
In�nite-Order Per
olation and Giant Flu
tuations in a Protein Intera
tion NetworkJ. Kim1, P. L. Krapivsky2, B. Kahng1, and S. Redner21S
hool of Physi
s and Center for Theoreti
al Physi
s, Seoul National University, Seoul 151-747, Korea2Center for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215We investigate a model protein intera
tion network whose links represent intera
tions betweenindividual proteins. This network evolves by the fun
tional dupli
ation of proteins, supplementedby random link addition to a

ount for mutations. When link addition is dominant, an in�nite-order per
olation transition arises as a fun
tion of the addition rate. In the opposite limit of highdupli
ation rate, the network exhibits giant stru
tural 
u
tuations in di�erent realizations. Forbiologi
ally-relevant growth rates, the node degree distribution has an algebrai
 tail with a pe
uliarrate dependen
e for the asso
iated exponent.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnInter-protein intera
tions underlie the performan
e ofvital biologi
al fun
tions. Organisms with sequen
edgenomes, su
h as the yeast S. 
erevisiae [1℄, provide im-portant test beds for analyzing protein intera
tion net-works [2℄. The number of intera
tions per protein of S.
erevisiae follows a power-law [3{5℄, a feature 
ommon tomany 
omplex networks, su
h as the Internet, the world-wide web, and metaboli
 networks [6℄. Similar behavioris exhibited by protein intera
tion networks of variousba
teria [7℄. Based on the observational data, simpleproteome growth models have re
ently been formulatedto a

ount for the evolution of this intera
tion network[8{11℄, where proteins are viewed as the nodes of a graphand links 
onne
t fun
tionally related proteins.In this work, we determine the stru
ture of a mini-mal protein intera
tion network model that evolves bythe biologi
ally-inspired pro
esses of protein dupli
ationand subsequent mutation. That is, the fun
tionality ofa dupli
ate protein is similar, but not identi
al, to theoriginal and 
an gradually evolve with time due to mu-tations [4℄. Within a rate equation approa
h [12,13℄, weshow that: (i) the system undergoes an in�nite-order per-
olation transition as a fun
tion of mutation rate, witha rate-dependent power-law 
luster-size distribution ev-erywhere below the threshold, (ii) there are giant 
u
-tuations in network stru
ture and no self-averaging forlarge dupli
ation rate, and (iii) the degree distributionhas an algebrai
 tail with a pe
uliar rate-dependent ex-ponent when the dupli
ation and mutation rates havebiologi
ally realisti
 values. Some aspe
ts of this last re-sult were re
ently seen [10,11℄.In the model, nodes are added sequentially and the newnode dupli
ates a randomly 
hosen pre-existing \target"node, viz., the new node links to ea
h of the neighborsof the target with probability 1� Æ; ea
h new node alsolinks to any previous node with probability �=N , whereN is the 
urrent total number of nodes (Fig. 1). Thusan arbitrary number of 
lusters 
an merge when a singlenode is introdu
ed. As we now dis
uss, this unusual dy-nami
s appears to be responsible for the un
onventionalper
olation properties of this network in the limit of zerodupli
ation rate but �nite mutation rate (Æ = 0, � > 0).
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FIG. 1. Growth steps of the protein intera
tion network:The new node dupli
ates 2 out of the 3 links between thetarget node (shaded) and its neighbors. Ea
h su

essful du-pli
ation o

urs with probability 1� Æ (solid lines). The newnode also atta
hes to any other network node with probability�=N (dotted lines). Thus 3 previously dis
onne
ted 
lustersare joined by the 
omplete event.Let Cs(N) be the expe
ted number of 
lusters of sizes � 1. This 
luster size distribution obeys the rate equa-tiondCsdN = �� sCsN + 1Xn=0 �nn! e�� Xs1���sn nYj=1 sjCsjN ; (1)where the sum is over all s1 � 1; : : : ; sn � 1 su
h thats1+� � �+sn+1 = s. The �rst term on the right-hand sideof Eq. (1) a

ounts for the loss of Cs due to the linking ofa 
luster of size s with the newly-introdu
ed node. Thegain term a

ounts for all merging pro
esses of n initiallyseparated 
lusters whose total size is s� 1.Solving for the �rst few Cs(N), we see that they areall proportional to N . Thus writing Cs(N) = N
s, andintrodu
ing the generating fun
tion g(z) =Ps�1 s
s esz,Eq. (1) be
omesg = ��g0 + (1 + �g0) ez+�(g�1); (2)where g0 = dg=dz. To dete
t the per
olation transition,we use the fa
t that g(0) =P s
s is the fra
tion of nodeswithin �nite 
lusters. Thus the size of the in�nite 
luster(the giant 
omponent) is NG = N(1 � g(0)). Supposethat we are in the non-per
olating phase; this means thatg(0) = 1. In this regime, the average 
luster size equalshsi =P s2
s = g0(0). To determine g0(0), we substitute1



the expansion g(z) = 1 + zg0(0) + : : : into Eq. (2) andtake the z ! 0 limit. This yields a quadrati
 equationfor g0(0) with solutiong0(0) = hsi = 1� 2� �p1� 4�2�2 : (3)This has a real solution only for � � 1=4, thus identifyingthe per
olation threshold as �
 = 1=4. For � > �
, weexpress g0(0) in terms of the size of the giant 
omponentby setting z = 0 in Eq. (2) to giveg0(0) = e��G +G� 1� (1� e��G) : (4)When � ! �
, we use G ! 0 to simplify Eq. (4) and�nd hsi ! (1��
)��2
 = 12. On the other hand, Eq. (3)shows that hsi ! 4 when � ! �
 from below. Thus theaverage size of the �nite 
lusters jumps dis
ontinuouslyfrom 4 to 12 as � passes through �
 = 14 .The 
luster size distribution 
s exhibits distin
t behav-iors below, at, and above the per
olation transition. For� < �
, the asymptoti
 behavior of 
s 
an be read o�from the behavior of the generating fun
tion as z ! 0.If 
s has the power-law behavior
s � B s�� as s!1; (5)then the 
orresponding generating fun
tion g(z) has thefollowing small-z expansiong(z) = 1 + g0(0) z +B�(2� �) (�z)��2 + : : : : (6)The regular terms are needed to reprodu
e the knownzeroth and �rst derivatives of the generating fun
tion,while the asymptoti
 behavior is 
ontrolled by the domi-nant singular term (�z)��2. Higher-order regular termsare asymptoti
ally irrelevant. Substituting this expan-sion into Eq. (2) we �nd that the dominant terms are ofthe order of (�z)��3. Balan
ing all 
ontributions of thisorder gives � = 1 + 21�p1� 4� : (7)Intriguingly, a power-law 
luster size distribution with anon-universal exponent arises for all � < �
. In 
ontrastto ordinary 
riti
al phenomena, the entire range � < �
is 
riti
al.The power-law tail implies that the size of the largest
luster smax grows as a power law of the system size.From the extreme statisti
s 
riterion Ps�smax N 
s = 1and the asymptoti
s of Eq. (5), we �nd smax / N1=(��1),or smax / N 12�p�
�� . In 
ontrast, for 
onventional per-
olation below threshold, the largest 
luster has sizesmax / lnN , re
e
ting the exponential tail of the 
lustersize distribution [14℄.At the transition, Eq. (7) gives � = 3. However, thenaive asymptoti
s 
s / s�3 
annot be 
orre
t as it im-plies that g0(0) diverges. Similarly, we 
annot expand

the generating fun
tion as in Eq. (6) with � = 3, sin
ethe singular term �(�1) � (�z) has an in�nite prefa
-tor. As in other situations where the order of a singularterm 
oin
ides with a regular term, we anti
ipate a log-arithmi
 
orre
tion. Thus 
onsider the modi�ed expan-sion g(z) = 1 + 4z + z u(z) + : : :, where u(z) vanishesslower than any power of z, as z ! 0. Substitutingthis into Eq. (2), setting � = �
, and equating singu-lar terms yields (8 + u) z u0 + u2 = 0. Solving this dif-ferential equation asymptoti
ally we obtain the leadingbehavior u � 8= ln(�z); this indeed vanishes slower thanany power of z for z ! 0. Substituting this form for u(z)in the modi�ed expansion for g(z) and inverting yields
s � 8s3 (ln s)2 as s!1: (8)Thus exa
tly at the transition, the 
luster size distribu-tion a
quires a logarithmi
 
orre
tion. This result alsoimplies that the size of the largest 
omponent s
ales assmax / N1=2= lnN .Above the per
olation transition, both g(0) = 1 � Gand g0(0) (Eq. (4)) are �nite, so that the expansion forg(z) has the form g(z) = 1�G+g0(0) z+: : :. Substitutingthis into Eq. (2) one 
an show that: (i) the full expan-sion of g(z) is regular in z, and (ii) the generating fun
-tion diverges at z� = 1=s�. This latter fa
t implies that
s / e�s=s� as s ! 1. The lo
ation of the singularityis determined by the 
ondition ez+�(g�1) = 1. This givess� ! 16=G as � ! �
. Realisti
 protein intera
tion net-works are always above the per
olation transition, e.g.,for yeast the giant 
omponent in
ludes 54% of all nodesand 68% of the links of the system [3℄; thus a giant 
om-ponent always exists and the 
luster-size distribution hasan exponential tail.The size of the giant 
omponent G(�) is obtained bysolving Eq. (2) near z = 0. A lengthy analysis [15℄ showsthat near the per
olation threshold:G(�) / exp�� �p4� � 1� ; (9)so that all derivatives of G(�) vanish as � ! �
. Thus thetransition is of in�nite order. Similar behavior has beenre
ently observed [16{18,13℄ for several growing networkmodels where single nodes and links were introdu
ed in-dependently. This generi
 growth me
hanism seems togive rise to fundamentally new per
olation phenomena.We now examine the 
omplementary limit of no muta-tions (� = 0) and show that individual realizations of theevolution lead to widely di�ering results. Consider �rstthe limit of deterministi
 dupli
ation of Æ = 0 where allthe links of the dupli
ated protein are 
ompleted. Thereis still a sto
hasti
 element in this growth, as the nodeto be dupli
ated is 
hosen randomly. When Æ = 0, therate equation approa
h [Eqs. (14){(15) below℄ predi
tsthat the degree distribution Nk (de�ned as the number2



of nodes that are linked to k other nodes) is given byNk = 2(1� 2=N)k�1.However, this \solution" does not 
orrespond to theout
ome of any single realization of the dupli
ation pro-
ess. To appre
iate this, 
onsider the simple and generi
initial state of two nodes that are joined by a single link.We denote this graph as K1;1, following the graph theo-reti
 terminology [19℄ that Kn;m denotes a 
omplete bi-partite graph in whi
h every node in the subgraph ofsize n is linked to every node in the subgraph of sizem. Dupli
ating one of the nodes in K1;1 gives K2;1 orK1;2, equiprobably. By 
ontinuing to dupli
ate nodes,one �nds that at every stage the network always remainsa 
omplete bipartite graph, say Kk;N�k, and that everyvalue of k = 1; : : : ; N � 1 o

urs with equal probability(Fig. 2). Thus the degree distribution remains singular {it is always the sum of two delta fun
tions!
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FIG. 2. Evolution of the 
omplete bipartite graph Km;nafter one deterministi
 dupli
ation event. Only the links em-anating from the top nodes of ea
h 
omponent are shown.For �xed N , we average over all realizations of the evo-lution to obtain the average degree distributionhNki = 2�1� k � 1N � 1� : (10)Computing hNki for other generi
 initial 
onditions, e.g.,
omplete m-partite graphs and ring graphs [15℄, we �ndthat the initial 
ondition dependen
e persists throughoutthe evolution. More importantly, self-averaging breaksdown: di�erent realizations of the growth lead to statisti-
ally distinguishable networks. Similar giant 
u
tuationsarise in the general 
ase of imperfe
t dupli
ation where� = 0 and Æ > 0 [15℄. To illustrate the origin of thesema
ros
opi
 
u
tuations, 
onsider the network growth inthe limit Æ � 1. The probability that the �rst few dupli-
ation steps are 
omplete (all eligible links are 
reated)is 
lose to one. For this initial development, the degreesof ea
h node in
rease and the probability to 
reate iso-lated nodes be
omes very small as the network grows.On the other hand, if the �rst dupli
ation event was to-tally in
omplete, an isolated node would be 
reated. The
reation of isolated nodes ne
essarily leads to more iso-lated nodes but subsequent dupli
ation events. Thus thenumber of isolated nodes is a non-self-averaging quantity.

In a similar fashion, the number of nodes of degree k forany �nite k > 0 is also non-self-averaging.Finally, we investigate to the evolution of the networkwhen both in
omplete dupli
ation and mutation o

ur(Æ < 1 and � > 0). Let us �rst determine the averagenode degree of the network, D, for su
h general rates.In ea
h growth step, the average number of links L in-
reases by �+(1� Æ)D. Therefore, L = [�+(1� Æ)D℄N .Combining this with D = 2L=N gives [9,10℄D = 2�2Æ � 1 ; (11)a result that applies only when Æ > Æ
 = 1=2. Below thisthreshold, the number of links grows asdLdN = � + 2(1� Æ) LN ; (12)and 
ombining with D(N) = 2L(N)=N , we �ndD(N) = (�nite Æ > 1=2,� lnN Æ = 1=2,
onst:�N1�2Æ Æ < 1=2. (13)Without mutation (� = 0) the average node degree al-ways s
ales as N1�2Æ, so that a realisti
 �nite averagedegree is re
overed only when Æ = 1=2. Thus mutationsplay a 
onstru
tive role, as a �nite average degree arisesfor any dupli
ation rate Æ > 1=2.We now 
onsider this 
ase of Æ > 1=2 and � > 0 andapply the rate equation approa
h [12,13℄ to study thedegree distribution Nk(N). The degree k of a node in-
reases by one at a rate Ak = (1�Æ)k+�. The �rst termarises be
ause of the 
ontribution from dupli
ation, whilemutation leads to the k-independent 
ontribution. Therate equations for the degree distribution are thereforedNkdN = Ak�1Nk�1 �AkNkN +Gk: (14)The �rst two terms a

ount for pro
esses in whi
h thenode degree in
reases by one. The sour
e term Gk de-s
ribes the introdu
tion of a new node of k links, witha of these links 
reated by dupli
ation and b = k � a
reated by mutation. The probability of the former isPs�a ns�sa�(1 � Æ)aÆs�a, where ns = Ns=N is the prob-ability that a node of degree s is 
hosen for dupli
ation,while the probability of the latter is �b e��=b!. Sin
e du-pli
ation and random atta
hment are independent pro-
esses, the sour
e term isGk = Xa+b=k 1Xs=a ns�sa�(1� Æ)aÆs�a �bb! e�� : (15)From Eq. (14), the Nk grow linearly with N . Substi-tuting Nk(N) = N nk in the rate equations yields�k + � + 11� Æ �nk = �k � 1 + �1� Æ�nk�1 + Gk1� Æ : (16)3



Sin
e Gk depends on ns for all s � k, the above equationis not a re
ursion. However, for large k, we 
an redu
eit to a re
ursion by simple approximations. As k ! 1,the main 
ontribution to the sum in Eq. (15) arises whenb is small, so that a is 
lose to k, and the summand issharply peaked around s � k=(1� Æ). This simpli�es thesum, as we may repla
e the lower limit by s = k, and nsby its value at s = k=(1 � Æ). Further, if nk de
ays ask�
 , we write ns = (1� Æ)
nk and simplify Gk toGk � (1� Æ)
 nk 1Xs=k�sk�(1� Æ)kÆs�k 1Xb=0 �bb! e��= (1� Æ)
�1nk; (17)sin
e the former binomial sum equals (1� Æ)�1.
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FIG. 3. Degree distribution nk versus k for the protein in-tera
tion network with Æ = 0:53 and � = 0:06. Shown isthe distribution for N = 103, 104, and 106 (bottom to top),with 104, 103, and 20 realizations respe
tively. A straight line(dotted) of the predi
ted slope of �2:37 is shown for visualreferen
e. The inset shows the degree distribution exponent
 as a fun
tion of Æ from the numeri
al solution of Eq. (18).Thus for k ! 1, Eq. (16) redu
es to a re
ursion re-lation, from whi
h we dedu
e that nk has the power-lawbehavior � k�
 , with 
 determined from the relation
(Æ) = 1 + 11� Æ � (1� Æ)
�2: (18)Noti
e that the repla
ement of ns by (1� Æ)
nk is validonly asymptoti
ally. This explains the slow 
onvergen
eof the degree distribution to the predi
ted power lawform (Fig. 3). Intriguingly, the exponent 
(Æ) is in-dependent of the mutation rate � [20℄. Nevertheless,the presen
e of mutations (� > 0) is vital to suppressthe non-self-averaging as the network evolves and thusmake possible a smooth degree distribution. If we adoptÆ = 0:53, as suggested by observations [4℄, we obtain
 = 2:373 : : :, 
ompared to the numeri
al simulation re-sult of 
 = 2:5� 0:1 [10℄.

In summary, network growth by dupli
ation and mu-tation leads to ri
h behavior with an in�nite-order per-
olation transition and no self-averaging in the absen
eof mutations. Without mutation, di�erent realizationsof the network lead to drasti
ally di�erent out
omes andea
h out
ome is itself singular. Mutations are needed toform networks that are statisti
ally similar to observedprotein intera
tion networks. Thus mutations seem toplay a 
onstru
tive role in forming robust networks whosefun
tioning realizes the primary purpose of mutations.We thank NSF grant DMR9978902, KOSEF grant2002-2-11200-002-3 in the BRP program, and a travelgrant from the BK21 proje
t.
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