
Aggregation Kineti
s of PopularityS. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s,Boston University, Boston, MA, 02215Abstra
tThe tools of aggregation kineti
s are applied to the \popularity" phenomena ofsingle-lane traÆ
 
lustering, and to the growth of a network that mimi
s 
itationsof s
ienti�
 publi
ations. In the latter, the network is built by introdu
ing papers(new nodes) one at a time, with preferential linking to more popular previously-existing nodes. From the rate equations, the distribution of node degree, as well asvarious global properties, 
an be determined easily. A simple extension of the modelappears to des
ribe the degree distributions of the world-wide web.1 Introdu
tionIn aggregation, 
lusters Ai of mass i evolve a

ording toAi + Aj K(i;j)�! Ai+j; (1)where K(i; j) is the rate at whi
h 
lusters of mass i and mass j form a 
lusterof mass k = i+ j. Assuming spatial homogeneity, the system is 
hara
terizedby the 
on
entrations 
k(t) of aggregates of mass k at time t. Under the lawof mass a
tion, these 
on
entrations evolve a

ording to the rate equationsd
kdt = 12 Xi+j=kKij
i
j � 
k 1Xk=1Kkj
j: (2)The �rst term on the right a

ounts for pro
esses that in
rease 
k(t), whilethe se
ond term a

ounts for loss pro
esses.Due to its fundamental appeal, as well as its broad range of appli
ations [1℄,there has been intense e�ort to solve the rate equations for physi
ally-relevantrea
tion rates [2℄. Generally, the nature of these solutions depends on: (i)Preprint submitted to Elsevier S
ien
e 1 September 2001



the homogeneity index � of the rea
tion rate; this is de�ned by K(ai; aj) �a�K(i; j), and (ii) a se
ondary index �, de�ned by K(1; j) � j�, that 
hara
-terizes the relative importan
e of large-large and large-small intera
tions. Inmany su
h situations the 
luster size distribution exhibits s
aling, that is,
k(t) � s(t)�2f(k=s(t)); (3)with typi
al size s(t) � t1=(1��) for � < 1. Further, the s
aled size distributionis a power law, when � > �, and is a lo
alized peak, for � < � [3℄.We now investigate two measures of popularity: traÆ
 
lustering and thegrowth of 
itation-driven networks. The basi
 message is that the tools of ag-gregation kineti
s are both 
onvenient and powerful in determining the timeevolution of these systems.2 TraÆ
 Clustering on Sui
ide Alley
bus
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Fig. 1. Spa
e-time evolution of single-lane traÆ
 with no passing. When a slow
luster is overtaken, the 
ombined 
luster moves with the speed of the slow 
luster.Consider traÆ
 on a single-lane road with no passing. Ea
h vehi
le has anintrinsi
 speed that is drawn from a distribution P0(v). When a faster vehi-
le overtakes a slower one, the former then moves at the speed of the latter(Fig. 1). The inspiration for this model 
omes from an infamous 13-mile stret
hof Massa
husetts highway on Cape Cod known as \sui
ide alley". Here 2 lanesin both dire
tions ea
h are 
onstri
ted to a single lane, along whi
h no passingis allowed.As anyone who drives on this type of road has experien
ed, homogeneoustraÆ
 entering su
h a 
onstri
tion be
omes strongly 
lustered upon rea
hingthe far end. We 
an �nd the typi
al 
luster size n(v) and speed v(t) at timet by a simple dimensional argument [4℄. Sin
e the typi
al distan
e ` between
lusters varies as ` � vt, the typi
al number of 
ars in a 
luster is proportional2



to this distan
e, yielding n � ` � vt. To �nd the typi
al speed, we relate the
luster size to its speed. The probability of �nding a fast 
ar (with speed � v)is Q+(v) = R1v P0(v0) dv0, while Q� = 1� Q+ is the 
omplementary slow 
arprobability. Then the typi
al size of a 
luster of speed v may be obtained fromn(v) = P11 kQ�Qk+ = Q+=Q� � v�(1+�), under the general assumption thatP0(v) � v� as v ! 0. Here the speed of the slowest 
ar has been subtra
tedo� so that the speed distribution extends to v = 0. Combining n(v) � v�(1+�)with n � vt gives [4℄n � t(�+1)=(�+2) v � t�1=(�+2): (4)Thus a 
ar that enters sui
ide alley slows down 
onsiderably and typi
allybe
omes part of a large 
luster by the far end.3 Stru
ture of Growing NetworksWe now investigate a growing network, introdu
ed in [5℄, that was inspiredby modeling the distribution of s
ienti�
 
itations. The model, however, haswider appli
ations, with the world-wide web [6,7℄ as one notable example. A
hara
teristi
 feature of these systems is that the node degree distributionNk(t) { the average number of nodes with k links { is a power law [5,12,13℄.We 
an a

ount for this behavior by the rate equation approa
h.
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Fig. 2. ISI 
itation distribution data for the number of papers N(x) with x 
itationson a double logarithmi
 s
ale. The straight line has slope �3.Some 
itation data motivates our dis
ussion. From ISI data of 783,339 papers(with 6,716,198 
itations) published in 1981 and 
ited between 1981 and June1997 [9℄, 64 papers are 
ited � 1000 times, 282 papers are 
ited � 500 times,and 2103 papers are 
ited � 200 times. Conversely, 633,391 arti
les are 
ited3



� 10 times and 368,110 are un
ited! More relevant for this presentation is thatthe 
itation distribution itself appears to be a power law with exponent �3(Fig. 2) [10℄; however [11℄ suggest a stret
hed exponential form.A 
rude but e�e
tive model [5℄ for this 
itation dynami
s is illustrated inFig. 3. Nodes are introdu
ed one at a time and ea
h links to one earlier node.In terms of 
itations, nodes are publi
ations, and a link from one paper toan earlier one is a 
itation. The key ingredient that determines the networkstru
ture is the atta
hment kernel Ak, namely, the probability that a newnode links to an existing node with k links. While mu
h attention has beenfo
used on the linear atta
hment kernel Ak = k, the rate equation approa
heasily gives the solution for general atta
hment kernels.
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4Fig. 3. Growing network. Nodes are added sequentially and a single link joins a newnode to an earlier node. Node 1 has degree 5, node 2 has degree 3, nodes 4 and 6have degree 2, and the remaining nodes have degree 1. Node 1 is the \an
estor" of6, while 10 is the \des
endant" of 6.3.1 The degree distributionThe rate equations for the degree distribution Nk(t) are [12℄dNkdt = [Ak�1Nk�1 � AkNk℄ =A+ Æk1: (5)The �rst term on the right a

ounts for pro
esses in whi
h a node with k � 1links is 
onne
ted to the new node, thus in
reasing Nk by one. This happenswith probability Ak�1=A, where A(t) = Pj�1AjNj(t) is the appropriate nor-malization fa
tor. A 
orresponding role is played by the se
ond (loss) term onthe right-hand side. The last term a

ounts for the introdu
tion of new nodeswith no in
oming links.It is easy to verify that the moments of the degree distribution, Mn(t) =Pj�1 jnNj(t), in
rease linearly with time for 0 � n � 1. In fa
t, M0(t) is thetotal number of nodes and it grows as M0(t) = M0(0) + t. Similarly, the �rstmoment gives the number of link endpoints whi
h grows asM1(t) = M1(0)+2t.The �rst two moments are thus independent of the atta
hment kernel.4



For kernels of the form Ak = k
 with 0 � 
 � 1, both the degree distributionand A(t) grow linearly with time. By substituting Nk(t) = t nk and A(t) = �tinto Eqs. (5), we obtain the re
ursion relation nk = nk�1Ak�1=(� + Ak) andn1 = �=(�+ A1). These yield the formal expressionnk = �Ak kYj=1 1 + �Aj!�1 : (6)To 
omplete the solution, we need the amplitude � whi
h 
an be found nu-meri
ally by 
ombining the de�nition � = Pj�1Ajnj and Eq. (6). The �nalasymptoti
 result is [12,13℄:
nk � 8>>>>>>>>>>><>>>>>>>>>>>:

k�
 exp h�� �k1�
�21�
1�
 �i ; 0 � 
 < 1;� k�3; Ak = k,k��; � > 2; Ak � k, 
 = 1;best seller 1 < 
 < 2;bible 2 < 
. (7)
The degree distribution de
ays exponentially for 
 = 0, while for 0 < 
 < 1,this distribution exhibits a robust a stret
hed exponential de
ay. For thestri
tly linear kernel Ak = k, the solution to Eq. (5) is nk = 4=[k(k + 1)(k + 2)℄.For asymptoti
ally linear atta
hment kernels Ak � k, the situation is moredeli
ate, as the exponent of the degree distribution is non-universal and de-pends on mi
ros
opi
 details of Ak. From Eq. (6), we �nd nk � k��, wherethe exponent � = 1 + � 
an be tuned to any value larger than 2 [12,14℄.For super-linear kernels, one node links to almost every other node. For 
 > 2,all but a �nite number of nodes are linked to a \bible" that has the rest of thelinks. For 1 < 
 < 2, the number of nodes with a small number of links growsslower than linearly in time while a \best seller" has the rest of the links. Thereis also an a

ompanying in�nite sequen
e of transitions as 
 ranges between 1and 2. Generally for (m+ 1)=m < 
 < m=(m� 1), the number of nodes with> m links is �nite, while Nk � tk�(k�1)
 for k � m.3.2 Node Degree CorrelationsAn important advantage of the rate equation approa
h is that we 
an obtainproperties beyond the single-parti
le degree distribution with minimal addi-tional e�ort. One su
h property is the 
orrelation between degrees of 
onne
ted5



nodes [14℄. These develop naturally be
ause a node with large degree is likelyto be old. Thus its an
estor is also old and hen
e also has a large degree. De-�ne Ckl(t) as the number of nodes of degree k that atta
h to an an
estor nodeof degree l. For example, in the network of Fig. 3, there are N1 = 6 nodes ofdegree 1, with C12 = C13 = C15 = 2. There are also N2 = 2 nodes of degree 2,with C25 = 2, and N3 = 1 nodes of degree 3, with C35 = 1.For the linear atta
hment kernel, the degree 
orrelation Ckl(t) evolves a

ord-ing to the rate equationM1 dCkldt = [(k � 1)Ck�1;l � kCkl℄ +[(l � 1)Ck;l�1 � lCkl℄ + (l � 1)Cl�1 Æk1: (8)The �rst two terms on the right a

ount for the 
hange in Ckl due to theaddition of a link onto a node of degree k � 1 (gain) or k (loss) respe
tively,while the se
ond set of terms gives the 
hange in Ckl due to the addition ofa link onto the an
estor node. Finally, the last term a

ounts for the gain inC1l due to the addition on the new node.On
e again Ckl ! t
kl; this redu
es Eqs. (8) to time-independent re
ursionrelations, whose solution in the s
aling regime k!1 and l !1 is [14℄
kl ! ( 16 (l=k5) when l � k,4=(k2 l2) when l � k. (9)The basi
 feature is that the degree 
orrelation does not fa
torize; that is,
kl 6= nknl = (k l)�3.3.3 Global PropertiesIn the 
ontext of 
itations, several global properties are of interest. One isobtained by taking the referen
e list of this paper, plus the referen
e lists ofall these 
ited papers, et
. In a growing network, this 
itation an
estry is theout-
omponent with respe
t to a given node x { the set of nodes that 
an berea
hed by following dire
ted links that emanate from x (Fig. 4). In a similarvein, we 
ould tra
k all publi
ations that 
ite this work, plus all papers that
ite these daughter papers, et
. This progeny 
omprises the in-
omponent tonode x { the set from whi
h x 
an be rea
hed by following a path of dire
tedlinks on the network.The rate equations for these two 
omponents 
an be written and solved inmu
h the same spirit as the degree 
orrelation [14℄. From these, the number6



of in-
omponents with s nodes at time t, Is(t), has the generi
 asymptoti
behaviorIs(t) = t=[s(s+ 1)℄: (10)The salient feature is that there is a robust s�2 tail, independent of the formof the atta
hment kernel. The result agrees with measurements of the web [7℄.
in-component

x
out-componentFig. 4. In-
omponent and out-
omponent of node x.The 
omplementary out-
omponent from ea
h node is related to an underlyingnetwork \genealogy". A genealogi
al tree may be built by taking generationg = 0 to 
ontain the initial node. Nodes that atta
h to those in generationg form generation g + 1. For example, the network of Fig. 3 has 5 nodes ingeneration g = 1 and 4 in g = 2, leading to the genealogi
al tree of Fig. 5.
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1Fig. 5. Genealogy of the network in Fig. 3. The indi
es indi
ate when a node isintrodu
ed, while the an
estor determines the generation number of the new node.By 
onstru
tion, the number Os of out-
omponents with s nodes equals Ls�1.We may 
ompute Lg(t) by noting that Lg(t) in
reases when a new node at-ta
hes to a node in generation g � 1. For the uniform atta
hment kernel, thiso

urs with rate Lg�1=M0, where M0(t) = 1 + t is the number of nodes. Thisgives a simple di�erential equation for Lg(t) with solution Lg(�) = � g=g!,where � = ln(1+ t). Thus at �xed (large) time, the generation size grows withg when g < � , and then de
reases. The number Os of out-
omponents with snodes simply equalsOs(�) = � s�1=(s� 1)!: (11)As a useful 
orollary, sin
e the genealogi
al tree 
ontains approximately e�generations at time t, the network diameter D � 2e� � 2e lnN , where N isthe number of nodes. 7



3.4 Joint in- and out-degree distributionIn the world-wide web, link dire
tionality is relevant and the node degreeshould be resolved into the in-degree { the number of in
oming links to anode, and the 
omplementary out-degree (Fig. 6). Measurements on the webindi
ate that these two distributions are power laws with di�erent exponents[8℄. We now determine these distributions by the rate equation approa
h.
i=4 j=5Fig. 6. A node with in-degree i = 4, out-degree j = 5, and total degree 9.To generate a non-trivial out-degree distribution and distin
t in- and out-degree distributions spontaneously, we 
onsider the following generalized net-work [16,17℄ where growth o

urs by two pro
esses. (Fig. 7):

(ii)(i)Fig. 7. The growth pro
esses of: (i) node 
reation (shaded) plus atta
hment, and(ii) link 
reation (dashed).(i) With probability p, a new node is introdu
ed and atta
hes to an earlier node.The atta
hment probability depends only on the in-degree of the target.(ii) With probability q = 1� p, a new link is 
reated between already existingnodes. The 
hoi
es of the originating and target nodes depend on the out-degree of the originating node and the in-degree of the target.The average node degree 
an be determined simply. Let N(t) be the totalnumber of nodes, and let I(t) and J(t) be the total in-degree and out-degree,respe
tively. A

ording to the elemental growth pro
esses, these degrees evolvea

ording to one of the following at ea
h step:(N; I; J)! � (N + 1; I + 1; J + 1) with probability p,(N; I + 1; J + 1) with probability q, (12)so that N(t) = pt, and I(t) = J(t) = t. Thus the average in- and out-degrees,D in � I(t)=N(t) and D out � J(t)=N(t), are both equal to 1=p.8



For the joint degree distribution, we need: (i) the atta
hment rate A(i; j) {the probability that a new node links to an existing node with i in
omingand j outgoing links, and (ii) the 
reation rate C(i1; j1ji2; j2) { the probabilityof adding a new link from an (i1; j1) to an (i2; j2) node. Interesting behaviorarises for linear-bilinear rates Ai = i + �, and C(j; i) = (i + �)(j + �), with� > 0 and � > �1. The latter 
onditions ensure that the rates are positive forall attainable in- and out-degree values, i � 0 and j � 1.The joint degree distribution, Nij(t), de�ned as the average number of nodeswith i in
oming and j outgoing links, obeys the rate equationdNijdt =(p + q) "(i� 1 + �)Ni�1;j � (i + �)NijI + �N # (13)+q "(j � 1 + �)Ni;j�1 � (j + �)NijJ + �N #+ p Æi0Æj1:The �rst group of terms on the right a

ounts for the 
hanges in the in-degreeof target nodes by simultaneous 
reation of a new node and link (probabilityp) or by 
reation of a new link only (probability q). For example, the 
reationof a link to a node with in-degree i leads to a loss in the number of su
hnodes. This o

urs with rate (p + q)(i + �)Nij, divided by the appropriatenormalization fa
tor Pi;j(i + �)Nij = I + �N . Similarly, the terms in these
ond group of terms a

ount for out-degree 
hanges. These o

ur due to the
reation of new links between already existing nodes { hen
e the prefa
tor q.The last term a

ounts for the introdu
tion of new nodes with no in
ominglinks and one outgoing link. This rate equation 
onserves the total number ofnodes, N = Pi;j Nij, while the total in- and out-degrees, I = Pi;j iNij andJ = Pi;j jNij, obey _I = _J = 1.Be
ause the Nij grow linearly with time, we use Nij(t) = t nij, as well asN = pt and I = J = t, in Eqs. (13) to yield algebrai
 re
ursion relations fornij. The asymptoti
 behavior of the in- and out-degree distributions, Ii andOj respe
tively, are found to be the distin
t power laws [15℄,Ii � i��in; �in=2 + p�; (14)Oj � j��out; �out=1 + q�1 + �pq�1; (15)with �in and �out ne
essarily > 2. These 
an be tuned to the observed valuesfor the web, �in � 2:1, �out � 2:7 [8℄, by using the fa
t that p is �xed by the
onstraint that p�1 = D in = D out � 7:5, and then 
hoosing � = 0:75 and� = 3:55. The fa
t that these adjustable parameters are of order one indi
atesthat the linear-bilinear rate is a viable working hypothesis.9



4 SummaryIn this presentation, I have tried to highlight how the rate equations of aggrega-tion give a powerful and appealing way to obtain many geometri
al propertiesof growing networks. For the degree distribution, we �nd a stret
hed expo-nential, power law, or a \winner take all" situation, depending on whetherthe exponent in the atta
hment rate Ak � k
 is 
 < 1, 
 = 1, or 
 > 1.More general properties 
an be obtained by natural extensions of the basi
approa
h. There are many other appli
ations of the rate equation approa
hto growing network phenomena that 
an be envisioned.5 A
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