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s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, MA 02215, USAJanuary 8, 2002Abstra
tApproa
hes from statisti
al physi
s are applied to investigate the stru
ture of network modelswhose growth rules mimi
 aspe
ts of the evolution of the world-wide web. We �rst determinethe degree distribution of a growing network in whi
h nodes are introdu
ed one at a time andatta
h to an earlier node of degree k with rate Ak � k
 . Very di�erent behaviors arise for
 < 1, 
 = 1, and 
 > 1. We also analyze the degree distribution of a heterogeneous network,the joint age-degree distribution, the 
orrelation between degrees of neighboring nodes, as wellas global network properties. An extension to dire
ted networks is then presented. By tuningmodel parameters to reasonable values, we obtain distin
t power-law forms for the in-degreeand out-degree distributions with exponents that are in good agreement with 
urrent data forthe web. Finally, a general growth pro
ess with independent introdu
tion of nodes and links isinvestigated. This leads to independently growing sub-networks that may 
oales
e with othersub-networks. General results for both the size distribution of sub-networks and the degreedistribution are obtained.1 Introdu
tionWith the re
ent appearan
e of the Internet and the world-wide web, understanding the propertiesof growing networks with popularity-based 
onstru
tion rules has be
ome an a
tive and fruitfulresear
h area [1℄. In su
h models, newly-introdu
ed nodes preferentially atta
h to pre-existingnodes of the network that are already \popular". This leads to graphs whose stru
ture is quitedi�erent from the well-known random graph [2, 3℄ in whi
h links are 
reated at random betweennodes without regard to their popularity. This dis
overy of a new 
lass of graph theory problemshas fueled mu
h e�ort to 
hara
terize their properties.One basi
 measure of the stru
ture of su
h networks is the node degree Nk de�ned as the numberof nodes in the network that are linked to k other nodes. In the 
ase of the random graph, thenode degree is simply a Poisson distribution. In 
ontrast, many popularity-driven growing networkshave mu
h broader degree distributions with a stret
hed exponential or a power-law tail. The latterform means that there is no 
hara
teristi
 s
ale for the node degree, a feature that typi�es manynetworked systems [1℄.Power laws, or more generally, distributions with highly skewed tails, 
hara
terize the degreedistributions of many man-made and naturally o

urring networks [1℄. For example, the degreedistributions at the level of autonomous systems and at the router level exhibit highly skewed tails[4, 5, 6℄. Other important Internet-based graphs, su
h as the hyperlink graph of the world-wide webalso appear to have a degree distribution with a power-law tail [7, 8, 9, 10, 11℄. These observationshave spurred a 
urry of re
ent work to understand the underlying me
hanisms for these phenomena.1



A related example with interest to anyone who publishes, is the distribution of s
ienti�
 
ita-tions [12, 13, 14℄. Here one treats publi
ations as nodes and 
itations as links in a 
itation graph.Currently-available data suggests that the 
itation distribution has a power-law tail with an asso-
iated exponent 
lose to �3 [14℄. As we shall see, this exponent emerges naturally in the GrowingNetwork (GN) model where the relative probability of linking from a new node to a previous node(equivalent to 
iting an earlier paper) is stri
tly proportional to the popularity of the target node.In this paper, we apply tools from statisti
al physi
s, espe
ially the rate equation approa
h,to quantify the stru
ture of growing networks and to elu
idate the types of geometri
al featuresthat arise in networks with physi
ally-motivated growth rules. The utility of the rate equationshas been demonstrated in a diverse range of phenomena in non-equilibrium statisti
al physi
s,su
h as aggregation [15℄, 
oarsening [16℄, and epitaxial surfa
e growth [17℄. We will attempt to
onvin
e the reader that the rate equations are also a simple yet powerful analysis tool to analyzegrowing network systems. In addition to providing 
omprehensive information about the nodedegree distribution, the rate equations 
an be easily adapted to analyze both heterogeneous anddire
ted networks, the age distribution of nodes, 
orrelations between node degrees, various globalnetwork properties, as well as the 
luster size distribution in models that give rise to independentlyevolving sub-networks. Thus the rate equation method appears to be better suited for probing thestru
ture of growing networks 
ompared to the 
lassi
al approa
hes for analyzing random graphs,su
h as probabilisti
 [2℄ or generating fun
tion [3℄ te
hniques.In the next se
tion, we introdu
e three basi
 models that will be the fo
us of this review. Inthe following three se
tions, we then present rate equation analyses to determine basi
 geometri
alproperties of these networks. We 
lose with a brief summary.2 ModelsThe models we study appear to embody many of the basi
 growth pro
esses in web graphs andrelated systems. These in
lude:� The Growing Network (GN) [8, 18℄. Nodes are added one at a time and a single link is estab-lished between the new node and a pre-existing node a

ording to an atta
hment probabilityAk that depends only on the degree of the \target" node (Fig. 1).
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4Figure 1: Growing network. Nodes are added sequentially and a single link joins a new node to anearlier node. Node 1 has (total) degree 5, node 2 has degree 3, nodes 4 and 6 have degree 2, andthe remaining nodes have degree 1.� The Web Graph (WG). This represents an extension of the GN to in
orporate link dire
tion-ality [19℄ and leads to independent, dynami
ally generated in-degree and out-degree distri-2



butions. The network growth o

urs by two distin
t pro
esses [20℄ that are meant to mimi
how hyperlinks are 
reated in the web (Fig. 2):(i) With probability p, a new node is introdu
ed and it immediately atta
hes to an earliertarget node. The atta
hment probability depends only on the in-degree of the target.(ii) With probability q = 1 � p, a new link is 
reated between already existing nodes. The
hoi
es of the originating and target nodes depend on the out-degree of the former andthe in-degree of the latter.
(ii)(i)Figure 2: Growth pro
esses in the web graph model: (i) node 
reation and immediate atta
hment,and (ii) link 
reation. In (i) the new node is shaded, while in both (i) and (ii) the new link isdashed.� The Multi
omponent Graph (MG). Nodes and links are introdu
ed independently [21℄. (i)With probability p, a new unlinked node is introdu
ed, while (ii) with probability q = 1�p, anew link is 
reated between existing nodes. As in the WG, the 
hoi
es of the originating andtarget nodes depend on the out-degree of the former and the in-degree of the latter. Step (i)leads to the formation of multiple independently evolving 
lusters.3 Stru
ture of the Growing NetworkBe
ause of its simpli
ity, we �rst study the stru
ture of the GN [8, 18℄. The basi
 approa
hesdeveloped in this se
tion will then be extended to the WG and MG models.3.1 Degree Distribution of a Homogeneous NetworkWe �rst fo
us on the node degree distribution Nk. To determine its evolution, we shall write therate equations that a

ount for the 
hange in the degree distribution after ea
h node addition event.These equations 
ontain 
omplete information about the node degree, from whi
h any measure ofnode degree (su
h as moments) 
an be easily extra
ted. For the GN growth pro
ess in whi
h nodesare introdu
ed one at a time, the rate equations for the degree distribution Nk(t) are [22℄dNkdt = Ak�1Nk�1 �AkNkA + Æk1: (3.1)The �rst term on the right, Ak�1Nk�1=A, a

ounts for pro
esses in whi
h a node with k � 1links is 
onne
ted to the new node, thus in
reasing Nk by one. Sin
e there are Nk�1 nodes ofdegree k � 1, the rate at whi
h su
h pro
esses o

ur is proportional to Ak�1Nk�1, and the fa
torA(t) = Pj�1AjNj(t) 
onverts this rate into a normalized probability. A 
orresponding role is3



played by the se
ond (loss) term on the right-hand side; AkNk=A is the probability that a nodewith k links is 
onne
ted to the new node, thus leading to a loss in Nk. The last term a

ounts forthe introdu
tion of new nodes with no in
oming links.We start by solving for the time dependen
e of the moments of the degree distribution de�nedvia Mn(t) = Pj�1 jnNj(t). This is a standard method of analysis of rate equations by whi
h one
an gain partial, but valuable, information about the time dependen
e of the system with minimale�ort. By expli
itly summing Eqs. (3.1) over all k, we easily obtain _M0(t) = 1, whose solution isM0(t) = M0(0) + t. Noti
e that by de�nition M0(t) = PkNk is just the total number of nodesin the network. It is 
lear by the nature of the growth pro
ess that this quantity simply grows ast. In a similar fashion, the �rst moment of the degree distribution obeys _M1(t) = 2 with solutionM1(t) = M1(0) + 2t. This time evolution for M1 
an be understood either by expli
itly summingthe rate equations, or by observing that this �rst moment simply equals the total number of linkendpoints. Clearly, this quantity must grow as 2t sin
e the introdu
tion of a single node introdu
estwo link endpoints. Thus we �nd the simple result that the �rst two moments are independent ofthe atta
hment kernel Ak and grow linearly with time. On the other hand, higher moments andthe degree distribution itself do depend in an essential way on the kernel Ak.As a preview to the general behavior for the degree distribution, 
onsider the stri
tly linearkernel [8, 22, 23℄, for whi
h A(t) 
oin
ides with M1(t). In this 
ase, we 
an solve Eqs. (3.1) foran arbitrary initial 
ondition. However, sin
e the long-time behavior is most interesting, we limitourselves to the asymptoti
 regime (t!1) where the initial 
ondition is irrelevant. Using thereforeM1 = 2t, we solve the �rst few of Eqs. (3.1) dire
tly and obtain N1 = 2t=3, N2 = t=6, et
. Thusea
h of the Nk grow linearly with time. A

ordingly, we substitute Nk(t) = t nk in Eqs. (3.1) toyield the simple re
ursion relation nk = nk�1(k � 1)=(k + 2). Solving for nk givesnk = 4k(k + 1)(k + 2) : (3.2)Returning to the 
ase of general atta
hment kernels, let us assume that the degree distributionand A(t) both grow linearly with time. This hypothesis 
an be easily veri�ed numeri
ally foratta
hment kernels that do not grow faster than linearly with k. Then substituting Nk(t) = t nkand A(t) = �t into Eqs. (3.1) we obtain the re
ursion relation nk = nk�1Ak�1=(� + Ak) andn1 = �=(�+A1). Finally, solving for nk, we obtain the formal expressionnk = �Ak kYj=1 1 + �Aj!�1 : (3.3)To 
omplete the solution, we need the amplitude �. Using the de�nition � =Pj�1Ajnj in Eq. (3.3),we obtain the impli
it relation 1Xk=1 kYj=1 1 + �Aj!�1 = 1 (3.4)whi
h shows that the amplitude � depends on the entire atta
hment kernel.For the generi
 
ase Ak � k
 , we substitute this form into Eq. (3.3) and then rewrite theprodu
t as the exponential of a sum of a logarithm. In the 
ontinuum limit, we 
onvert this sumto an integral, expand the logarithm to lowest order, and then evaluate the integral to yield the
4



following basi
 results: nk � 8>>><>>>: k�
 exp h���k1�
�21�
1�
 �i ; 0 � 
 < 1;k�� ; � > 2; 
 = 1;best seller 1 < 
 < 2;bible 2 < 
. (3.5)Thus the degree distribution de
ays exponentially for 
 = 0, as in the 
ase of the randomgraph, while for all 0 < 
 < 1, the distribution exhibits robust stret
hed exponential behavior. Thelinear kernel is the 
ase that has garnered mu
h of the 
urrent resear
h interest. As shown above,nk = 4=[k(k + 1)(k + 2)℄ for the stri
tly linear kernel Ak = k. One might anti
ipate that nk / k�3holds for all asymptoti
ally linear kernels, Ak � k. However, the situation is more deli
ate andthe degree distribution exponent depends on mi
ros
opi
 details of Ak. From Eq. (3.3), we obtainnk � k�� , where the exponent � = 1 + � 
an be tuned to any value larger than 2 [22, 24℄. Thisnon-universal behavior shows that one must be 
autious in drawing general 
on
lusions from theGN with a linear atta
hment kernel.
i=4 j=5Figure 3: A node with in-degree i = 4, out-degree j = 5, and total degree 9.As an illustrative example of the vagaries of asymptoti
ally linear kernels, 
onsider the shiftedlinear kernel Ak = k + w. One way to motivate this kernel is to expli
itly keep tra
k of linkdire
tionality. In parti
ular, the node degree for an undire
ted graph naturally generalizes to thein-degree and out-degree for a dire
ted graph, the number of in
oming and outgoing links at anode, respe
tively. Thus the total degree k in a dire
ted graph is the sum of the in-degree i andout-degree j (Fig. 3). (More details on this model are given in the next se
tion.) The most generallinear atta
hment kernel for a dire
ted graph has the form Aij = ai + bj. The GN 
orrespondsto the 
ase where the out-degree of any node equals one; thus j = 1 and k = i + 1. For thisexample the general linear atta
hment kernel redu
es to Ak = a(k � 1) + b. Sin
e the overall s
aleis irrelevant, we 
an re-write Ak as the shifted linear kernel Ak = k + w, with w = �1 + b=a that
an vary over the range �1 < w <1.To determine the degree distribution for the shifted linear kernel, note that A(t) =Pj AjNj(t)simply equals A(t) =M1(t) + wM0(t). Using A = �t, M0 = t and M1 = 2t, we get � = 2 + w andhen
e the relation � = 1+� from the previous paragraph be
omes � = 3+w. Thus a simple additiveshift in the atta
hment kernel profoundly a�e
ts the asymptoti
 degree distribution. Furthermore,from Eq. (3.3) we determine the entire degree distribution to benk = (2 + w) �(3 + 2w)�(1 + w) �(k + w)�(k + 3 + 2w) : (3.6)Finally, we outline the intriguing behavior for super-linear kernels. In this 
ase, there is a\runaway" or gelation-like phenomenon in whi
h one node links to almost every other node. For
 > 2, all but a �nite number of nodes are linked to a single node that has the rest of the links.We term su
h an overwhelmingly popular node as a \bible". For 1 < 
 � 2, the number of nodes5



with a just a few links is no longer �nite, but grows slower than linearly in time, and the remainderof the nodes are linked to an extremely popular node that we now term \best seller". Full detailsabout this runaway behavior are given in [22℄.As a �nal parentheti
al note, when the atta
hment kernel has the form Ak / k
 , with 
 < 0,there is preferential atta
hment to poorly-
onne
ted sites. Here, the degree distribution exhibitsfaster than exponential de
ay, nk / k�
(k�1). When 
 < �2, the propensity for avoiding popularityis so strong that there is a �nite probability of forming a \worm" graph in whi
h ea
h node atta
hesonly to its immediate prede
essor.3.2 Degree Distribution of a Heterogeneous NetworkA pra
ti
ally-relevant generalization of the GN is to endow ea
h node with an intrinsi
 and per-manently de�ned \attra
tiveness" [25℄. This a

ounts for the obvious fa
t that not all nodes areequivalent, but that some are 
learly more attra
tive than others at their in
eption. Thus thesubsequent atta
hment rate to a node should be a fun
tion of both its degree and its intrinsi
attra
tiveness. For this generalization, the rate equation approa
h yields 
omplete results withminimal additional e�ort beyond that needed to solve the homogeneous network.Let us assign ea
h node an attra
tiveness parameter � > 0, with arbitrary distribution, at itsin
eption. This attra
tiveness modi�es the node atta
hment rate as follows: for a node with degreek and attra
tiveness �, the atta
hment rate is simply Ak(�). Now we need to 
hara
terize nodesboth by their degree and their attra
tiveness { thus Nk(�) is the number of nodes with degree kand attra
tiveness �. This joint degree-attra
tiveness distribution obeys the rate equation,dNk(�)dt = Ak�1(�)Nk�1(�)�Ak(�)Nk(�)A + p0(�)Æk1: (3.7)Here p0(�) is the probability that a newly-introdu
ed node has attra
tiveness �, and the normal-ization fa
tor A = R d�Pk Ak(�)Nk(�).Following the same approa
h as that used to analyze Eq. (3.1), we substitute A = �t andnk(�) = tNk(�) into Eq. (3.7) to obtain the re
ursion relationnk(�) = p0(�) �Ak(�) kYj=1 1 + �Aj(�)!�1 : (3.8)For 
orre
tness, 
onsider the linear atta
hment kernel Ak(�) = �k. Then applying the sameanalysis as in the homogeneous network, we �ndnk(�) = �p0(�)� �(k) � �1 + �� ���k + 1 + �� � : (3.9)To determine the amplitude � we substitute (3.9) into the de�nition � = R d� Pk�1Ak(�)nk(�)and use the identity [26℄ 1Xk=1 �(k + u)�(k + v) = �(u+ 1)(v � u� 1) �(v)to simplify the sum. This yields the impli
it relation1 = Z d� p0(�) ��� � 1��1 : (3.10)6



This 
ondition on � leads to two alternatives: If the support of � is unbounded, then the integraldiverges and there is no solution for �. In this limit, the most attra
tive node is 
onne
ted to a �nitefra
tion of all links. Conversely, if the support of � is bounded, the resulting degree distribution issimilar to that of the homogeneous network. For �xed �, nk(�) � k��(�) with an attra
tiveness-dependent de
ay exponent �(�) = 1+�=�. Amusingly, the total degree distribution nk = R d� nk(�)is no longer a stri
t power law [25℄. Rather, the asymptoti
 behavior is governed by properties ofthe initial attra
tiveness distribution near the upper 
uto�. In parti
ular, if p0(�) � (�max � �)!�1(with ! > 0 to ensure normalization), the total degree distribution exhibits a logarithmi
 
orre
tionnk � k�(1+�=�max) (lnk)�!: (3.11)3.3 Age DistributionIn addition to the degree distribution, we determine when 
onne
tions o

ur. Naively, we expe
tthat older nodes will be better 
onne
ted. We study this feature by resolving ea
h node both byits degree and its age to provide a more 
omplete understanding of the network evolution. Thusde�ne 
k(t; a) to be the average number of nodes of age a that have k � 1 in
oming links at timet. Here age a means that the node was introdu
ed at time t� a. The original degree distributionmay be re
overed from the joint age-degree distribution through Nk(t) = R t0 da 
k(t; a).For simpli
ity, we 
onsider only the 
ase of the stri
tly linear kernel; more general kernels were
onsidered in Ref. [24℄. The joint age-degree distribution evolves a

ording to the rate equation� ��t + ��a� 
k = Ak�1
k�1 �Ak
k2t + Æk1Æ(a): (3.12)The se
ond term on the left a

ounts for the aging of nodes. We assume here that the probabilityof linking to a given node again depends only on its degree and not on its age. Finally, we againhave used A(t) �M1(t) ' 2t for the linear atta
hment kernel in the long-time limit.The homogeneous form of this equation implies that solution should be self-similar. Thus weseek a solution as a fun
tion of the single variable a=t rather than two separate variables. Writing
k(t; a) = fk(x) with x = 1� at , we 
onvert Eq. (3.12) into the ordinary di�erential equation�2x dfkdx = (k � 1)fk�1 � kfk: (3.13)We omit the delta fun
tion term, sin
e it merely provides the boundary 
ondition 
k(t; a = 0) = Æk1,or fk(1) = Æk1.The solution to this boundary-value problem may be simpli�ed by assuming the exponentialsolution fk = �'k�1; this is 
onsistent with the boundary 
ondition, provided that �(1) = 1and '(1) = 0. This ansatz redu
es the in�nite set of rate equations (3.13) into two elementarydi�erential equations for '(x) and �(x) whose solutions are '(x) = 1 � px and �(x) = px. Interms of the original variables of a and t, the joint age-degree distribution is then
k(t; a) = r1� at �1�r1� at�k�1 : (3.14)Thus the degree distribution for �xed-age nodes de
ays exponentially, with a 
hara
teristi
degree that diverges as hki � (1 � a=t)�1=2 for a ! t. As expe
ted, young nodes (those witha=t ! 0) typi
ally have a small degree while old nodes have large degree (Fig. 4). It is the large
hara
teristi
 degree of old nodes that ultimately leads to a power-law total degree distributionwhen the joint age-degree distribution is integrated over all ages.7
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Figure 4: Age-dependent degree distribution for the GN for the linear atta
hment kernel. Low-degree nodes tend to be relatively young while high-degree nodes are old. The inset shows detailfor a=t � 0:98.3.4 Node Degree CorrelationsThe rate equation approa
h is suÆ
iently versatile that we 
an also obtain mu
h deeper geometri
alproperties of growing networks. One su
h property is the 
orrelation between degrees of 
onne
tednodes [24℄. These develop naturally be
ause a node with large degree is likely to be old. Thus itsan
estor is also old and hen
e also has a large degree. In the 
ontext of the web, this 
orrelationmerely expresses that obvious fa
t that it is more likely that popular web sites have hyperlinksamong ea
h other rather than to marginal sites.To quantify the node degree 
orrelation, we de�ne Ckl(t) as the number of nodes of degree kthat atta
h to an an
estor node of degree l (Fig. 5). For example, in the network of Fig. 1, thereare N1 = 6 nodes of degree 1, with C12 = C13 = C15 = 2. There are also N2 = 2 nodes of degree2, with C25 = 2, and N3 = 1 nodes of degree 3, with C35 = 1.
k lFigure 5: De�nition of the node degree 
orrelation Ckl for the 
ase k = 3 and l = 4.For simpli
ity, we again spe
ialize to the 
ase of the stri
tly linear atta
hment kernel. Moregeneral kernels 
an also be treated within our general framework [24℄. For the linear atta
hmentkernel, the degree 
orrelation Ckl(t) evolves a

ording to the rate equationM1 dCkldt = (k � 1)Ck�1;l � kCkl + (l � 1)Ck;l�1 � lCkl + (l � 1)Cl�1 Æk1: (3.15)The pro
esses that gives rise to ea
h term in this equation are illustrated in Fig. 6. The �rst twoterms on the right a

ount for the 
hange in Ckl due to the addition of a link onto a node of degreek � 1 (gain) or k (loss) respe
tively, while the se
ond set of terms gives the 
hange in Ckl due to8



the addition of a link onto the an
estor node. Finally, the last term a

ounts for the gain in C1ldue to the addition of a new node.
(i) (ii) (iii) (iv) (v)Figure 6: The pro
esses that 
ontribute ((i){(v) in order) to the various terms in the rate equation(3.15). The newly-added node and link are shown dashed.As in the 
ase of the node degree, the time dependen
e 
an be separated as Ckl = t
kl. Thisredu
es Eqs. (3.15) to the time-independent re
ursion relation,(k + l + 2)
kl = (k � 1)
k�1;l + (l � 1)
k;l�1 + (l � 1)
l�1 Æk1: (3.16)This 
an be further redu
ed to a 
onstant-
oeÆ
ient inhomogeneous re
ursion relation by thesubstitution 
kl = �(k) �(l)�(k + l + 3) dklto yield dkl = dk�1;l + dk;l�1 + 4(l + 2)Æk1: (3.17)Solving Eqs. (3.17) for the �rst few k yields the pattern of dependen
e on k and l from whi
h one
an then infer the solutiondkl = 4 �(k + l)�(k + 2)�(l � 1) + 12 �(k + l � 1)�(k + 1)�(l � 1) ; (3.18)from whi
h we ultimately obtain
kl = 4(l � 1)k(k + l)(k + l + 1)(k + l + 2) � 1k + 1 + 3k + l � 1� : (3.19)The important feature of this result is that the joint distribution does not fa
torize, that is, 
kl 6=nknl. This 
orrelation between the degrees of 
onne
ted nodes is an important distin
tion betweenthe GN and 
lassi
al random graphs.While the solution of Eq. (3.19) is unwieldy, it greatly simpli�es in the s
aling regime, k !1and l!1 with y = l=k �nite. The s
aled form of the solution is
kl = k�4 4y(y + 4)(1 + y)4 : (3.20)For �xed large k, the distribution nkl has a single maximum at y� = (p33 � 5)=2 �= 0:372. Thusa node whose degree k is large is typi
ally linked to another node whose degree is also large; thetypi
al degree of the an
estor is 37% that of the daughter node. In general, when k and l are bothlarge and their ratio is di�erent from one, the limiting behaviors of 
kl are
kl ! � 16 (l=k5) l� k,4=(k2 l2) l� k. (3.21)Here we expli
itly see the absen
e of fa
torization in the degree 
orrelation: 
kl 6= nknl / (k l)�3.9



3.5 Global PropertiesIn addition to elu
idating the degree distribution and degree 
orrelations, the rate equations 
an beapplied to determine global properties. One useful example is the out-
omponent with respe
t to agiven node x { this is the set of nodes that 
an be rea
hed by following dire
ted links that emanatefrom x (Fig. 7). In the 
ontext of the web, this is the set of nodes that are rea
hed by followinghyperlinks that emanate from a �xed node to target nodes, and then iteratively following targetnodes ad in�nitum. In a similar vein, one may enumerate all nodes that refer to a �xed node, plusall nodes that refer these daughter nodes, et
. This progeny 
omprises the in-
omponent to nodex { the set from whi
h x 
an be rea
hed by following a path of dire
ted links.
in-component

x
out-componentFigure 7: In-
omponent and out-
omponents of node x.

3.5.1 The In-ComponentFor simpli
ity, we study the in-
omponent size distribution for the GN with a 
onstant atta
hmentkernel, Ak = 1. We 
onsider this kernel be
ause many results about network 
omponents areindependent of the form of the kernel and thus it suÆ
es to 
onsider the simplest situation; theextension to more general atta
hment kernels is dis
ussed in [24℄.For the 
onstant atta
hment kernel, the number Is(t) of in-
omponents with s nodes satis�esthe rate equation dIsdt = (s� 1)Is�1 � sIsA + Æs1: (3.22)The loss term a

ounts for pro
esses in whi
h the atta
hment of a new node to an in-
omponentof size s in
reases its size by one. This gives a loss rate that is proportional to s. If there ismore than one in-
omponent of size s they must be disjoint, so that the total loss rate for Is(t) issimply sIs(t). A similar argument applies for the gain term. Finally, dividing by A(t) =Pj AjNj(t)
onverts these rates to normalized probabilities. For the 
onstant atta
hment kernel, A(t) =M0(t),so asymptoti
ally A = t. Interestingly, Eq. (3.22) is almost identi
al to the rate equations for thedegree distribution for the GN with linear atta
hment kernel, ex
ept that the prefa
tor equals t�1rather than (2t)�1. This 
hange in the normalization fa
tor is responsible for shifting the exponentof the resulting distribution from �3 to �2.To determine Is(t), we again note, by expli
itly solving the �rst few of the rate equations, thatea
h Is grows linearly in time. Thus we substitute Is(t) = tis into Eqs. (3.22) to obtain i1 = 1=2and is = is�1(s� 1)=(s + 1). This immediately givesis = 1s(s+ 1) : (3.23)10



This s�2 tail for the in-
omponent distribution is a robust feature, independent of the form of theatta
hment kernel [24℄. This s�2 tail also agrees with re
ent measurements of the web [10℄.3.5.2 The Out-ComponentThe 
omplementary out-
omponent from ea
h node 
an be determined by 
onstru
ting a mappingbetween the out-
omponent and an underlying network \genealogy". We build a genealogi
al treefor the GN by taking generation g = 0 to be the initial node. Nodes that atta
h to those ingeneration g form generation g + 1; the node index does not matter in this 
hara
terization. Forexample, in the network of Fig. 1, node 1 is the \an
estor" of 6, while 10 is the \des
endant" of 6and there are 5 nodes in generation g = 1 and 4 in g = 2. This leads to the genealogi
al tree ofFig. 8.
1

62 8 94

3 7 5 10

g=0

2

1Figure 8: Genealogy of the network in Fig. 1. The nodes indi
es indi
ate when ea
h is introdu
ed.The nodes are also arranged a

ording to generation number.The genealogi
al tree provides a 
onvenient way to 
hara
terize the out-
omponent distribution.As one 
an dire
tly verify from Fig. 8, the number Os of out-
omponents with s nodes equals Ls�1,the number of nodes in generation s� 1 in the genealogi
al tree. We therefore 
ompute Lg(t), thesize of generation g at time t. For this dis
ussion, we again treat only the 
onstant atta
hmentkernel and refer the reader to Ref. [24℄ for more general atta
hment kernels. We determine Lg(t)by noting that Lg(t) in
reases when a new node atta
hes to a node in generation g�1. This o

urswith rate Lg�1=M0, whereM0(t) = 1+t is the number of nodes. This gives the di�erential equationfor _Lg(t) = Lg�1=(1 + t) with solution Lg(�) = �g=g!, where � = ln(1 + t). Thus the number Os ofout-
omponents with s nodes equals Os(�) = � s�1=(s� 1)!: (3.24)Note that the generation size Lg(t) grows with g, when g < � , and then de
reases and be
omesof order 1 when g = e� . The genealogi
al tree therefore 
ontains approximately e� generations attime t. This result allows us to determine the diameter of the network, sin
e the maximum distan
ebetween any pair of nodes is twi
e the distan
e from the root to the last generation. Thereforethe diameter of the network s
ales as 2e� � 2e lnN ; this is the same dependen
e on N as in therandom graph [2, 3℄. More importantly, this result shows that the diameter of the GN is alwayssmall { ranging from the order of lnN for a 
onstant atta
hment kernel, to the order of one forsuper-linear atta
hment kernels.4 The Web GraphIn the world-wide web, link dire
tionality is 
learly relevant, as hyperlinks go from an issuingwebsite to a target website but not vi
e versa. Thus to 
hara
terize the lo
al graph stru
ture more11



fully, the node degree should be resolved into the in-degree { the number of in
oming links to anode, and the 
omplementary out-degree (Fig. 3). Measurements on the web indi
ate that thesedistributions are power laws with di�erent exponents [11℄. These properties 
an be a

ounted forby the web graph (WG) model (Fig. 2) and the rate equations provide an extremely 
onvenientanalysis tool.4.1 Average DegreesLet us �rst determine the average node degrees (in-degree, out-degree, and total degree) of theWG. Let N(t) be the total number of nodes, and I(t) and J(t) the in-degree and out-degree of theentire network, respe
tively. A

ording to the elemental growth steps of the model, these degreesevolve by one of the following two possibilities:(N; I; J)! � (N + 1; I + 1; J + 1) with probability p,(N; I + 1; J + 1) with probability q.That is, with probability p a new node and new dire
ted link are 
reated (Fig. 2) so that the numberof nodes and both the total in- and out-degrees in
rease by one. Conversely, with probability qa new dire
ted link is 
reated and the in- and out-degrees ea
h in
rease by one, while the totalnumber of nodes is un
hanged. As a result, N(t) = pt, and I(t) = J(t) = t. Thus the average in-and out-degrees, Din � I(t)=N(t) and Dout � J(t)=N(t), are both equal to 1=p.4.2 Degree DistributionsTo determine the degree distributions, we need to spe
ify: (i) the atta
hment rate A(i; j), de�nedas the probability that a newly-introdu
ed node links to an existing node with i in
oming and joutgoing links, and (ii) the 
reation rate C(i1; j1ji2; j2), de�ned as the probability of adding a newlink from a (i1; j1) node to a (i2; j2) node. We will use rates that are expe
ted to o

ur in theweb. Clearly, the atta
hment and 
reation rates should be non-de
reasing in i and j. Moreover,it seems intuitively plausible that the atta
hment rate depends only on the in-degree of the targetnode, A(i; j) = Ai; i.e., a website designer de
ides to 
reate link to a target based only on thepopularity of the latter. In the same spirit, we take the link 
reation rate to depend only on theout-degree of the issuing node and the in-degree of the target node, C(i1; j1ji2; j2) = C(j1; i2). Theformer property re
e
ts the fa
t that the development rate of a site depends only on the numberof outgoing links.The interesting situation of power-law degree distributions arises for asymptoti
ally linear rates,and we therefore 
onsiderAi = i+ �in and C(j; i) = (i+ �in)(j + �out) (4.1)The parameters �in and �out must satisfy the 
onstraint �in > 0 and �out > �1 to ensure that therates are positive for all attainable in- and out-degree values, i � 0 and j � 1.With these rates, the joint degree distribution, Nij(t), de�ned as the average number of nodeswith i in
oming and j outgoing links, evolves a

ording todNijdt = (p+ q) �(i� 1 + �in)Ni�1;j � (i+ �in)NijI + �inN � (4.2)+q �(j � 1 + �out)Ni;j�1 � (j + �out)NijJ + �outN �+ p Æi0Æj1:12



The �rst group of terms on the right a

ounts for the 
hanges in the in-degree of target nodes bysimultaneous 
reation of a new node and link (probability p) or by 
reation of a new link only(probability q). For example, the 
reation of a link to a node with in-degree i leads to a loss inthe number of su
h nodes. This o

urs with rate (p + q)(i + �in)Nij , divided by the appropriatenormalization fa
tor Pi;j(i + �in)Nij = I + �inN . The fa
tor p + q = 1 in Eq. (4.2) is expli
itlywritten to make 
lear these two types of pro
esses. Similarly, the se
ond group of terms a

ount forout-degree 
hanges. These o

ur due to the 
reation of new links between already existing nodes {hen
e the prefa
tor q. The last term a

ounts for the introdu
tion of new nodes with no in
ominglinks and one outgoing link. As a useful 
onsisten
y 
he
k, one may verify that the total number ofnodes, N =Pi;j Nij, grows a

ording to _N = p, while the total in- and out-degrees, I =Pi;j iNijand J =Pi;j jNij , obey _I = _J = 1.By solving the �rst few of Eqs. (4.2), it is again 
lear that the Nij grow linearly with time.A

ordingly, we substitute Nij(t) = t nij, as well as N = pt and I = J = t, into Eqs. (4.2) to yielda re
ursion relation for nij. Using the shorthand notations,a = q 1 + p�in1 + p�out and b = 1 + (1 + p)�in;the re
ursion relation for nij is[i+ a(j + �out) + b℄nij = (i� 1 + �in)ni�1;j + a(j � 1 + �out)ni;j�1 + p(1 + p�in)Æi0Æj1: (4.3)The in-degree and out-degree distributions are straightforwardly expressed through the joint dis-tribution: Ii(t) = Pj Nij(t) and Oj(t) = PiNij(t). Be
ause of the linear time dependen
e of thenode degrees, we write Ii(t) = t Ii and Oj(t) = tOj. The densities Ii and Oj satisfy(i+ b)Ii = (i� 1 + �in)Ii�1 + p(1 + p�in)Æi0; (4.4a)�j + 1q + �outq �Oj = (j � 1 + �out)Oj�1 + p1 + p�outq Æj1; (4.4b)respe
tively. The solution to these re
ursion formulae may be expressed in terms of the followingratios of gamma fun
tions Ii = I0 �(i+ �in) �(b+ 1)�(i+ b+ 1)�(�in) ; (4.5a)Oj = O1 �(j + �out) �(2 + q�1 + �outq�1)�(j + 1 + q�1 + �outq�1) �(1 + �out) ; (4.5b)with I0 = p(1 + p�in)=b and O1 = p(1 + p�out)=(1 + q + �out).From the asymptoti
s of the gamma fun
tion, the asymptoti
 behavior of the in- and out-degreedistributions have the distin
t power law forms [19℄,Ii � i��in; �in = 2 + p�in; (4.6a)Oj � j��out ; �out = 1 + q�1 + �out pq�1; (4.6b)with �in and �out both ne
essarily greater than 2. Let us now 
ompare these predi
tions with
urrent data for the web [11℄. First, the value of p is �xed by noting that p�1 equals the averagedegree of the entire network. Current data for the web gives Din � Dout � 7:5, and thus we setp�1 = 0:75. Now Eqs. (4.6) 
ontain two free parameters and by 
hoosing them to be �in = 0:75 and�out = 3:55 we reprodu
ed the observed exponents for the degree distributions of the web, �in � 2:1and �out � 2:7, respe
tively. The fa
t that the parameters �in and �out are of the order of oneindi
ates that the model with linear rates of node atta
hment and bilinear rates of link 
reation isa viable des
ription of the web. 13



5 Multi
omponent GraphIn addition to the degree distributions, 
urrent measurements indi
ate that the web 
onsists ofa \giant" 
omponent that 
ontains approximately 91% of all nodes, and a large number of �nite
omponents [11℄. The models dis
ussed thus far are unsuited to des
ribe the number and sizedistribution of these 
omponents, sin
e the growth rules ne
essarily produ
e only a single 
onne
ted
omponent. In this se
tion, we outline a simple modi�
ation of the WG, the multi
omponent graph(MG), that naturally produ
es many 
omponents. In this example, the rate equations now providea 
omprehensive 
hara
terization for the size distribution of the 
omponents.In the MG model, we simply separate node and link 
reation steps. Namely, when a nodeis introdu
ed it does not immediately atta
h to an earlier node, but rather, a new node beginsits existen
e as isolated and joins the network only when a link 
reation event rea
hes the newnode. For the average network degrees, this small modi�
ation already has a signi�
ant e�e
t. Thenumber of nodes and the total in- and out-degrees of the network, N; I; J now in
rease with timeas N = pt and I = J = qt. Thus the in- and out-degrees of ea
h node are time independent andequal to qp�1, while the total degree is D = 2q=p.As in the 
ase of the WG model, we study the 
ase of a bilinear link 
reation rate given inEq. (4.1), with now �in; �out > 0 to ensure that C(j; i) > 0 for all permissible in- and out-degrees,i � 0 and j � 0.5.1 Lo
al PropertiesWe study lo
al 
hara
teristi
s by employing the same approa
h as in the WG model. We �nd thatresults di�er only in minute details, e.g., the in- and out-degree densities Ii and Oj are again theratios of gamma fun
tions, and the respe
tive exponents are�in = 2�1 + �inD � ; �out = 2�1 + �outD � : (5.1)Noti
e the de
oupling { the in-degree exponent is independent of �out, while �out is independentof �in. The expressions (5.1) are neater than their WG 
ounterparts, re
e
ting the fa
t that thegoverning rules of the MG model are more symmetri
.To 
omplement our dis
ussion, we now outline the asymptoti
 behavior of the joint in- andout-degree distribution. Although this distribution de�es general analysis, we 
an obtain partialand useful information by �xing one index and letting the other index vary. An elementary but
umbersome analysis yields following limiting behaviorsnij � � i��in ; 1� i;j��out ; 1� j; (5.2)with �in = �in + D2 (�in � 1)(�out � 2)�out � 1�out = �out + D2 (�out � 1)(�in � 2)�in � 1 :We also 
an determine the joint degree distribution analyti
ally in the subset of the parameterspa
e where �in = �out, i.e., �in = �out. In what follows, we therefore denote �in = �out � �. Theresulting re
ursion equation for the joint degree distribution is(i+ j + 1 + �+ �q�1)nij = (i� 1 + �)ni�1;j + (j � 1 + �)ni;j�1 + 
 Æi;0 Æj;0; (5.3)14



with 
 = p(1 + 2�=D). Be
ause the degrees i and j appear in Eq. (5.3) with equal prefa
tors, thesubstitution nij = �(i+ �) �(j + �)�(i+ j + 2 + �+ �q�1) mijredu
es Eqs. (5.3) into the 
onstant-
oeÆ
ient re
ursion relationmij = mi�1;j +mi;j�1 + � Æi;0 Æj;1; with � = 
 �(1 + �+ �q�1)�2(�) : (5.4)We solve Eq. (5.4) by employing the generating fun
tion te
hnique. Multiplying Eq. (5.4) by xiyjand summing over all i; j � 0, we �nd that the generating fun
tion M(x; y) = Pi;j�0mijxiyjequals �=(1� x� y). ExpandingM(x; y) in x yields �Pxi=(1� y)i+1 whi
h we then expand in yby employing the identity (1� y)�i�1 =Pj�0 �i+ji �yj . Finally, we arrive atmij = � �(i+ j + 1)�(i+ 1)�(j + 1) ; (5.5)from whi
h the joint degree distribution isnij = ��(i+ �) �(j + �) �(i+ j + 1)�(i+ 1)�(j + 1)�(i+ j + 2 + �+ �q�1) �! � (ij)��1(i+ j)1+�+�=q ; as i; j !1: (5.6)Thus again, the in- and out-degrees of a node are 
orrelated: nij 6= IiOj � i��j�� .5.2 Global PropertiesLet us now turn now to the distribution of 
onne
ted 
omponents (
lusters, for brevity). Forsimpli
ity, we 
onsider models with undire
ted links. Let us �rst estimate the total number of
lusters N . At ea
h time step, N ! N + 1 with probability p, or N ! N � 1 with probability q.This implies N = (p� q)t: (5.7)The gain rate of N is exa
tly equal to p, while in the loss term we ignore self-
onne
tions andta
itly assume that links are always 
reated between di�erent 
lusters. In the long-time limit, self-
onne
tions should be asymptoti
ally negligible when the total number of 
lusters grows with timeand no ma
ros
opi
 
lusters (i.e., 
omponents that 
ontain a �nite fra
tion of all nodes) arise. Thuswe anti
ipate that Eq. (5.7) be
omes asymptoti
ally exa
t when p > q and we therefore assumep > q and ignore self-
onne
tions from the very beginning.This assumption of no self-
onne
tions greatly simpli�es the des
ription of the 
luster mergingpro
ess. Consider two 
lusters (labeled by � = 1; 2) with total in-degrees i�, out-degrees j�, andnumber of nodes k�. When these 
lusters merge, the 
ombined 
luster is 
hara
terized byi = i1 + i2 + 1; j = j1 + j2 + 1; k = k1 + k2:Thus starting with single-node 
lusters with (i; j; k) = (0; 0; 1), the above merging rule leads to
lusters that always satisfy the 
onstraint i = j = k � 1. Thus the size k 
hara
terizes both thein-degree and out-degree of 
lusters. 15



To simplify formulae without sa
ri�
ing generality, we 
onsider the link 
reation rate of Eq. (4.1),with �in = �out = 1. Then the merging rate W (k1; k2) of the two 
lusters is proportional to(i1 + k1)(j2 + k2) + (i2 + k2)(j1 + k1), orW (k1; k2) = (2k1 � 1)(2k2 � 1):Let C(k; t) denotes the number of 
lusters of mass k. This distribution evolves a

ording todC(k; t)dt = qt2 Xk1+k2=k(2k1 � 1)(2k2 � 1)C(k1; t)C(k2; t)� 2qt (2k � 1)C(k; t) + p Æk;1; (5.8)The �rst set of terms a

ount for the gain in C(k; t) due to the 
oales
en
e of 
lusters of size k1and k2, with k1 + k2 = k. Similarly, the se
ond set of terms a

ounts for the loss in C(k; t) due tothe 
oales
en
e of a 
luster of size k with any other 
luster. The last term a

ounts for the input ofunit-size 
lusters. These rate equations are similar to those of irreversible aggregation with produ
tkernel [15℄. The primary di�eren
e is that we expli
itly treat the number of 
lusters as �nite.One 
an verify that the total number of nodes N(t) = Pk C(k; t) grows with rate p and thatthe total number of 
lusters N (t) =PC(k; t) grows with rate p� q, in agreement with Eq. (5.7).Solving the �rst few Eqs. (5.8) shows again that C(k; t) grow linearly with time. A

ordingly, wesubstitute C(k; t) = t 
k into Eqs. (5.8) to yield the time-independent re
ursion relation
k = q Xk1+k2=k(2k1 � 1)(2k2 � 1) 
k1
k2 � 2q(2k � 1)
k + p Æk;1: (5.9)A giant 
omponent, i.e., a 
luster that 
ontains a �nite fra
tion of all the nodes, emerges whenthe link 
reation rate ex
eeds a threshold value. To determine this threshold, we study the momentsof the 
luster size distribution Mn = Pk�1 kn 
k. We already know that the �rst two momentsare M0 = p � q and M1 = p. We 
an obtain an equation for the se
ond moment by multiplyingEq. (5.9) by k2 and summing over k � 1 to give M2 = 2q(2M2 �M1)2 + p. When this equationhas a real solution,M2 is �nite. The solution isM2 = 1 + 8pq �p1� 16pq16q (5.10)and gives, when 1� 16pq = 0, to a threshold value p
 = (2 +p3)=4. For 1� 16pq � 0 (p > p
) all
lusters have �nite size and the se
ond moment is �nite.In this steady-state regime, we 
an obtain the 
luster size distribution by introdu
ing the gen-erating fun
tion C(z) =P1k=1 
kzk to 
onvert Eq. (5.9) into the di�erential equation2zC0(z)� C(z) = 1�q1� [pz � C(z)℄=q: (5.11)The asymptoti
 behavior of the 
luster size distribution 
an now be read o� from the behavior ofthe generating fun
tion in the z ! 1 limit. In parti
ular, the power-law behavior
k � Bk� as k !1 (5.12)implies that the 
orresponding generating fun
tion has the formC(z) =M0 +M1(z � 1) + M2 �M12 (z � 1)2 +B�(1� �)(1� z)��1 + : : : : (5.13)16



Here the asymptoti
 behavior is 
ontrolled by the dominant singular term (1�z)��1. However, thereare also subdominant singular terms and regular terms in the generating fun
tion. In Eq. (5.13) weexpli
itly in
luded the three regular terms whi
h ensure that the �rst three moments of the 
luster-size distribution are 
orre
tly reprodu
ed, namely, C(1) =M0, C0(1) =M1, and C00(1) =M2�M1.Finally, substituting Eq. (5.13) into Eq. (5.11) we �nd that the dominant singular terms are ofthe order of (1 � z)��2. Balan
ing all 
ontributions of this order in the equation determines theexponent of the 
luster size distribution to be� = 1 + 21�p1� 16pq : (5.14)This exponent satis�es the bound � > 3 and thus justi�es using the behavior of the se
ond momentof the size distribution as the 
riterion to �nd the threshold value p
.For p � p
 there is no giant 
luster and the 
luster size distribution has a power-law tail with� given by Eq. (5.14). Intriguingly, the power-law form holds for any value p > p
. This is instark 
ontrast to all other per
olation-type phenomena, where away from the threshold, there is anexponential tail in 
luster size distributions [27℄. Thus in 
ontrast to ordinary 
riti
al phenomena,the entire range p > p
 is 
riti
al.As a 
orollary to the power-law tail of the 
luster size distribution for p > p
, we 
an estimatethe size of the largest 
luster kmax to see how \�nite" it really is. Using the extreme statisti
s
riterion Pk�kmax N 
k = 1 we obtain kmax � N1=(��1), orkmax � N (1�p1�16pq)=2: (5.15)This is very di�erent from the 
orresponding behavior on the random graph, where below theper
olation threshold the largest 
omponent s
ales logarithmi
ally with the number of nodes. Thusfor the random graph, the dependen
e of kmax(N) 
hanges from lnN just below, to N , just abovethe per
olation threshold; for the MG, the 
hange is mu
h more gentle: from N1=2 to N .These 
onsiderations suggest that the phase transition in the MG is dramati
ally di�erent fromthe per
olation transition. Very re
ently, simpli�ed versions of the MG were studied [21, 28, 29℄.Numeri
al [21℄ and analyti
al [29℄ eviden
e suggest that the size of the giant 
omponent G(p) nearthe threshold s
ales as G(p) / exp� 
onst:pp
 � p� : (5.16)Therefore, the phase transition of this dynami
ally grown network is of in�nite order sin
e allderivatives of G(p) vanish as p ! p
. In 
ontrast, stati
 random graphs with any desired degreedistribution [30℄ exhibit a standard per
olation transition [30, 31, 32, 21℄.6 SummaryIn this paper, we have presented a statisti
al physi
s viewpoint on growing network problems.This perspe
tive is strongly in
uen
ed by the phenomenon of aggregation kineti
s, where the rateequation approa
h has proved extremely useful. From the wide range of results that we wereable to obtain for evolving networks, we hope that the reader appre
iates both the simpli
ity andthe power of the rate equation method for 
hara
terizing evolving networks. We quanti�ed thedegree distribution of the growing network model and found a diverse range of phenomenology thatdepends on the form of the atta
hment kernel. At the qualitative level, a stret
hed exponentialform for the degree distribution should be regarded as \generi
", sin
e it o

urs for an atta
hment17



kernel that is sub-linear in node degree (e.g., Ak � k
 with 
 < 1). On the other hand, a power-lawdegree distribution arises only for linear atta
hment kernels, Ak � k. However, this result is \non-generi
" as the degree distribution exponent now depends on the detailed form of the atta
hmentkernel.We investigated extensions of the basi
 growing network to in
orporate pro
esses that naturallyo

ur in the development in the web. In parti
ular, by allowing for link dire
tionality, the full degreedistribution naturally resolves into independent in-degree and out-degree distributions. When therates at whi
h links are 
reated are linear fun
tions of the in- and out-degrees of the terminalnodes of the link, the in- and out-degree distributions are power laws with di�erent exponents,�in and �out, that mat
h with 
urrent measurements on the web with reasonable values for themodel parameters. We also 
onsidered a model with independent node and link 
reation rates.This leads to a network with many independent 
omponents and now the size distribution of these
omponents is an important 
hara
teristi
. We have 
hara
terized basi
 aspe
ts of this pro
ess bythe rate equation approa
h and showed that the network is in a 
riti
al state even away from theper
olation threshold. The rate equation approa
h also provides eviden
e of an unusual, in�nite-order per
olation transition.While statisti
al physi
s tools have fueled mu
h progress in elu
idating the stru
ture of growingnetworks, there are still many open questions. One set is asso
iated with understanding dynami
alpro
esses in su
h networks. For example, what is the nature of information transmission? Whatgoverns the formation of traÆ
 jams on the web? Another set is 
on
erned with growth me
hanisms.While we 
an make mu
h progress in 
hara
terizing networks with idealized growth rules, it isimportant to understand the a
tual rules that govern the growth of the Internet. These issuesappear to be fruitful 
hallenges for future resear
h.7 A
knowledgementsIt is a pleasure to thank Fran
ois Leyvraz and Geo� Rodgers for 
ollaborations that led to someof the work reported here. We also thank John Byers and Mark Crovella for numerous informativedis
ussions. Finally, we are grateful to NSF grants INT9600232 and DMR9978902 for �nan
ialsupport.Referen
es[1℄ Re
ent reviews from the physi
ist's perspe
tive in
lude: S. H. Strogatz, Nature 410, 268(2001); R. Albert and A.-L. Barab�asi, Rev. Mod. Phys. xx, xxx (2002); S. N. Dorogovtsev andJ. F. F. Mendes, Adv. Phys. xx, xxx (2002).[2℄ B. Bollob�as, Random Graphs (A
ademi
 Press, London, 1985).[3℄ S. Janson, T. Lu
zak, and A. Ru
inski, Random Graphs (Wiley, New York, 2000).[4℄ M. Faloutsos, P. Faloutsos, and C. Faloutsos, Comp. Commun. Rev. 29(4), 251 (1999).[5℄ A. Medina, I. Matta, and J. Byers, Comp. Commun. Rev. 30(2), 18 (2000).[6℄ H. Tangmunarunkit, J. Doyle, R. Govindan, S. Jamin, and S. Shenker, Comp. Commun. Rev.31, xxx (2001). 18



[7℄ S. R. Kumar, P. Raphavan, S. Rajagopalan, and A. Tomkins, in: Pro
. 8th WWW Conf.(1999); S. R. Kumar, P. Raphavan, S. Rajagopalan, and A. Tomkins, in: Pro
. 25th VLDBConf. (1999); J. Kleinberg, R. Kumar, P. Raghavan, S. Rajagopalan, and A. Tomkins, in:Pro
eedings of the International Conferen
e on Combinatori
s and Computing, Le
ture Notesin Computer S
ien
e, Vol. 1627 (Springer-Verlag, Berlin, 1999).[8℄ A.-L. Barab�asi and R. Albert, S
ien
e 286, 509 (1999); R. Albert, H. Jeong, and A.-L. Barab�asi, Nature 401, 130 (1999).[9℄ B. A. Huberman, P. L. T. Pirolli, J. E. Pitkow, and R. Lukose, S
ien
e 280, 95 (1998);B. A. Huberman and L. A. Adami
, Nature 401, 131 (1999).[10℄ G. Caldarelli, R. Mar
hetti, and L. Pietronero, Europhys. Lett. 52, 386 (2000)[11℄ A. Broder, R. Kumar, F. Maghoul, P. Raghavan, S. Rajagopalan, R. Stata, A. Tomkins, andJ. Wiener, Computer Networks 33, 309 (2000).[12℄ A. J. Lotka, J. Washington A
ad. S
i. 16, 317 (1926); W. Sho
kley, Pro
. IRE 45, 279 (1957);E. Gar�eld, S
ien
e 178, 471 (1972).[13℄ J. Laherr�ere and D. Sornette, Eur. Phys. J. B 2, 525 (1998).[14℄ S. Redner, Eur. Phys. J. B 4, 131 (1998).[15℄ M. H. Ernst, in: Fra
tals in Physi
s, edited by L. Pietronero and E. Tosatti (Elsevier, Ams-terdam, 1986), p. 289.[16℄ A. J. Bray, Adv. Phys. 43, 357 (1994).[17℄ A. Pimpinelli and J. Villain, Physi
s of Crystal Growth (Cambridge University Press, Cam-bridge, 1998).[18℄ The earliest growing network model was proposed to des
ribe word frequen
y: H. A. Simon,Biometri
a 42, 425 (1955); H. A. Simon, Models of Man (Wiley, New York, 1957).[19℄ P. L. Krapivsky, G. J. Rodgers, and S. Redner, Phys. Rev. Lett. 86, 5401 (2001).[20℄ R. Albert and A.-L. Barab�asi, Phys. Rev. Lett. 85, 5234 (2000); S. N. Dorogovtsev andJ. F. F. Mendes, Europhys. Lett. 52, 33 (2000).[21℄ D. S. Callaway, J. E. Hop
roft, J. M. Kleinberg, M. E. J. Newman, and S. H. Strogatz, Phys.Rev. E 64, 041902 (2001).[22℄ P. L. Krapivsky, S. Redner, and F. Leyvraz, Phys. Rev. Lett. 85, 4629 (2000).[23℄ S. N. Dorogovtsev, J. F. F. Mendes, and A. N. Samukhin, Phys. Rev. Lett. 85, 4633 (2000).[24℄ P. L. Krapivsky and S. Redner, Phys. Rev. E 63, 066123 (2001).[25℄ G. Bian
oni and A.-L. Barab�asi, Europhys. Lett. 54, 436 (2000).[26℄ R. L. Graham, D. E. Knuth, and O. Patashnik, Con
rete Mathemati
s: A Foundation forComputer S
ien
e, (Reading, Mass.: Addison-Wesley, 1989).19



[27℄ See e.g., D. Stau�er and A. Aharony, Introdu
tion to Per
olation Theory (Taylor & Fran
is,London, 1992).[28℄ L. Kullmann and J. Kert�esz, Phys. Rev. E 63, 051112 (2001); D. Lan
aster, 
ond-mat/0110111.[29℄ S. N. Dorogovtsev, J. F. F. Mendes, and A. N. Samukhin, Phys. Rev. E 64, 066110 (2001).[30℄ M. Molloy and B. Reed, Random Stru
t. Alg. 6, 161 (1995); Combin. Probab. Comput. 7, 295(1998).[31℄ W. Aiello, F. Chung, and L. Lu, in: Pro
. 32nd ACM Symposium on Theory of Computing(2000).[32℄ R. Cohen, K. Erez, D. ben-Avraham, and S. Havlin, Phys. Rev. Lett. 85, 4626 (2000);M. E. J. Newman, S. H. Strogatz, and D. J. Watts, Phys. Rev. E 64, 026118 (2001).

20


