
Organization of Growing Random NetworksP. L. Krapivsky and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215The organizational development of growing random networks is investigated. These growingnetworks are built by adding nodes su

essively and linking ea
h to an earlier node of degree kwith atta
hment probability Ak. When Ak grows slower than linearly with k, the number of nodeswith k links, Nk(t), de
ays faster than a power law in k, while for Ak growing faster than linearlyin k, a single node emerges whi
h 
onne
ts to nearly all other nodes. When Ak is asymptoti
allylinear, Nk(t) � tk�� , with � dependent on details of the atta
hment probability, but in the range2 < � <1. The 
ombined age and degree distribution of nodes shows that old nodes typi
ally havea large degree. There is also a signi�
ant 
orrelation in the degrees of neighboring nodes, so thatnodes of similar degree are more likely to be 
onne
ted. The size distributions of the in-
omponentsand out-
omponents of the network with respe
t to a given node { namely, its \des
endants" and\an
estors" { are also determined. The in-
omponent exhibits a robust s�2 power-law tail, wheres is the 
omponent size. The out 
omponent has a typi
al size of order ln t and it provides basi
insights about the genealogy of the network.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnI. INTRODUCTIONNetworks of many intera
ting units play an importantrole in epidemiology, e
ology, gene regulation, neural net-works, and many other �elds [1{3℄. In many studies ofthese networks, the number of nodes is 
onsidered to be�xed and the presen
e of a link between two nodes istreated as a random event independent of the other links.These assumptions lead naturally to random graph mod-els [4,5℄. While these models have ri
h behavior and 
on-siderable utility, they are not ne
essarily appropriate fordes
ribing growing networks, where the addition of nodesand links may depend on the lo
al features of the networkwhere the growth event is taking pla
e.Typi
al examples of su
h growing networks in
ludetransportation or ele
tri
al distribution systems, wheregrowth o

urs in response to population-driven demands.Two 
urrently appealing examples are the distributionof s
ienti�
 
itations and the stru
ture of the world-wideweb. For both these examples there is now 
onsiderabledata available, in spite of the very rapid growth of thesesystems. In the former 
ase, one may 
onsider papers tobe the nodes of a graph and 
itations as the links. Thestru
ture of the resulting \
itation graph" was originallystudied by Lotka in 1926 [6℄, and then by many others[7{13℄. The basi
 feature of this 
itation distribution isthat it appears to have a relatively steep power-law tail;thus most papers are minimally 
ited while highly-
itedpapers are rare.Similarly, in the web graph, mu
h stru
tural data hasre
ently been obtained [14{21℄ whi
h suggest that thenumber of nodes with k links has a power-law tail, withan exponent that is somewhat larger than 2. This power-law tail again 
orresponds to the basi
 fa
t that mostnodes of the web graph are unimportant, while a rela-tively small number of nodes garner a large fra
tion of\hits". Due to the qualitative similarities between the


itation and web graphs, insights developed in the �eldof bibliometri
s [9℄ have been applied to help understandthe stru
ture of the web [22℄.Be
ause of the dynami
 nature of the 
itation andweb graphs, it is not surprising that their topologies atany �xed time are very di�erent from 
lassi
al randomgraphs. In distin
tion to the power-law degree distribu-tions of the 
itation and web graphs, random graphs havea Poisson node degree distribution. Here node degree isde�ned as the number of links at a node. To over
omethe short
omings of random graphs in des
ribing thedynami
 natures of these systems, both \small-world"networks [23,24℄ and growing random network models[20,25{28℄ have been re
ently introdu
ed. The formerare aimed at understanding the relatively small diame-ter of large graphs of so
ially intera
ting units, while thelatter seek to understand the growth dynami
s.In this paper, we provide a 
omprehensive quantita-tive des
ription of a simple growing network (GN) model.Our results are based on the analysis of the rate equa-tions for the densities of nodes of a given degree. Thisapproa
h bears many similarities to the rate equationsfor the kineti
s of aggregation. The rate equations forthe evolution of growing networks are relatively simpleand the results that emerge are 
omprehensive. Thus itappears that the rate equation method is better suited forprobing the stru
ture of growing random networks 
om-pared to the 
lassi
al approa
hes for analyzing randomgraphs, su
h as probabilisti
 [4℄ or generating fun
tion[5℄ te
hniques. The rate equation approa
h also has theadvantage that it 
an be adapted to other evolving graphsystems, in
luding networks with addition and deletion ofnodes and links, as well as networks with link re-wiring.We will spe
i�
ally investigate two types of models:(a) the GN in whi
h nodes are added one at a time anda link is established with a pre-existing node a

ordingto an atta
hment probability Ak whi
h depends only on1



the degree of the target node (Fig. 1), and (b) the GNwith re-dire
tion (GNR), in whi
h the newly-
reated link
an be re-dire
ted to the \an
estor" node of the originaltarget node. An important feature of these models isthat the links are dire
ted and the resulting graphs havea simple tree-like topology. The motivation for the GNRmodel is that this re-dire
tion pro
ess roughly mimi
show we might (lazily) 
onstru
t the referen
es to thispaper. In addition to papers that we peruse and 
itedire
tly, we are also likely to in
orporate some of the ref-eren
es within these papers as part of our referen
e list.A related \
opying" pro
ess also a�e
ts the organizationof the web [15℄.
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1FIG. 1. S
hemati
 illustration of the evolution of the grow-ing random network. Nodes are added sequentially and asingle link joins the new node to an earlier node. In this ex-ample, node 1 has degree 5, node 2 has degree 3, nodes 4 and6 have degree 2, and all the remaining nodes have degree 1.Also note that node 1 is the \an
estor" of 6, while 10 is thedes
endant of 6.One of our primary results is that for asymptoti
allylinear atta
hment kernels, Ak � k as k ! 1, thedegree distribution of the GN has a power-law formNk(t) � tk�� , with � tunable in the range 2 < � < 1.By 
hoosing the 
ontrol parameters of our model in aplausible manner it is then easy to reprodu
e the quan-titative observations about the node degree distributionof the web graph.In Se
. II, we de�ne the GN and GNR models pre-
isely and then determine their node degree distributionsin Se
. III by the rate equation approa
h. Di�erent dis-tributions arise in the GN model whi
h depend on theasymptoti
 behavior of the atta
hment probability as afun
tion of node degree. In Se
. IV, we investigate thejoint age-degree distribution and �nd (not surprisingly)that \old" nodes are typi
ally more highly 
onne
ted. InSe
. V, we study the 
orrelations whi
h develop betweenthe degrees of 
onne
ted nodes as the network grows. InSe
. VI, we study a more global measure of the network,namely, the size distributions of the \in-
omponent" and\out-
omponent". With respe
t to a given node x, the in-
omponent is the set of nodes whi
h 
an rea
h node x viaa dire
ted path of links. Conversely, the out-
omponentis the set nodes whi
h 
an be rea
hed from node x viaa dire
ted path. The former exhibits a robust power-lawsize distribution whi
h appears to be independent of the

atta
hment probability. The latter distribution predi
tsa network \diameter" whi
h grows as ln t and also pro-vides basi
 insights about the genealogy of the network.We 
on
lude in Se
tion VII.II. THE MODELSA. Growing Network (GN)In the GN, we introdu
e a new node at ea
h time stepand link it to one of the earlier nodes in the network(Fig. 1). This leads to a network whi
h has a topologyof a (dire
ted) tree graph. In terms of 
itations, we mayinterpret the nodes as publi
ations, and the dire
ted linkfrom one paper to another as a 
itation to the earlierpubli
ation. In terms of the web graph, nodes are webpages and the dire
ted links are hyperlinks. We will referto the node to whi
h the link is dire
ted as the an
estorof the 
urrent node.As the network grows, a degree distribution Nk(t), de-�ned as the average number of nodes with k links (k � 1in
oming and 1 outgoing) builds up. The initial node isunique as it does not have an outgoing link. The basi
ingredient whi
h determines the stru
ture of the networkis the atta
hment kernel Ak, de�ned as the probabilitythat the newly-introdu
ed node links to an existing nodewhi
h already has k links. On general grounds, this at-ta
hment kernel should be a non-de
reasing fun
tion ofk, and natural s
enarios are atta
hment kernels with apower law dependen
e on k. For the linear kernel, the GNredu
es to the \s
ale free" model introdu
ed by Barab�asiand Albert [20℄ and further investigated in [25{27℄.The general homogeneous model, Ak = k
 with 
 � 0,was investigated in [28℄ where it was found that the de-gree distribution Nk(t) 
ru
ially depends on the value of
. For 
 < 1, the linking probability grows weakly withnode \popularity" and Nk(t) de
reases as a stret
hed ex-ponential in k for any t. The 
omplementary 
ase of
 > 1 leads to phenomenon akin to gelation [29℄ in whi
ha single \gel" node links to nearly every other node. For
 > 2, this phenomenon is so extreme that the numberof links between other nodes is �nite in an in�nite graph.We shall show that these results also apply for the moregeneral situation where Ak � k
 as k ! 1 in additionto the stri
tly homogeneous situation where Ak = k
 .The borderline 
ase of an asymptoti
ally linear atta
h-ment kernel, Ak � k, is parti
ularly intriguing as it leadsto Nk � k�� , with the exponent � tunable to any valuelarger than 2 depending on �ner details of the atta
hmentkernel. In parti
ular, the stri
tly linear kernel, Ak = k,leads to � = 3. However, by 
hanging the value of a singleatta
hment probability, for example A1 = � and Ak = kfor k > 2, any value of � > 2 is possible. This sensitivityof asymptoti
 behavior on mi
ros
opi
 details indi
atesthat the 
ase of atta
hment index 
 = 1 is marginal. A2



related phenomenon o

urs in 
onstant-kernel aggrega-tion, where the asymptoti
 kineti
s is sensitively depen-dent on the a
tual values of the rea
tion rate [30,31℄.B. Growing Network with Re-dire
tion (GNR)The GN is built by simultaneous node and link addi-tion and disregards other elemental pro
esses whi
h 
ano

ur in the development of large networks. In the 
on-text of the web, these in
lude node and link deletion (forout-of-date websites), link re-wiring, the tenden
y of anew node to 
onne
t to nearby nodes, and the 
opying oflinks from existing nodes to new nodes. The GNR modelin
orporates a simple form of link re-wiring into the GNmodel. At ea
h time step, a new node n is added and anearlier node x is sele
ted uniformly as a possible \target"for atta
hment. With probability 1� r, the link from nto x is 
reated; in this 
ase, the evolution is the sameas in the GN. However, with probability r, the link isre-dire
ted to the an
estor node y of node x (Fig. 2).
n
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FIG. 2. Illustration of the basi
 pro
esses in the GNRmodel. The new node (solid) sele
ts a target node x. Withprobability 1 � r a link is established to this target node(dashed arrow), while with probability r the link is estab-lished with the an
estor of x (thi
k solid arrow).A model of this spirit was re
ently mentioned in the
ontext of the web development [15℄. A related modelwas also proposed long ago by Simon [32,33℄ to des
ribethe word frequen
ies of English text. The Simon modelgives a power-law frequen
y distribution whose exponentis tunable in manner whi
h 
losely mirrors the behav-ior in the GNR model. The Simon model was also re-
ently applied to explain power-law distributions in thefrequen
y of family names [34℄.While at �rst sight the GNR model appears 
ompli-
ated, we shall see that its 
hara
teristi
s 
an be obtainedin a simple fashion. Another very helpful and surpris-ing property of the GNR with a uniform initial atta
h-ment probability is that it is equivalent to the GN witha shifted linear atta
hment kernel and no re-dire
tion.We shall exploit this equivalen
e extensively in the fol-lowing. Nevertheless, we 
onsider the GNR separately,as in many 
ases the rate equations for the GNR with auniform atta
hment kernel is simpler to appre
iate than

the rate equations for the GN with a shifted linear at-ta
hment kernel.III. THE DEGREE DISTRIBUTIONA. GN ModelWe now study the evolution of the degree distributionof the GN model. The rate equations for Nk(t) aredNkdt = A�1 [Ak�1Nk�1 �AkNk℄ + Æk1: (1)The �rst term on the right-hand side of Eq. (1) a

ountsfor the pro
ess in whi
h a node with k � 1 links is 
on-ne
ted to the new node, leading to a gain in the numberof nodes with k links. This happens with probabilityAk�1=A, where A(t) =Pj�1 AjNj(t) is the appropriatenormalization fa
tor. A 
orresponding role is played bythe se
ond (loss) term on the right-hand side of Eq. (1).Noti
e that the overall amplitude in Ak is irrelevant, sin
eit appears in both the numerator and denominator ofEq. (1), and 
an be 
hosen arbitrarily. The last term onthe right-hand side of Eq. (1) a

ounts for the 
ontinuousintrodu
tion of new nodes with no in
oming links. Wealso set N0 � 0, so that Eq. (1) applies for all k � 1.It is worth noting that at a fundamental level, Eqs. (1)des
ribe the symboli
 rea
tion [k℄! [k+1℄. Many otherrea
tions, su
h as the Be
ker-D�oring theory of nu
leation[35℄, additive polymerization [36℄, hydrolysis [37℄, 
atal-ysis and submonolayer epitaxial growth [38℄, �t into thiss
heme. However, there is one important di�eren
e inthat we 
onsider stri
tly a single 
onne
ted 
luster (thegrowing network), while in the 
ontext of aggregation-like pro
esses, one generally deals with a 
olle
tion of
lusters. The e�e
t of having more than one 
luster inthe framework of growing networks is 
urrently underinvestigation [39℄.We start by solving the equations for the low-ordermoments of the degree distribution, whi
h are de�nedby Mn(t) = Pj�1 jnNj(t). Summing Eqs. (1) over allk gives the rate equation for the total number of nodes,_M0 = 1, whose solution is M0(t) = M0(0) + t. The�rst moment (the total number of link endpoints) obeys_M1 = 2, whi
h gives M1(t) = M1(0) + 2t. The �rsttwo moments are therefore independent of the atta
h-ment kernel Ak , while higher moments and the degreedistribution itself do depend on the kernel Ak.To develop an appre
iation for the types of behaviorthat 
an o

ur, 
onsider the linear kernel Ak = k forwhi
h A(t) 
oin
ides with M1(t). In this 
ase, we 
ansolve Eqs. (1) for an arbitrary initial 
ondition. How-ever, sin
e the long-time behavior is most interestingwe limit ourselves to the asymptoti
 regime (t ! 1)where the initial 
ondition is irrelevant. Using there-fore M1 = 2t, we solve the �rst few of Eqs. (1) and ob-tain N1 = 2t=3, N2 = t=6, et
., whi
h implies that theNk grow linearly with time. A

ordingly, we substitute3



Nk(t) = t nk in Eqs. (1) to yield the simple re
ursionrelation nk = nk�1(k � 1)=(k + 2). Solving for nk givesnk = 4k(k + 1)(k + 2) : (2)In the 
ontext of dis
rete fun
tions de�ned on the posi-tive integers, this distribution is algebrai
 over the entirerange of k. Indeed, as explained in Ref. [40℄, the properanalog of the 
ontinuous power-law fun
tion f(x) = x��is the dis
rete fun
tion fk = �(k)=�(k + �), where �is the Euler gamma fun
tion. Rewriting Eq. (2) asnk = 4�(k)=�(k + 3), we see that nk is indeed algebrai
over the entire range k � 1.Returning to more general atta
hment kernels, let usassume that the degree distribution and A(t) both growlinearly with time. We anti
ipate that this hypothesiswill hold for atta
hment kernels whi
h do not grow fasterthan linearly with k. By substituting Nk(t) = t nk andA(t) = �t into Eqs. (1) we obtain the re
ursion relationnk = nk�1Ak�1=(�+Ak) and n1 = �=(�+A1). Solvingfor nk, we obtainnk = �Ak kYj=1�1 + �Aj ��1 : (3)To 
omplete the solution, we need to �nd the amplitude�. Combining the de�nition � =Pj�1 Ajnj and Eq. (3),we obtain the impli
it relation1Xk=1 kYj=1�1 + �Aj ��1 = 1: (4)Thus the amplitude � always depends on the entire at-ta
hment kernel. On the other hand, we shall show thatthe degree distribution exhibits a robust behavior whi
hdepends only on gross features of the atta
hment ker-nel, as long as Ak grows slower than linearly. The 
asewhere Ak is asymptoti
ally linear is perhaps the mostintriguing as the degree distribution has a power-law be-havior whose exponent depends on mi
ros
opi
 detailsof the dependen
e of Ak on k. When Ak grows fasterthan linearly, drasti
ally di�erent gelation-like behaviorarises. It is again worth noting that these three regimesof kineti
 behavior also arise in the solutions to the rateequations for additive polymerization pro
esses, with thedi�erent regimes arising when the atta
hment exponent
 is smaller than, larger than, or equal to one [42℄.We now separately des
ribe these three 
ases.1. Sub-linear kernelsConsider sub-linear kernels whi
h are asymptoti
allyhomogeneous, that is, Ak � k
 , with 0 < 
 < 1. Substi-tuting this asymptoti
s into Eq. (3), writing the produ
tas the exponential of a sum, 
onverting the sum to anintegral, and performing this integral, we obtain

nk � 8>>>>><>>>>>: k�
 exp h���k1�
�21�
1�
 �i 12 < 
 < 1,k �2�12 exp h�2�pki 
 = 12 ,k�
 exp h�� k1�
1�
 + �22 k1�2
1�2
 i 13 < 
 < 12 , (5)et
.. The pattern given in Eq. (5) 
ontinues ad in�nitum:Whenever 
 de
reases below 1=m, with m a positive in-teger, an additional term in the exponential arises fromthe now relevant 
ontribution of the next higher-orderterm in the expansion of the produ
t in Eq. (3).
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FIG. 3. The amplitude � in M
(t) = �t versus 
.To 
omplete the solution, we require the amplitude �.We have been unable to �nd an expli
it expression for�, even if the atta
hment kernel is stri
tly homogeneous,Ak = k
 , as it requires solving Eq. (4). However, thisrelation 
an be easily evaluated numeri
ally and it showsthat �(
) varies smoothly between 1 and 2 as 
 in
reasesfrom 0 to 1 (Fig. 3). These two limits 
orrespond to theknown limiting behaviors for M0 and M1.More detailed results 
an be obtained for the limitingsolvable 
ases of Ak = 
onst: and Ak = k. In these limits,� = 1 and � = 2, respe
tively, and the 
orresponding de-gree distributions are given by nk = 2�k and by Eq. (2).The former 
an be easily obtained by following exa
tlythe same steps as those used to solve the network withthe linear kernel. We 
an then apply perturbation the-ory to �nd the respe
tive limiting behaviors of �(
) for
 
lose to 0 or 1,� = 1 +B0
 +O �
2� ;� = 2�B1(1� 
) +O �(1� 
)2� ;with B0 = 1Xj=1 ln j2j = 0:5078 : : : ;B1 = 4 1Xj=1 ln j(j + 1)(j + 2) = 2:407 : : : :4



2. Linear kernelsConsider now asymptoti
ally linear atta
hment kernels,Ak � k as k !1. As already mentioned, we 
an always
hoose the amplitude in the asymptoti
 relation equal toone, as atta
hment kernels whi
h di�er by a multipli
a-tive fa
tor give identi
al behavior. For the asymptoti
allylinear kernel, expanding the produ
t in Eq. (3) and fol-lowing step-by-step the approa
h that led to Eq. (5) nowgives the power-law asymptoti
 behaviornk � k�� ; with � = 1 + �: (6)An important feature of this result is that the exponent� 
an be tuned to any value larger than 2. This lowerbound immediately follows from the fa
t that the sum� =Pj Ajnj �Pj jnj must 
onverge and this, in turn,requires that � must be larger than 2.As an expli
it example, 
onsider the atta
hment kernelAk = k for k � 2, while A1 � � is an arbitrary positivenumber. Now it is 
onvenient to separately treat A1 andAk for k � 2 in Eq. (4) to re
ast it as� = A1 1Xk=2 kYj=2�1 + �Aj��1 : (7)The right-hand side of Eq. (7) 
an be simply expressedas the ratio of Euler gamma fun
tions to yield� = � 1Xk=2�(2 + �) �(1 + k)�(1 + �+ k) : (8)This sum 
an be evaluated by employing the identity [40℄1Xk=2 �(a+ k)�(b+ k) = �(a+ 2)(b� a� 1)�(b+ 1) ; (9)so that Eq. (8) redu
es to �(� � 1) = 2�, with solution� = (1 +p1 + 8�)=2. Thus the exponent � = 1 + � is� = 3 +p1 + 8�2 : (10)Furthermore, following the steps that lead to Eq. (3),the degree distribution for the GN with the atta
hmentkernel A1 = � and Ak = k for k � 2 isn1 = ��+ �; nk = ���+ � �(2 + �) �(k)�(1 + �+ k) : (11)Noti
e that for 0 < � < 1, the exponent lies in the range2 < � < 3; in parti
ular, � = 2+2��4�2+ : : : as �! 0.When � = 1, we re
over the 
onne
tively distributionof Eq. (2). For � > 1, we have � > 3; in parti
ular,� ! p2� as �!1.The GN is also solvable when Ak = k + w. Thisshifted linear kernel 
an be motivated naturally by ex-pli
itly keeping tra
k of the dire
tionality of the links.

In parti
ular, the node degree for an undire
ted graphgeneralizes to the in-degree and out-degree for a dire
tedgraph. These are just the number of in
oming and outgo-ing links at a node, respe
tively. Thus, the node degree kin a dire
ted graph is the sum of the in-degree i and out-degree j. The most general linear atta
hment kernel for adire
ted graph is therefore of the form Aij = ai+bj. TheGN 
orresponds to the 
ase where the out-degree of anynode equals one; thus j = 1 and k = i+1. Hen
e the gen-eral linear atta
hment kernel redu
es to Ak = a(k�1)+b.Sin
e, as mentioned above, the overall s
ale fa
tor in thekernel is irrelevant, we 
an re-write Ak as the shifted lin-ear kernel Ak = k+w, with w = �1+ b=a, so that it 
anvary over the range �1 < w <1.We 
an now easily determine the degree distributionfor the shifted linear atta
hment kernel. First we notethat A(t) = Pj AjNj = M1(t) + wM0(t). Then usingthe basi
 results A = �t, M0 = t and M1 = 2t, we have� = 2 + w and then
e � = 3 + w, a

ording to Eq. (6).Furthermore, from Eq. (3) we easily determine the entiredegree distribution to benk = (2 + w) �(3 + 2w)�(1 + w) �(k + w)�(k + 3 + 2w) : (12)In a similar vein, we 
an solve the GN with an arbitrarypie
ewise linear atta
hment kernel. In all these 
ases, theexponent � 
an be tuned to any value larger than 2, andfor suÆ
iently large degree nk 
an be expressed as theratio of gamma fun
tions, i. e., the degree distribution isa purely (dis
rete) algebrai
 fun
tion.3. Super-linear kernelsFor the super-linear homogeneous atta
hment kernels,Ak = k
 with 
 > 1, we now show that a \winnertake all" phenomenon arises, namely, there emerges asingle dominant \gel" node whi
h is linked to almost ev-ery other node. A parti
ularly singular behavior o

ursfor 
 > 2, where there is a non-zero probability thatthe initial node is 
onne
ted to every other node of thenetwork.Let us �rst determine the probability that the initialnode 
onne
ts to all other nodes. It is 
onvenient to 
on-sider a dis
rete time version of the GN in whi
h one nodeis introdu
ed at ea
h elemental step whi
h always links tothe initial node. After N steps, the probability that thenew node will link to the initial node is N
=(N +N
).This probability that this 
onne
tivity pattern 
ontinuesinde�nitely is P = 1YN=1 11 +N1�
 : (13)Clearly, P = 0 when 
 � 2 but P > 0 when 
 > 2. Thusfor 
 > 2 there is a non-zero probability that the initialnode 
onne
ts to all other nodes.5



To determine the behavior for general 
 > 1, we �rstneed the asymptoti
 time dependen
e of M
 . To thisend, it is useful to 
onsider the dis
retized version of themaster equations Eq. (1), where the time t is limited tointeger values. Then Nk(t) = 0 whenever k > t and therate equation for Nk(k) immediately leads toNk(k) = (k � 1)
Nk�1(k � 1)M
(k � 1)= N2(2) k�1Yj=2 j
M
(j) : (14)From this, and the obvious fa
t that Nk(k) must be lessthan unity, it follows thatM
(t) 
annot grow more slowlythan t
 . On the other hand, M
(t) 
annot grow fasterthan t
 , as follows from the estimateM
(t) = tXk=1 k
Nk(t)� t
�1 tXk=1 kNk(t) = t
�1M1(t) (15)Thus M
 / t
 . In fa
t, the amplitude of t
 is unity aswe will derive self-
onsistently after solving for the Nk's.We now use M
 � t
 , with 
 > 1, in the rate equa-tions to solve re
ursively for ea
h Nk. Starting withthe equation _N1 = 1 � N1=M
 , we see that the se
-ond term on the right-hand side is sub-dominant. Thusby negle
ting this term we obtain N1 = t. Similarly,_N2 = (N1�2
N2)=M
 � N1=M
 givesN2 � t2�
=(2�
).Continuing this same line of reasoning for ea
h su

essiverate equation gives the leading behavior of Nk,Nk(t) = Jktk�(k�1)
 for k � 1; (16)with Jk =Qk�1j=1 j
=[1+j(1�
)℄. This pattern of behav-ior for Nk 
ontinues as long as its exponent k � (k � 1)
remains positive, or k < 
=(
�1). The full temporal be-havior of the Nk(t) may be determined straightforwardlyby keeping the next 
orre
tion terms in the rate equa-tions. For example, N1(t) = t� t2�
=(2� 
) + : : :.For k > 
=(
 � 1), ea
h Nk has a �nite limiting valuein the long-time limit. Sin
e the total number of 
onne
-tions equals 2t, and t of them are asso
iated with N1,the remaining t links must all 
onne
t to a single nodewhi
h has t 
onne
tions (up to 
orre
tions whi
h growno faster than sub-linearly with time). Consequently theamplitude of M
 equals unity, as argued above.Therefore for super-linear kernels, the GN undergoesan in�nite sequen
e of 
onne
tivity transitions as a fun
-tion of 
. For 
 > 2 all but a �nite number of nodes arelinked to the \gel" node whi
h has the rest of the links ofthe network. This is the \winner take all" situation. For3=2 < 
 < 2, the number of nodes with two links grows ast2�
 , while the number of nodes with more than two linksis again �nite. For 4=3 < 
 < 3=2, the number of nodes

with three links grows as t3�2
 and the number with morethan three is �nite. Generally for m+1m < 
 < mm�1 , thenumber of nodes with more than m links is �nite, whileNk � tk�(k�1)
 for k � m. Logarithmi
 
orre
tions alsoarise at the transition points.B. Relation to 
itation dataLet us now attempt to relate some of our predi
tionsfrom the GN model to the distribution of 
itations inre
ent s
ienti�
 publi
ations [11,12℄. The GN model rep-resents an extreme idealization of the 
itation pro
ess inwhi
h ea
h publi
ation 
ites only a single paper and theprobability of 
iting a paper depends only on its 
urrentnumber of 
itations, and not on its intrinsi
 quality orany other realisti
 features. Thus we anti
ipate that the
onne
tion between the model and the data will be, atbest, tenuous.The data that we dis
uss is based on: (a) 783,339 pa-pers with 6,716,198 
itations (provided by the Instituteof S
ienti�
 Information (ISI)), and (b) 24,296 paperswith 351,872 
itations from all issues of Physi
al Re-view D (PRD) from 1975{1994 (provided by the SPIRESdatabase) [41℄. A 
ursory visual inspe
tion of this datasuggests that the number of publi
ations with k 
ita-tions de
ays as a stret
hed exponential fun
tion of k (seee. g., Fig. 1 of Ref. [12℄). However, an analysis based onpresenting the data in a Zipf plot, in 
onjun
tion withs
aling, is suggestive of a power-law form for the 
itationdistribution, k�� , with � � 3 (Fig. 2 of Ref. [12℄). Thisambiguity between a stret
hed exponential and power-law form for the 
itation distribution 
orresponds to thesituation where the predi
tions of the GN itself are diÆ-
ult to dis
ern numeri
ally.If we 
onsider the GN with atta
hment kernel Ak � k
for 
 <� 1, then a plot of nk in Eq. (5) versus k, for1 � k � 1000, 
hanges relatively slowly as 
 varies inthe range (0:9; 1). If one attempts to �t this data to apower law, then an exponent value somewhat larger than3 gives a reasonable �t to the data. It is only as 
 ! 1from below, however, that the fa
tors in the exponen-tial of Eq. (5) 
onspire to give a pure power-law form fornk. Be
ause of the relatively small 
hange in nk as 
varies, the relatively in
omplete data on the distributionof 
itations is insuÆ
ient to provide a 
lear test for theexisten
e of a power law. Further, for the GN model withlinear atta
hment kernel, the degree distribution dependson additional details of this kernel and 
an a
hieve anyvalue greater than 2. In short, it is diÆ
ult to relatethe GN model to 
itation data based on the form of thedistribution alone.Another interesting aspe
t of the 
itation distributionwhi
h 
an be 
ompared with the GN model is the natureof highly-
ited publi
ations. Within the GN model, thedegree of the most popular node, kmax, may be deter-mined by the extreme statisti
s 
riterion Pk>kmax Nk =6



1, whi
h states that there is one node in the networkwhose degree lies in the range (kmax;1). This 
riteriongiveskmax � 8<: (ln t)1=(1�
) 0 � 
 < 1;t1=(��1) asymptoti
ally linear;t 
 > 1. (17)We now 
ompare this predi
tion with the data about themost-
ited paper. To make a 
orresponden
e between
itations and Eq. (17), we identify the total number ofpubli
ations in ea
h dataset with t. The most 
ited paperhad 8,904 
itations in the ISI data set and 2,026 
itationsin the PRD data set. These results are 
onsistent withthe �rst line of Eq. (17) when 
 � 0:86 and 
 � 0:7 re-spe
tively, and also with the se
ond line for � � 2:5 and� � 2:3 respe
tively. Thus an analysis of the most-
itedpaper does not 
leanly indi
ate whether the 
itation dis-tribution is a power law or a stret
hed exponential.These ambiguities indi
ate some of the issues thatshould be be 
lari�ed to provide a 
lear des
ription of
itations in terms of a growing network model.C. GNR ModelWe now solve the GNR model within the rate equa-tion framework. A

ording to the basi
 pro
esses in themodel (Fig. 2), the degree distribution Nk(t) evolves bythe rate equationsdNkdt = Æk1 + 1� rM0 [Nk�1 �Nk℄+ rM0 [(k � 2)Nk�1 � (k � 1)Nk℄ : (18)For re-dire
tion probability r = 0, the �rst three termson the right-hand side of Eqs. (18) are the same as inthe GN. The last two terms a

ount for the 
hange inNk due to the re-dire
tion pro
ess. To understand theirorigin, 
onsider the gain term due to re-dire
tion. Sin
ethe initial node is 
hosen uniformly, if re-dire
tion doeso

ur, the probability that a node with k�1 pre-existinglinks re
eives the new \re-dire
ted" link is proportionalto k � 2, the number of pre-existing in
oming links. Asimilar argument applies for the re-dire
tion-driven lossterm. Sin
e N0 � 0 is ta
itly assumed, Eq. (18) appliesfor all k � 1.By 
ombining the terms in Eq. (18), the rate equa-tion redu
es to that of the original GN with Ak =(k � 1)r + 1 � r = r[k � 1 + (1 � r)=r℄. By s
aling outthe fa
tor r, we then redu
e Ak to the shifted linear ker-nel k + w, with w = (1 � r)=r � 1 = 1r � 2. Thus we
an merely trans
ribe our results about the GN with theshifted linear kernel to determine the degree distributionfor the GNR model. Amusingly, for r = 1=2, the GNRmodel is identi
al to the GN with the purely linear ker-nel. In general, the degree distribution in the R model

is a power law with exponent � = 1 + 1=r, whi
h 
an betuned to any value larger than 2. This exponent valuewas �rst obtained in Simon's original paper [32℄, but in arather di�erent 
ontext, by employing an approa
h whi
his similar to ours.IV. THE AGE DISTRIBUTIONIn addition to the distribution of degree, we study when
onne
tions o

ur in the GN. This provides a deeper un-derstanding of the overall development of growing net-works. Naively, we expe
t that older nodes will be bet-ter 
onne
ted and this 
an be quanti�ed by 
ategorizingnodes both by their degree and their age. It should beemphasized, that the GN does not have expli
it aging,in whi
h the 
onne
tion probability depends on the ageof the target node; this feature is treated in Ref. [26℄.Instead, we are merely extending the 
ategorization ofnode to in
lude their age as well as their degree.A. Linear 
onne
tion kernelLet 
k(t; a) be the average number of nodes of age awhi
h have k � 1 in
oming links at time t. Here agea means that the node was introdu
ed at time t � a.That is, we are now resolving ea
h node both by its de-gree and its age. The resulting joint age-degree distribu-tion is simply related to the degree distribution throughNk(t) = R t0 da 
k(t; a). The joint distribution evolves a
-
ording to� ��t + ��a� 
k = Ak�1
k�1 �Ak
kA(t) + Æk1Æ(a): (19)The se
ond term on the left a

ounts for the aging ofnodes and the probability of 
onne
ting to a given nodeagain depends only on its degree and not on its age.We start by 
onsidering the linear atta
hment kernel,Ak = k, and fo
us on the long time asymptoti
 behav-ior. Then we 
an disregard the initial 
ondition and writeA(t) �M1(t) = 2t. This transforms Eqs. (19) into� ��t + ��a� 
k = (k � 1)
k�1 � k
k2t + Æk1Æ(a): (20)The homogeneous form of this equation implies that so-lution should be self-similar. Thus we seek a solutionas a fun
tion of the single variable a=t rather than twoseparate variables. Thus, we write
k(t; a) = fk(x) with x = 1� at : (21)This turns the partial di�erential equation (20) into theordinary di�erential equation�2x dfkdx = (k � 1)fk�1 � kfk: (22)7



We have omitted the delta fun
tion term, sin
e it merelyprovides the boundary 
ondition 
k(t; a = 0) = Æk1, orfk(1) = Æk1: (23)
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FIG. 4. Age-dependent degree distribution for the GN forthe linear atta
hment kernel. Low-degree nodes tend to berelatively young while high-degree nodes are old. The insetshows detail for a=t � 0:98.The solution to this boundary-value problem may besimpli�ed by assuming the exponential solution fk =�'k�1; this is 
onsistent with the boundary 
ondition,provided that �(1) = 1 and '(1) = 0. The above ansatzredu
es the in�nite set of rate equations (22) into two el-ementary di�erential equations for '(x) and �(x) whosesolutions are '(x) = 1 �px and �(x) = px. In termsof the original variables of a and t, the joint age-degreedistribution is then
k(t; a) =r1� at �1�r1� at�k�1 : (24)Thus the degree distribution for nodes of �xed age de-
ays exponentially with degree, with a 
hara
teristi
 de-gree whi
h diverges as hki � (1 � a=t)�1=2 for a ! t.As expe
ted, young nodes (those with a=t! 0) typi
allyhave a small degree while old nodes have large degree(Fig. 4). It is the slow de
ay of the degree distributionfor old nodes whi
h ultimately leads to a power-law de-gree distribution when this joint age-degree distributionis integrated over all ages to give Nk(t).B. General 
onne
tion kernelsLet us now 
onsider the GN with a 
onne
tion ker-nel whi
h grows either linearly or more slowly with k.The ansatz (21) still is valid, so that the distribution fkevolves a

ording to��x dfkdx = Ak�1fk�1 �Akfk: (25)

We now solve Eqs. (25), subje
t to the boundary 
on-dition (23), and with � determined from Eq. (4). Letus �rst repla
e x by X = ���1 lnx, whi
h redu
es theleft-hand side of (25) to dfkdX . Applying a Lapla
e trans-form, f̂k(s) = R10 dX e�sXfk(X), f̂k(s) obeys a simplealgebrai
 re
ursion formula whose solution isf̂k(s) = 1Ak kYj=1�1 + sAj��1 : (26)Apart from notation, this is identi
al to Eq. (3) and
an be analyzed a

ordingly. In parti
ular, we 
an deter-mine f̂k(s) for various asymptoti
ally linear atta
hmentkernels. For example, for the shifted linear atta
hmentkernel, Ak = k + w, we �ndf̂k(s) = �(1 + w + s)�(1 + w) �(k + w)�(k + 1 + w + s) : (27)To invert this Lapla
e transform, it is useful to rewritethis expression as a sum of rational fun
tions f̂k(s) =P1�j�k F kj (j + w + s)�1. This then gives fk(X) =P1�j�k F kj e�(j+w)X , withF kj = (�1)j�1�(k + w)�(j) �(k � j + 1)�(1 + w) : (28)When then re-express this in terms of the original vari-able x = e�(2+w)X . Hen
e fk(x) 
an be re-written as thesum of k power-laws fk(x) = P1�j�k F kj x(j+w)=(2+w).Substituting the expli
it expressions (28) into this sumredu
es the joint age-degree distribution tofk(x) = �(k + w)�(k) �(1 + w) x 1+w2+w h1� x 12+w ik�1 : (29)This expression shows that old nodes have a broaddistribution of degrees up to a 
hara
teristi
 degreehki = (1 � a=t)�1=(2+w). One 
an also verify thatthe average age ak of nodes of degree k, de�ned asak = N�1k R t0 da a
k(t; a) = tn�1k R 10 dx (1� x)fk(x), isakt = 1� �(5 + 3w) �(k + 3 + 2w)�(3 + 2w) �(k + 5 + 3w)� 1� 
onst:k2+w : (30)Thus nodes with very large degree ne
essarily have anage whi
h approa
hes that of the entire network.Finally, the joint age-degree distribution simpli�es inthe limit k ! 1 and x ! 0, with the s
aling variable� = kx1=(2+w) kept �nite. In this 
ase, we 
an rewrite(29) in the s
aling formfk(x) = k�1F (�); F (�) = �1+w�(1 + w) exp(��): (31)8



The s
aling variable 
an also be written as � = k=hki,and thus Eq. (31) 
learly shows that old nodes have abroad distribution of degrees: 1 � k <� hki.We 
an derive expli
it age-degree distributions forother atta
hment kernels. For example, for the 
onstantatta
hment kernel, Ak = 1, the joint age-degree distribu-tion is the Poisson distribution,fk(X) = Xk�1(k � 1)! e�X ; (32)or in terms of the original variables a and t,
k(t; a) = �1� at � j ln(1� a=t)jk�1(k � 1)! : (33)The 
hara
teristi
 degree now diverges relatively slowly,viz. hki � � ln(1�a=t) as a! t, than for asymptoti
allylinear atta
hment kernels. On the other hand, the aver-age age approa
hes the maximal age t at a mu
h fasterrate, as ak = t �1� (2=3)k�, as k approa
hes its maximalvalue.For 
ases where we have been unable to obtain an ex-pli
it solution, the Lapla
e transform method still allowsus to extra
t the asymptoti
s. For example, for asymp-toti
ally homogeneous atta
hment kernels, Ak ! k
 ask ! 1, Eq. (26) gives the large-k asymptoti
s f̂k(s) �k�
 exp ��sk1�
=(1� 
)� (see Eq. (5). (For 
on
rete-ness, we 
onsider here the range 1=2 < 
 < 1.) Invertingthis Lapla
e transform yieldsfk(X) � k�
Æ�X � k1�
1� 
� : (34)In parti
ular, the age of nodes with k links is peakedabout the value ak whi
h satis�esakt ' 1� exp��� k1�
1� 
� : (35)This again shows that old nodes are mu
h better 
on-ne
ted.V. NODE DEGREE CORRELATIONSWe now demonstrate that 
orrelations between the de-grees of 
onne
ted nodes spontaneously develop as thenetwork grows. One motivation for fo
using on these 
or-relations is that re
ently random graph models with arbi-trary degree distributions have been investigated [43{45℄.While the degree distribution 
an be 
hosen arbitrarilyin these models, the degrees of 
onne
ted nodes are un-
orrelated. This la
k of 
orrelation suggests that su
hrandom graphs may have limited appli
ability to grow-ing network systems.For the GN, a useful 
hara
terization of node degree
orrelations is Nkl(t), the number of nodes of total de-gree k whi
h atta
h to an an
estor node of total degree l.

For example, in the network of Fig. 1, there are N1 = 6nodes of degree 1, with N12 = N13 = N15 = 2. Thereare also N2 = 2 nodes of degree 2, with N25 = 2, andN3 = 1 node of degree 3, with N35 = 1. The 
orrelationfun
tion is not de�ned for the initial node. Generally,Nkl is de�ned for k � 1 and l � 2, and obeys the sumrule Nk =PlNkl. A gratifying feature of the rate equa-tion approa
h is that the 
orrelation fun
tion Nkl 
an beunderstood in a natural and simple fashion.A. Linear 
onne
tion kernelFor the GN with the linear atta
hment kernel Ak = k,the joint distribution Nkl(t) evolves a

ording toM1 dNkldt = [(k � 1)Nk�1;l � kNkl℄ +[(l � 1)Nk;l�1 � lNkl℄ + (l � 1)Nl�1 Æk1: (36)The �rst two terms on the right-hand side a

ount forthe 
hange in Nkl due to the addition of a link onto anode of degree k � 1 (gain) or k (loss), while the se
ondset of terms gives the 
hange in Nkl due to the additionof a link onto the an
estor node. Finally, the last terma

ounts for the gain in N1l due to the addition on thenew node.Asymptoti
ally, M1 ! 2t and Nkl ! tnkl, and weuse these hypotheses to redu
e Eqs. (36) to the time-independent re
ursion relations(k + l + 2)nkl = (k � 1)nk�1;l + (l � 1)nk;l�1+ (l � 1)nl�1 Æk1: (37)This 
an be redu
ed to a 
onstant-
oeÆ
ient inhomoge-neous re
ursion relation by the substitutionnkl = �(k) �(l)�(k + l + 3) mkl (38)to yieldmkl = mk�1;l +mk;l�1 + 4(l+ 2)Æk1: (39)By solving Eqs. (39) for the �rst few k, one 
an grasp thepattern of dependen
e on k and l and thereby infer thegeneral solutionmkl = 4 �(k + l)�(k + 2)�(l� 1) + 12 �(k + l � 1)�(k + 1)�(l� 1) : (40)This solution 
an also be obtained in a more systemati
manner by the generating fun
tion method (see below forthe shifted linear kernel). Combining Eqs. (38) and (40)we �nally obtainnkl = 4(l � 1)k(k + 1)(k + l)(k + l + 1)(k + l + 2)+ 12(l� 1)k(k + l� 1)(k + l)(k + l + 1)(k + l + 2) : (41)9



The important feature of this result is that the jointdistribution does not fa
torize, that is, nkl 6= nknl. This
on�rms our earlier assertion that 
orrelations betweenthe degrees of 
onne
ted nodes form spontaneously. Thisis arguably the most important distin
tion between 
las-si
al random graphs { where node degrees are un
orre-lated { and the GN.While the solution of Eq. (41) is unwieldy, it greatlysimpli�es in the s
aling regime, k !1 and l!1 withy = l=k kept �nite. The s
aled form of the solution isnkl = k�4 4y(y + 4)(1 + y)4 : (42)For �xed large k, the distribution nkl has a single maxi-mum at y� = (p33� 5)=2 �= 0:372. Thus a node whosedegree k is large is typi
ally linked to another node whosedegree is also large; the typi
al degree of the an
estor is37% of the degree of the daughter node. In the 
omple-mentary 
ase of a �xed degree l for the an
estor node,the distribution nkl rea
hes maximum when k = 1, i. e.,the daughter node is usually dangling. From Eq. (41),we �nd that this 
on�guration o

urs with probabilityn1l = 2(l� 1)(l + 6)l(l + 1)(l + 2)(l + 3) : (43)Finally, when both k and l are large and also their ratiois very di�erent from one, the limiting behaviors of nklare nkl ! � 16 (l=k5) when l� k,4=(k2 l2) when l� k. (44)This last result demonstrates the 
orrelations in the net-work most 
leanly. If there were no 
orrelations, thennknl would be proportional to (k l)�3.B. General 
onne
tion kernelsIn general, 
orrelations between the degrees of neigh-boring 
onne
ted nodes exist for any atta
hment kernel.The analysis of these 
orrelations for an arbitrary kernelis tedious and we merely outline some of the primary re-sults in the relatively simple 
ases of the shifted linearand 
onstant atta
hment kernels.In the former 
ase, we follow the same approa
h as thelinear kernel to redu
e the rate equation for the 
orrela-tion fun
tion to re
ursion relations of a similar form toEq. (37), viz.(k + l + 2 + 3w)nkl = (k + w � 1)nk�1;l + (45)(l + w � 1) [nk;l�1 + nl�1 Æk1℄ :Here nl is determined from Eq. (12). In analogy withEq. (38), the substitutionnkl = �(k + w) �(l + w)�(k + l + 3 + 3w) mkl (46)

redu
es Eqs. (45) tomkl = mk�1;l +mk;l�1 + Æk1W �(l + 3 + 3w)�(l + 2 + 2w) ; (47)where W = (2 + w) �(3 + 2w)=(�(1 + w))2. We solvethe re
ursion (47) by the generating fun
tion method[40℄. Multiplying Eq. (47) by xkyl and summing overall k � 1; l � 2, we �nd that the generating fun
tionM(x; y) = 1Xk=1 1Xl=2 mklxkyl (48)is given byM(x; y) = Wxy21� x� y 1Xj=0 �(j + 5 + 3w)�(j + 4 + 2w) yj : (49)ExpandingM(x; y) we obtainmkl =W l�2Xj=0 �(k + l� 2� j) �(j + 5 + 3w)�(k) �(l � 1� j) �(j + 4 + 2w) : (50)Eqs. (46) and (50) 
onstitute the exa
t solution for the
orrelation fun
tion of the GN with the shifted linear at-ta
hment kernel.When the parameter w is an integer, we 
an redu
enkl to a rational fun
tion. In the general 
ase, the exa
tsolution also simpli�es in several extreme limits. Whenk � l, the dominant 
ontribution to nkl is provided bythe �rst term in the sum in Eq. (50). Assuming addition-ally l � 1 and repeatedly using the asymptoti
 relation�(N + n)=�(N)! Nn as N !1, we ultimately �ndnkl 'W �(5 + 3w)�(4 + 2w) l1+w k�5�2w k � l� 1: (51)In the 
omplementary 
ase of l � k � 1, all the termsin the sum of Eq. (50) are important. However, we 
ansimplify this sum by employing the above asymptoti
sfor the ratio of gamma fun
tions and then repla
ing thesum by an easily-
omputable integral. We �ndnkl 'W �(2 + w) k�2 l�2�w: (52)When the atta
hment kernel is uniform, 
orrelationsbetween the degrees of a node and its an
estor still de-velop. To see how this 
omes about quantitatively, weagain follow the same steps as those whi
h led to Eq. (37)and �nd that the joint distribution nkl now satis�es there
ursion relation3nkl = nk�1;l + nk;l�1 + 2�(l�1)Æk1: (53)This re
ursion relation 
an again be solved by the gener-ating fun
tion te
hnique to give10



nkl = 12l�1 � 13l�1 k�1Xi=0 �(l � 1 + i)�(l � 1) �(i+ 1) 13i : (54)To appre
iate the qualitative behavior of the joint distri-bution nkl it is again useful to �x one variable and varythe other. For �xed l, Eq. (54) shows that nkl has amaximum at k = 1. The magnitude of this maximum isn1l = 2�(l�1)� 3�(l�1). To analyze the behavior when kis �xed, it is 
onvenient to transform Eq. (54) intonkl = 13l�1 1Xi=k �(l � 1 + i)�(l � 1) �(i+ 1) 13i : (55)Now a straightforward analysis shows that for large k,the maximum is attained at l = k=2.The form of the joint distribution nkl remains rela-tively 
omplex even in the s
aling regime, k; l!1, withthe s
aling variable y = l=k kept �nite. We determine thes
aled form of the solution (55) by applying Stirling's for-mula and the identity �(x + �)=�(x) ! x� as x ! 1.For y < 2, we �ndnkl ' 1p2�k p1 + y�12� y e�kY ; (56)where Y = y ln y � (y + 1) ln[(y + 1)=3℄. For y > 2, itis preferable to use the solution in the form of Eq. (54).After some algebra, we 
an verify that the dominant 
on-tribution equals 2�(l�1), that is, independent of k [46℄.Finally, the limiting behavior of the 
orrelation fun
-tion isnkl ! 2�1 �� 3�(k+l�2) kl�2(l�2)! when l� k,2�(l�2) when l� k. (57)Thus, 
orrelations are strong even for the random at-ta
hment kernel and the qualitative behavior is similarto that of the linear atta
hment kernel.VI. LARGE-SCALE PROPERTIESThe degree of a node is an important but lo
al network
hara
teristi
 and we now seek to quantify more globalfeatures of the network. One su
h 
hara
teristi
 is thepartitioning of the network into an in-
omponent and anout-
omponent with respe
t to any node (Fig. 5).
in-component

x

out-component

FIG. 5. In-
omponent and out-
omponent of node x.

The in-
omponent to node x is the set of all nodesfrom whi
h node x 
an be rea
hed by following a pathof dire
ted links. Similarly the out-
omponent of nodex is the set of nodes whi
h 
an be rea
hed by follow-ing the path dire
ted links whi
h emanate from node x.For the GN model, the out-
omponent is just a singlepath, while in more realisti
 networks both the in- andout-
omponents will be bran
hed. In the 
ontext of 
i-tations, the in-
omponent is the set of all publi
ationswhi
h refer to x, either dire
tly or through intermedi-ate referen
e lists until x is rea
hed. The out-
omponentis the set of 
ited publi
ations generated by iterativelyfollowing the referen
e list(s) of x and its an
estors.A. In-
omponent size distributionThe size distribution of the in-
omponent 
an be eas-ily obtained by the rate equation formalism for the GNwith a uniform atta
hment kernel and also for the GNR.Given the equivalen
e between the latter and the GNwith a shifted linear kernel, the latter 
ase is also solu-ble. We start by 
onsidering the GN with the uniformatta
hment kernel. In this 
ase, the number Is(t) of in-
omponents with s nodes satis�es the rate equationdIsdt = (s� 1)Is�1 � sIst + Æs1: (58)To understand this equation, 
onsider �rst the loss term.For an in-
omponent of size s there are s nodes in whi
hthe atta
hment of a new node 
auses this 
omponent toin
rease in size by one. This gives a loss rate for Iswhi
h is proportional to s. If there is more than onein-
omponent of size s they must be disjoint, so that thetotal loss rate for Is is simply sIs. A similar argumentapplies for the gain term. Finally, the overall fa
tor oft�1 
onverts these rates to normalized probabilities. Cu-riously, Eqs. (58) are almost identi
al to the rate equa-tions for the degree distribution of the GN with linearatta
hment kernel, ex
ept that the prefa
tor equals t�1rather than (2t)�1.From Eqs. (58) we 
an determine all moments of thein-
omponent size distribution, In(t) = Ps�1 snIs(t).The zeroth moment obeys _I0 = 1, whose solution isI0(t) = I0(0) + t. This is obvious sin
e the total numberof in-
omponents equals the total number of nodes. The�rst moment obeys _I1 = 1+I1=I0, whose asymptoti
 so-lution is I1(t) � t ln t. We shall see that this logarithmi
fa
tor is an out
ome of the asymptoti
 power law for Iswith the tail de
aying as s�2.To solve for Is(t), we note that it again grows linearlyin time. Thus we substitute the ansatz Is(t) = tis intoEqs. (58) to obtain i1 = 1=2 and is = is�1(s�1)=(s+1),whi
h immediately leads to11



is = 1s(s+ 1) : (59)For this s�2 de
ay, the moments In diverge when n � 1.However, the size of the largest in-
omponent, smax = t,provides an upper threshold in the 
omputation of themoments. For example, I1 � Ps�t sIs(t) = t ln t. Itis intriguing that the algebrai
 in-
omponent distribu-tion 
o-exists with an exponential in-degree distribution,nk = 2�k.Similarly, we 
an determine Is(t) for the GNR model.In this 
ase, the number Is(t) of in-
omponents with snodes satis�esdIsdt = (s� 2 + (1� r))Is�1 � (s� 1 + (1� r))Ist (60)for s � 2, and _I1 = 1 � (1 � r)I1=t. This rate equation
an be understood in a similar manner as Eq. (58). Con-sider the loss term for an in-
omponent of size s. Thereare two possibilities to 
onsider: (i) If the apex of the in-
omponent is initially 
hosen, then the new node will at-ta
h to this apex with probability 1�r (i. e., atta
h withno re-dire
tion); (ii) If any other of the s�1 nodes of thein-
omponent is 
hosen, the new node will surely atta
hto the in-
omponent even if re-dire
tion o

urs. Thesetwo pro
esses give a loss rate for Is whi
h is proportionalto (s� 1 + (1� r))Is . Solving for the in-
omponent dis-tribution in this pro
ess now yields Is(t) = tis, withis = 1� r(s� r)(s+ 1� r) : (61)Remarkably, the asymptoti
 power law Is / s�2 holdsfor any r.Sin
e the GNR model is identi
al to the GN withthe shifted linear atta
hment kernel Ak = k + ( 1r � 2),Eq. (61) also applies to the in-
omponent distribution forthe GN with shifted linear atta
hment kernels. For ex-ample, the in-
omponent distribution for the linear ker-nel is is = 2=(4s2 � 1). Sin
e the same Is / s�2 de
ayholds for the GN with both 
onstant and linear atta
h-ment kernels, we 
onje
ture that the in-
omponent dis-tribution exhibits a universal s�2 de
ay for an arbitraryatta
hment kernel, as long as it does not grow faster thanlinearly with node degree.B. Out-
omponent size distributionThe out-
omponent from ea
h node reveals basi
 in-sights about the \genealogy" of the growing network inan extremely simple fashion. For example, it allows usto estimate the diameter of the network, an important
hara
teristi
 whi
h has been measured for the web graph[47,48℄ and for so
ial networks [23℄.For this 
hara
terization, we begin by reorganizing theGN into a genealogi
al tree a

ording to a pro
edure

whi
h is suggested by the growth pro
ess itself. Gener-ation g = 0 
ontains the single \seed" node. The nodeswhi
h atta
h to the seed node form generation g = 1, andgenerally the nodes whi
h atta
h to nodes in generationg form generation g+1, independent of when the atta
h-ment a
tually o

urs. Thus the position of a node in thegenealogi
al tree depends only on the position of the an-
estor node and not on when the node is introdu
ed. Inthis respe
t, the GN genealogi
al tree di�ers from usualgenealogies, where ea
h new generation is born into aprogressively later position in the genealogi
al tree. Forexample, the network of Fig. 1 has 5 nodes in the �rstgeneration and 4 nodes in the se
ond generation leadingto the genealogi
al tree of Fig. 6. The sizes of all gen-erations grow 
ontinuously, ex
ept for generation g = 0whi
h always 
onsists of the single node.
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1FIG. 6. Genealogy of the growing random network ofFig. 1. The indi
es indi
ate when a node is introdu
ed, whilethe an
estor determines where a new node is positioned.On
e we understand the genealogi
al stru
ture of theGN, we simultaneously establish the out-
omponent dis-tribution. Indeed, the number Os of out-
omponentswith s nodes equals Ls�1, the number of nodes in genera-tion s�1 in the genealogi
al tree. We therefore 
omputeLg(t), the size of generation g at time t. We start with thesimplest situation when the atta
hment rate is uniform.In this 
ase, Lg(t) in
reases when a new node atta
hesto a node in the previous generation. This o

urs withrate Lg�1=M0, where M0(t) = 1 + t is the total numberof nodes. Be
ause of the simpli
ity of the 
orrespondingrate equations, we use the exa
t expression forM0 ratherthan the asymptoti
 expression M0 � t, as was done insolving for the in-
omponent. Thus we writedLgdt = Lg�11 + t : (62)Solving these equations givesLg(�) = �gg! where � = ln(1 + t): (63)We therefore 
on
lude that for a �xed (large) time, thegeneration size grows with g when g < � , rea
hes a max-imum size whi
h is equal toLmax ' tp2� ln t (64)when g = � , and then de
reases and eventually be
omesof order one when g = e� . The distribution Lg qui
kly12



de
ays when g ex
eeds the 
uto� value e� . At time t,the genealogi
al tree therefore 
ontains approximately e�generations. Hen
e the diameter D of the network is ap-proximately 2e� , orD � 2e lnN (65)where N = 1+ t is the total number of nodes. Thus, thediameter of an evolving GN exhibits the same N depen-den
e as a stati
 random graph [4℄.We 
an also �nd the generation size distribution forshifted linear atta
hment kernels. It is again simpler toderive the rate equations in the framework of the GNRmodel and then trans
ribe the results to the shifted lin-ear kernel. For the GNR model, the rate equation for thegeneration size distribution isdLgdt = (1� r)Lg�1 + rLg1 + t (66)for g > 1, and _L1 = (1 + t)�1[1 + rL1℄. The �rst termin (66) has the same origin as in the GN without re-dire
tion and the se
ond term a

ounts for the 
hange inLg due to the re-dire
tion. In the latter 
ase, the newnode provisionally atta
hes to a node in generation g;this o

urs with relative probability Lg. However, by there-dire
tion pro
ess, this new node a
tually atta
hes to anode in generation g � 1 and thereby joins generation g.To solve Eq. (66), we again use � = ln(1+ t) and applythe Lapla
e transform te
hnique. After some elementarysteps, we obtainLg+1(�) = Z �0 dx [(1� r)x℄gg! exr: (67)From this solution, we �nd that for a �xed (large) time,the generation size grows with g when g < (1 � r)� ,rea
hes a maximum value Lmax ' t=p2�(1� r) ln t atg = (1 � r)� , and then de
reases when g > (1 � r)� .Eventually the generation size be
omes of order one wheng = G� , whereG is the root of equationG ln(G=(1�r)) =G+ r. The diameter of the network is then D � 2G� .These two solvable 
ases again suggest that the geneal-ogy of the GN is robust, as long as the atta
hment kerneldoes not grow faster than linearly with node degree. Forthe super-linear kernels, however, the genealogy 
hangesdrasti
ally. When the atta
hment exponent ex
eeds 2,there will be only a few generations overall, and one gen-eration g� will 
ontain all but the �nite number of nodes.For su
h a network, the gel node will reside in generationg� � 1. When the atta
hment exponent lies in the range1 < 
 < 2, a single generation will also 
ontain almostall t nodes. However, the number of nodes whi
h residein other generations is of order t2�
 and thus grows aswell. Additionally, the number of non-empty generationsgrows inde�nitely with the total number of nodes.The above results 
an be reformulated in terms of theout-
omponent distribution. In parti
ular, for the GN

with uniform atta
hment kernel, the number Os of out-
omponents with s nodes equalsOs(�) = �s�1(s� 1)! where � = ln(1 + t): (68)Similar results apply for the linear atta
hment kernel,suggesting that the out-
omponent distribution is robustas long as the atta
hment kernel does not grow fasterthan linearly with node degree.VII. DISCUSSION AND CONCLUSIONSIn this paper, we have analyzed the stru
ture of thegrowing network (GN) model and shown that many of itsproperties 
an be easily determined within a rate equa-tion approa
h. We have found that the GN has a power-law node degree distribution, Nk(t) � tk�� , for asymp-toti
ally linear atta
hment kernels, with an exponent �whi
h is always larger than 2. By tuning parameters ofthe model in a reasonable way, it is easy to obtain a nodedegree distribution whi
h is in quantitative agreementwith available data for the web graph [14{16,19{21,48℄.A remarkable feature of this network is the sponta-neous development of 
orrelations between 
onne
tednodes. These 
orrelations provide a mu
h more sensi-tive 
hara
terization of the stru
ture of growing networksthan the extensively studied degree distribution. These
orrelations are a 
ru
ial feature whi
h distinguishes theGN from 
lassi
al random graphs. Thus testing for thepresen
e of 
orrelations between node degrees in largeevolving networks may provide 
ru
ial insights to helpdetermine the underlying me
hanism of their growth.We have also studied two spe
i�
 large-s
ale propertiesof the network, namely, the size distributions of the in-and out-
omponents with respe
t to a given site. Thein-
omponent distribution exhibits a robust s�2 power-law behavior, where s is the 
omponent size, as long asthe atta
hment probability does not grow faster than lin-early with node degree. The out-
omponent distributionreveals the basi
 genealogi
al feature that the number of\generations" in the network grows logarithmi
ally withthe total number of nodes, again for atta
hment kernelswhi
h do not grow faster than linearly in node degree.The qualitative agreement between the degree distri-butions of real evolving networks, su
h as the web graph,and the GN is reassuring given that the model ignoresmany important features of real networks. Nevertheless,a number of 
hara
teristi
s of real growing networks arediÆ
ult to treat in the framework of the GN model. Oneimportant su
h 
hara
teristi
 is the out-degree distribu-tion. Within the GN model the out-degree of ea
h nodeis one by 
onstru
tion. In 
ontrast, for real growing net-works the out-degree distribution has a power law form[48℄. Additionally, the average in- and out-degrees atea
h node are generally larger than one. For the webgraph, for example, hii = hji � 7:5 [48℄.13



There are several natural ways to extend the GN modelto generate an average out-degree whi
h is greater thanone. A simple 
onstru
tion is to link every new nodeto more than one earlier node, as already dis
ussed inRef. [20℄. Let us 
onsider a network whi
h is built by at-ta
hing every new node to exa
tly p earlier nodes. For thelinear atta
hment kernel, the degree distribution Nk(t),whi
h is now de�ned only for k � p, evolves a

ording todNkdt = pM1 [(k � 1)Nk�1 � kNk℄ + Ækp: (69)Clearly, the average in-degree hii and out-degree hji ofea
h node in this network is equal to p. By applyingthe basi
 approa
h of Se
. III to this rate equation, we�nd that the degree distribution again asymptoti
ally ap-proa
hes a stable distribution Nk ! tnk, withnk = 2p(p+ 1)k(k + 1)(k + 2) for k � p: (70)Thus for the linear atta
hment kernel, the average nodedegree does not a�e
t the exponent � of the degree dis-tribution. However, for other solvable examples, the newfeature of atta
hing the new node to more than one pre-existing node leads to di�erent degree distributions. Forexample, for the shifted linear kernel we �ndnk = 
onst:� �(k + w)�(k + 3 + w + w=p) for k � p; (71)np = �1 + p p+ w2p+ w��1 : (72)This gives the asymptoti
 behavior nk � k�(3+w=p).Thus the exponent of the degree distribution depends onthe average node degree, with � = 3 + w=p.The multiple linking 
onstru
tion also redu
es thenumber of nodes with in-degree zero. For example, forthe GN with the shifted linear atta
hment kernel, thefra
tion of su
h nodes is n1 = (2+w)=(3 + 2w), whi
h isalways larger than 1/2. However, for the multiple linking
onstru
tion, the fra
tion of nodes with in-degree zero isredu
ed to the value np given in Eq. (72). If we use p = 7to reprodu
e the 
orre
t average node degree of the webgraph, the fra
tion of nodes with in-degree zero alwaysex
eeds 1/8, whi
h, however, apparently disagrees withweb data [48℄. Thus while multiple atta
hment does re-du
e the number of poorly-
onne
ted nodes, this redu
-tion is still insuÆ
ient to a

ount for web-graph data.However, it is 
lear that the multiple linking 
onstru
-tion has the potential to provide a better des
ription of
itation data.Another short
oming of the multiple atta
hment 
on-stru
tion is that it 
annot dynami
ally generate a non-trivial out-degree distribution. However, we 
an extendthe GN model by allowing for 
reation of links betweenexisting nodes [49℄. This simple 
onstru
tion allows usto generate non-trivial out-degree distributions whi
h


losely mat
h web graph data. An even more 
hallengingdire
tion is to des
ribe the global topologi
al stru
tureof growing networks. The GN model leads to a single-
omponent tree graph, while the web graph has numerousdis
onne
ted 
omponents. A deeper understanding of theweb graph may provide valuable insights to help developalgorithms for web 
rawling, sear
hing, and 
ommunitydis
overy.We are grateful to NSF grant DMR9978902 and AROgrant DAAD19-99-1-0173 for partial �nan
ial support ofthis resear
h.
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