 1.49F
o I
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- From Binder ratio

2.0}

No sign of first-order transition (then v =1/3 in finite-size scaling)




The VBS order parameter
Dimer order parameter EE[
Dy = = Y (~1)*8uy - Sorny E; :EB
D= N Z(—l)ysx,y + Sz y+1 g g
s TR

Collect histograms P(Dx,Dy) with
valence-bond basis QMC :
Two possible types of order patterns E

distinguished by histograms ; | | EE
plaquette

columnar
® ° ® B E
@) @) Finite-size fluctuations
- amplitude
¢ 9 o - angular




Emergent U(1) symmetry of columnar VBS order
Realize stronger VBS order with J-Qz model

3 T i J-Qs model
ool Bl = == n
= o S e e ae

Lou, Sandvik, Kawashima, PRB (2009),
Sandvik, PRB (2012)

max

Strong columnar VBS when J/Qz=0

J-Q2 model with J/Q2=0

- weak columnar VBS

- very large angular fluctuations
- emergent U(1) symmetry

L =64 (=

max 0.166 ='

0.164

0.16218 1
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0.160 g
0.158 3%
0.156
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Analogy: Emergent U(1) in classical 3D XY model

= —JZCOS(@Z' - O hZCOS q0;
(i7) é

Dangerously irrelevant perturbation qg=20

- irrelevant at T¢, relevant for T<T.

- correlation length € < (g — g.)™” and emergent U(1) length & « (g — g.)"

/

Jose, Kadanoff, Kirkpatrick, Nelson, PRB 1977 1! -
i
A A
A ¢ Q Clock models
A Okubo et al, PRB 2015 5 s
Fixed points:
Ly P = paramagnet
X = 3D XY critical point
B A A E Y = XY symmetry breaking
® — i , Q =2Z, symmetry breaking
2 X bie
y, >0 C D y, <0 g
7 =0 v =

Cross-over from XY ordering to Zq ordering at length scale &'q

RG flows can be observed in MC simulations
“phenomenological renormalization”




MC simulations of classical 3D clock model
BE ) Z cos(©; — 0, —h Z cosqO;  (soft clock model)
(i5) i
k= —JZ cos(©; —©,) g clock angles (hard clock model)
(¢5)
Standard order parameter (mx,my)

N N
My = %Zcos(@i) T — %Zsin(@i) — global angle 6
=1 =4

Probability distribution P(myx,my) shows cross-over from U(1) to Zq for T<T.

Can be quantified with
“angular order parameter”:

Ui — /0 : df cos(qf)P(0)

@q > 0 only if g-fold anisotropy

Finite-size scaling of @q can be

used to extract length scale &' > &
and associated scaling dimension yq

Zg, L=4 Zg, L=32

Lou, Balents, Sandvik, PRL 2007




Angular order parameter ¢q reflects the dangerously irrelevan<t field
Relevant field accessed through the Binder cumulant: U,,, = 2 — -

(m?)?
MC RG flows in the plane (Um,®q)
[Shao, Guo, Sandvik, arXiv:1905.13640] 1 Okubo et al. (PRB 2015)
1 . . . . ! ' ' ' e
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Entire RG flow can be explained by

phenomenological scaling function with =
two relevant arguments: extracted from gpqwhen it is large

Oy — I CIJ(tLl/’/, tL1/u;) - follows from scaling function

The exponent v’ can be directly




DQCP: In the field theory the VBS corresponds to condensation of topological
defects (quadrupoled monopoles on square lattice)

Analogy with 3D clock models: The topological
defects should be dangerously irrelevant

Fugacity of topological defects A4

Graph from Matthew Fisher ¢ VBS

I

AF DQCP U(1) SL

Ratio v/v’ plays important
in finite-size scaling

0.14

oref YRR Shao, Guo, Sandvik
J/Q=0.3667 .

01| Ja-0dser — (Science 2016)
J/Q=0.6067 ——=—

0.08 I (J/Q).=0.6667 s
J/Q 0.7667 ——

¥ 006 F J/Q=0.8667 ——=—

J/Q=1.8667 ——o—

004 | V/Q=2.8667 \

oozl J = (3 model

- ) S MC RG flows for J-Qz model

002 - - - work in progress




Conventional first-order transition

Staircase J-Qs model [Sen, Sandvik, PRB 2010]

Binder cumulant of AFM order parameter

1.0,

0.5

| | | | |
3 1.4 1.6
Q1

Negative Cumulant peak is a sign of

No
emergent
symmetry
seen in
P(DX’DY)

phase coexistence; first-order transition




Dynamic signatures of deconfined quantum criticality
PHYSICAL REVIEW B 98, 174421 (2018)

Editors’ Suggestion

Dynamical signature of fractionalization at a deconfined quantum critical point

Nvsen Ma,! Guang-Yu Sun,"? Yi-Zhuang You,>* Cenke Xu,> Ashvin Vishwanath,> Anders W. Sandvik, "¢

and Zi Yang Meng!"-8
Planar J-Q model: Hiq=—J ) (P + ASS})— Q) PijPuyPu

(i) (ijklmn)
Spin structure factor S(q,w) AFM VBS
Close to critical point: g,

Good agreement with mean-field
fermionic parton theory (z-flux)

1 o . 2 1/2
S — —f,-TGfi €x = 2(sin”(ky ) + sin“(k,))
7 8 8
HMF:Zi(fl ) fl+yfl)—|—H.c. 6 6
i 3 4 4
Deconfinment manifest on 5

il e ’ \ 2
N\ 4 \
Nl ; \
/ Lo \

large length scales close | \
to the phase transition 00) (t0) (mm  (0,0) ?o 0 (t0) (nm - (00)




Connection to experiments: Checker-board J-Q model

Plaquette-singlet
solid (PSS) state
- 2-fold degenerate

C

Is the PSS-AFM

transition a deconfined
ayn 5 0
quantum critical point? ST

nature
hvsics LETTERS
p y PUBLISHED ONLINE: 17 JULY 2017 | DOI: 10.1038/NPHYS4190

4-spin plaquette singlet state in the
Shastry-Sutherland compound SrCu,(BO5),

M. E. Zayed"?3*, Ch. Rilegg?*>, J. Larrea J."%, A. M. Lauchli’, C. Panagopoulos®?, S. S. Saxena?,

M. Ellerby®, D. F. McMorrow?, Th. Strissle?, S. Klotz'%, G. Hamel'?, R. A. Sadykov''?, V. Pomjakushin?,
M. Boehm™, M. Jiménez-Ruiz™, A. Schneidewind', E. Pomjakushina'™, M. Stingaciu'®, K. Conder™
and H. M. Rgnnow'
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Shastry-Sutherland (SS) model

PSS state known in the SS model (tensor network, iPEPS, calculations)

Dimer phase | Plaquette phase | Néel phase i
\J \ P Fratepnasel Reephie? Corboz & Mila
el - - PRB 2013

Weak first-order

- - . . transition from
I—I g Neel to plaquette
0 0.675(2) 0.765(15) phase was found

Checker-board J-Q (CBJQ) model
B. Zhao, P. Weinberg, AWS, Nature Physics 2019

N
N

Q |l To study AFM-PSS transition in detail with QMC
- replace frustrated bonds by 4-spin Q terms

e _JZPij = ) Z =B E e
(i7) ijklell

Pi— S-S

Do we get a PSS phase, and what kind of phase transition?




Plaquette-Singlet Solid state in the CBJQ model

Zhao, Weinberg, AWS, Nature Physics 2019

The lattice and interactions are compatible with
- 4 fold degenerate columnar VBS
- 2-fold degenerate PSS state

Both can be detected using the dimer order parameter

Dy = ﬁ Z(_l)xsfc,y 2 Sx+1,ya Dy o N Z(_l)ysx,y : Saﬁ,y+1

T,y T,y

With valence-bond QMC, collect P(Dx,Dy)

9 (@

We find 2-fold
PSS order for
small g=J/Q




AFM-PSS quantum phase transition
Define order parameters with z-spin components in SSE QMC

m:i L5 (r m:2 = |@|J |@
; Ngcb( o) N;H(q)P (q) I@ @

o (@

P*(q) = §°(@)S*(q + £)S*(a + §)S7(a + & + 9) (@

Binder cumulants:

5 : . VA
g (1 : <m§>2> G <777/2p>2 1.0t R

% 3(m?) 2 e e, o &
Expectation: 08 © Lo
Us = 1, Up = 0 in AFM phase * :’ @
Us = 0, Up = 1in PSS phase 061 e
Crossing points used ep o 04 04 . i
to analyze the transition $) o -8 | ..,

_ ; ep os, L=96 0.2F C | . . ..;
No negative peaks in U — S e -
- continuous transition? - L o P
%05 0210 0.215 0.220 0.225 0.2
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Analysis of slopes of U gives correlation-length exponent
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Finite-size scaling behaviors show
- single AFM-PSS transition at gc = 0.2175(1)

- coexistence of non-vanishing orders at gc — first-order transition

T
= )

[dUsp(g, bL)/dg
dUSP(97 L)/dg

Both exponent extrapolate to values > d+1 = 3; first-order behavior

] g=g.(L)

Why are there no negative Binder peaks?




Do we know any phase transition with similar characteristics?
Yes: 3D O(N) models with N=3,4,5,... in their ordered states (T < T¢)

Example: Classical 3D O(3) (Heisenberg) model with tunable anisotropy

= = Z(afajx- +0 0 Ao )
(27)
Symmetry changes vs 4: O(2) for 4<1, O(3) for 4=1, Z> for A>1
For T<T., analyze xy and z order parameters and Binder cumulants

1—A
Lg% (2) oo o2 (b) o
° , >
7 * ° ‘ & ol e
L] «C’ /.,.
0.8+ ° [ ¥ o | 0.000::‘{:??:‘ |
P ’ LA 0.15
b e ‘) © ' '\.
° C,(? \Q e
060 2 o, TJhooot  ® g
© ® " )
o ‘ * .
i i, 0.10 /
0.4F LN 10.002-
. : |
0.05 s
0.2 . L0.003 |
K .
~ ® % ° K ( )
1 A Oé%.010‘—0.005 0.000 0.005 0.016)'0%4.00 0.05 0.10 0.15 0.20 0.25 O'%J.OO 0.05 0.10 0.15 0.20 0.25
1-A 1L D

Very similar behaviors as CBJQ model!
But no point of obvious higher symmetry vs g in the CBJQ model...

Proposal: O(3) AFM and Z, PSS orders form emergent O(4) vector



Detecting O(4) symmetry in the CBJQ model

- We know that the AFM component has O(3) symmetry
- Need to check only PSS order and one AFM component; P(mz,my)

- O(4) projected down to a plane - constant density within circle
- Radius fluctuates because of finite size

g = 0.21755

g = 0.21600
f 0O4)

g = 0.21900

PSS AFM

L =96

- Appears that there is an O(4) point (the transition point)
- No sign of conventional AFM, PSS coexistence




Manifestation of O(4) in T>0 phase diagram

T Cbei Tl At a conventional continuous
b2 = 9 transition we should have:

transition into PSS
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PSS - cut off at low T if the transition
is eventually first-order
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Specific heat, 3D T>0 phase diagram
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Entropy change small at T>0 transition
PSS AFM - allot of entropy goes to freezing out
higher states on the plaquettes
3D effects should cause first-order line

d - could there be remnant O(4) above?

Similar behavior in SrCu2(BO3)2
- high-pressure, low-T experiments (J. Guo et al., IOP) arXiv:1904.09927



Quantum phases of SrCu;(BO3), from high-pressure thermodynamics arXiv:1904.09927
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First (P, T) phase diagram couplings from Thump(P) fit to SS model

- PS phase smallar than expected J'(P) = [75 — 8.3P/GPa] K
W RS J(P) = [46.7 — 3.7P/GPa] K




Random-singlet (RS) state in disordered J-Q model

Lu Liu, Hui Shao, Yu-Cheng Lin, Wenan Guo, AWS (PRX 2018)

Imry-Ma argument (1D, 2D)
any amount of disorder in a VBS
will cause domain formation

What kind of magnetic state forms
from the interacting spinons?

1D: RS state in random S=1/2 chain
- infinite-randomnes fixed point (z=~)

578628 6 60 60 60 & 5 5 6

2D: Controversial
- Our work: RS appears to be stable

Spinon

nexus of four domain
walls, with unpaired spin
In the core

(Levin, Senthil, 2004,...)

Spinons will form in pairs

- Kimchi, Nahum, Senthil, PRX 2018: Likely weak AFM order




Strongest bond at each site Local susceptibility (normalized)
- empty if not strongest for both sites L

. . Xoe®) = [ dr(S3()S2(0)
Mechanism of RS state formation 0
- spinons appear in pairs (not random distribution of spinons)

- domain walls mediate spinon-spinon interactions
- pairing avoids AFM order, instead power-law correlations




Some properties of the RS phase e

- bimodal random Q model (J uniform)
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spin and dimer correlations 107 -
' — —— ] (@) oU=12

107 F— @@gessw—se'Twesﬁ*s—‘

[0) o® o @

5 _3- @ mm o}

~ 2 10 E % oo © o [=8 |3

N ® o 2 -

~ C o L=]6

=3 Al 0 - o L=32

© 10 F $ o L=48 |7
s %Q ? o L=64

S 2]
~ s
Q L
S’w 0 2% o) o L=8§8
© 3 $ 2 0 o L=16
10 F o o L=32|3
C o L=48
[ 1 B
001 ol 1 |
T
spin correlations ~1/r2 z=d=2 at AFM-RS boundary
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Experiments

Some ‘disordered spin liquids’ may actually be RS states

Recent example SroCuTexW1xOs = Sr,CuTeOy

- square-lattice S=1/2 system with =?.,_ *,’=

J1 or J2 randomly on plaquettes
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Susceptibility divergence for x=0.5 may be sign of RS
- re-analysis of experimental data shows power slower than 1/T




Analyzing data from Watanabe et al. PRB 98, 054422 (2018)
- fitting to constant + T-2
- use different high-T cutoffs
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Indication of slower than Curie divergence; possible RS phase






