
Constrained Opinion Dynami
s: Freezing and Slow EvolutionF. Vazquez,1, � P. L. Krapivsky,1, y and S. Redner1, z1Center for BioDynami
s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, MA, 02215We study opinion formation in a population of leftists, 
entrists, and rightist. In an intera
tionbetween neighboring agents, a 
entrist and a leftist 
an be
ome both 
entrists or leftists (andsimilarly for a 
entrist and a rightist), while leftists and rightists do not a�e
t ea
h other. Forany spatial dimension the �nal state is either 
onsensus (of one of three possible opinions), or afrozen population of leftists and rightists. In one dimension, the opinion evolution is mapped ontoa 
onstrained spin-1 Ising model with zero-temperature Glauber kineti
s. The approa
h to the�nal state is governed by a t� long-time tail, with  a non-universal exponent that depends onthe initial densities. In the frozen state, the length distribution of single-opinion domains has analgebrai
 small-size tail x�2(1� ) with average domain length L2 , where L is the length of thesystem.PACS numbers: 64.60.My, 05.40.-a, 05.50.+q, 75.40.GbOne of the basi
 issues in opinion dynami
s is to un-derstand the 
onditions under whi
h 
onsensus or diver-sity is rea
hed from an initial population of individuals(agents) with di�erent opinions. Models for su
h evolu-tion are typi
ally based on ea
h agent freely adopting anew state in response to opinions in a lo
al neighborhood[1℄. The attribute of in
ompatibility { in whi
h agentswith suÆ
iently disparate opinions do not intera
t { hasre
ently been found to prevent ultimate 
onsensus frombeing rea
hed [2, 3℄. Related phenomenology arises inthe Axelrod model [4, 5℄, a simple model for the forma-tion and evolution of 
ultural domains. The goal of thepresent paper is to investigate the role of in
ompatibilitywithin a minimal model for opinion dynami
s. This 
on-straint has a profound e�e
t on the nature of the �nalstate. Moreover, there is anomalously slow relaxationto the �nal state. While we primarily frame our dis-
ussion in terms of opinion dynami
s, our results applyequally well to the 
oarsening of spin systems. In thelatter 
ontext, we obtain a new non-universal kineti
 ex-ponent in one dimension that originates from topologi
al
onstraints on the arrangement of spins.We 
onsider a ternary system in whi
h ea
h agent 
anadopt the opinions of leftist, 
entrist, and rightist. Theagents populate a latti
e and in a single mi
ros
opi
 eventan agent adopts the opinion of a randomly-
hosen neigh-bor, but with the 
ru
ial proviso that that leftists andrightists are 
onsidered to be so in
ompatible that theydo not intera
t. While a leftist 
annot dire
tly be
omea rightist (and vi
e versa) in a single step, the indire
tevolution leftist ) 
entrist ) rightist is possible. Ourmodel is similar to the 
lassi
al voter model [6℄ and alsoturns out to be isomorphi
 to the 2-trait 2-state Axelrodmodel [4, 5℄. Due to the in
ompatibility 
onstraint in our�Ele
troni
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model, the �nal opinion out
ome 
an be either 
onsensusor a frozen mixture of extremists with no 
entrists. Fig-ure 1 shows a typi
al frozen state on the square latti
e(with periodi
 boundary 
onditions). Noti
e the nesteden
laves of opposite opinions and the 
learly visible 
lus-tering.

FIG. 1: Typi
al frozen �nal state in our opinion dynami
smodel on a 100 � 100 square latti
e for �0 = 0:1. The twoextreme opinions are represented by bla
k and white squares.We 
an exploit the 
onne
tion between the voter modeland our opinion dynami
s model to infer the �nal stateof the latter. If we temporarily disregard the di�eren
ebetween leftists and rightists, the resulting binary systemof 
entrists and extremists redu
es to the voter model, forwhi
h one of two absorbing states | either all 
entristsor all extremists | is eventually rea
hed. In the 
ontextof the ternary opinion system, the latter event 
an meaneither a 
onsensus of extremists or a frozen mixed stateof leftists and rightists, as depi
ted in Fig. 1.Be
ause of the underlying voter model dynami
s, theaverage density of ea
h spe
ies is globally 
onserved inany spatial dimension. Therefore h�i(t)i = �i(t = 0),where i refers to one of the states (+; 0;�) and the an-



2gle bra
kets denote an average over all realizations of thedynami
s and over all initial states that are 
ompatiblewith the spe
i�ed densities. As a result of this 
onserva-tion law, with probability P0 = �0 the �nal state 
onsistsof all 
entrists and with probability 1 � �0 there are no
entrists in the �nal state. In the latter 
ase, there 
anbe either a 
onsensus of + (this o

urs with probabilityP+), 
onsensus of � (probability P�), or a frozen mixedstate (probability P+�). Figure 2 shows the dependen
eof these �nal state probabilities on �0 in the mean-�eldlimit (where all agents are inter
onne
ted) in the sym-metri
 
ase �+ = �� = (1 � �0)=2. In one and two di-mensions, the �nal state probabilities are nearly identi
alto the mean-�eld predi
tions when �+ = ��, but di�er-en
es be
ome apparent in the strongly asymmetri
 
asesof �+ � ��. The �nal state probabilities also dependvery weakly on the system size.
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FIG. 2: Probability for the o

urren
e of a given �nal stateas a fun
tion of �0 for �+ = ��. Here P+ is the probabilitythat + 
onsensus is rea
hed and P+� is the probability thatthe �nal state is a frozen mixture of + and �.We now fo
us on the one dimensional 
ase. Here ouropinion dynami
s model is equivalent to a 
onstrainedspin-1 Ising 
hain that is endowed with single-spin 
ipzero-temperature Glauber kineti
s [7℄, with leftist, 
en-trist, and rightist opinions equivalent to the spin states�, 0, and +, respe
tively. The in
ompatibility 
onstraintmeans that neighboring + and � spins do not intera
t.This Ising model pi
ture suggests that the best way toanalyze the dynami
s in one dimension is to reformulatethe system in terms of domain walls. There are threetypes of domain walls: freely di�using mobile domainwalls between +0 and between �0, denoted by M+ andM�, respe
tively, and stationary domain walls S between+�. The mobile walls evolve byM� +M� ! ;; M� +M� ! S: (1)When a mobile wall hits a stationary wall, the former
hanges its sign while the latter is eliminated via the

rea
tion M� + S !M�: (2)Thus stationary domain walls are dynami
ally invisible;their only e�e
t is that the sign of a mobile wall 
hangeswhenever it meets a stationary wall, after whi
h the latterdisappears (Fig. 3). The inertness of the stationary wallsis reminis
ent of kineti
 
onstraints in models of glassyrelaxation. These 
onstraints typi
ally lead to extremelyslow kineti
s [8, 9, 10, 11℄, as is also observed in ouropinion dynami
s model.
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FIG. 3: Spa
e-time representation of the domain wall dynam-i
s. Time runs verti
ally downward. The spin state of thedomains and the identity of ea
h domain wall are indi
ated.The rate equations 
orresponding to the pro
esses inEqs. (1) and (2) are_M = �2M2 _S = �M S +M2: (3)These give the asymptoti
 behaviors M � (2t)�1 andS / t�1=2. Thus an approximate rate equation ap-proa
h already predi
ts that stationary domain walls de-
ay slower than mobile walls.An important subtlety in the arrangement of domainwalls is that an arbitrary initial opinion state ne
essarilyleads to an even number of mobile walls between ea
hpair of stationary walls. It is also easy to verify that do-main wall sequen
es of the form : : :M+M�M+ : : : 
annotarise from an underlying opinion state. These topologi
al
onstraints play a 
ru
ial role in the kineti
s.The exa
t density of mobile walls 
an be obtained byagain mapping the 
onstrained spin-1 system onto a spin-1/2 system that is equivalent to the voter model. In thismapping, we 
onsider both + and � spins as 
ompris-ing the same (non-zero) spin state, while the zero spins
omprise the other state. With this identi�
ation, theredu
ed model is just the spin-1/2 ferromagneti
 Ising
hain with zero-temperature Glauber dynami
s and nokineti
 
onstraint. In this redu
ed model, domain wallsM+ and M� are indistinguishable and they di�use andannihilate when upon 
olliding. The density of mobilewalls M(t) = M+(t) +M�(t) is known exa
tly for arbi-trary initial 
onditions from the original Glauber solution[7℄. For initially un
orrelated opinions and if the mag-netization of the spin-1/2 system { here the di�eren
e



3between the density of non-zero and zero spins { equalsm0, then [12℄M(t) = 1�m202 e�2t [I0(2t) + I1(2t)℄ ; (4)where Ik is the modi�ed Bessel fun
tion of index k.In the spin-1 system, m0 = �+ + �� � �0, or m0 =1�2�0 by normalization. If the initial densities of + and� opinions are equal, then M+(t) = M�(t) and theirdensities areM�(t) = �0(1� �0) e�2t [I0(2t) + I1(2t)℄� �0(1� �0) (�t)�1=2: (5)As expe
ted, the mobile wall density asymptoti
ally de-
ays as t�1=2 be
ause of the underlying di�usive dynam-i
s. However, we �nd numeri
ally that the density ofstationary domain walls S(t) de
ays asS(t) / t� (�0); (6)with a non-universal exponent  (�0) that goes to zeroas �0 ! 0 (Fig. 4).
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FIG. 4: Stationary domain walls density versus time on adouble logarithmi
 s
ale for the initial 
onditions �0 = 0:02,0.04, 0.10, 0.20, and 0.40 (top to bottom). The respe
tive ex-ponent estimates are 0.013, 0.026, 0.065, 0.13, and 0.29. Dataare based on 100 realizations on a 5 � 105-site 
hain. Inset:Stationary domain wall density for initially un
orrelated wallsfor �0 = 0:02, 0.10, and 0.40 (top to bottom). The solid linehas slope �3=8.To help understand the me
hanism for the slow de
ayof the stationary domain wall density, we also simulateda test system with spatially un
orrelated domain walls.While su
h a domain wall state 
annot arise from anyinitial set of opinions, we 
an prepare dire
tly an un-
orrelated arrangement of domain walls with pres
ribed

densities. For any initial 
ondition in this test system, thestationary wall density de
ays as t�3=8 (inset to Fig. 4),
onsistent with known results on persisten
e [13, 14, 15℄.Here persisten
e refers to the probability that a givenlatti
e site is not hit by any di�using domain wall. Forthe kineti
 spin-1/2 Ising model, the persisten
e proba-bility de
ays as t��, with � = 3=8 [16℄, independent of theinitial domain wall density, when the walls are initiallyun
orrelated. Thus the topologi
al 
onstraints imposedon the domain wall arrangement by the initial opinionstate appear to 
ontrol the dynami
s.These topologi
al 
onstraints lead to the initial-
ondition dependen
e of the amplitude in the mobile walldensity (Eq. (5)). This arises be
ause for �0 ! 0 the sys-tem initially 
onsists of long strings of stationary wallsthat are interspersed by pairs of mobile walls, and theirsurvival probability is proportional to their initial (unit)separation [17℄, leading to the asymptoti
 density for mo-bile walls isM � 2�0=p�t (Eq. (5)). We now exploit thisobservation to estimate the density of stationary walls as�0 ! 0. Within a rate-equation approximation, the den-sity of stationary domain walls de
ays a

ording to_S = �kM S : (7)While su
h an equation is generally inappli
able in lowspatial dimension, we 
an adapt it to one dimensionby employing an e�e
tive time-dependent rea
tion ratek � p2=�t [14, 17℄. This is just the time-dependent
ux to an absorbing point due to a uniform initial ba
k-ground of di�using parti
les; su
h a rate phenomenolog-i
ally a

ounts for e�e
ts of spatial 
u
tuations in onedimension. Substituting the asymptoti
 expression forM(t) from Eq. (4) and the rea
tion rate k �p2=�t intothis rate equation, we �nd that the density of stationarywalls de
ays as t� with  (�0) = p8 �0=� as �0 ! 0. Itis the amplitude in the density of mobile domain wallsthat ultimately 
auses the slow de
ay in the stationarywall density.A more 
ompelling way to determine  (�0) is via per-sisten
e in the q-state Potts model. Be
ause the ini-tial magnetization in the redu
ed spin-1/2 system ism0 = 1 � 2�0, it has been argued (see e.g. [18℄) thatthis system should be identi�ed with the q-state Pottsmodel with m0 = 2=q � 1, or q = (1 � �0)�1. Using theexa
t persisten
e exponent for the q-state Potts modelwith Glauber kineti
s [16℄, and identifying  with thispersisten
e exponent, we obtain (�0) = �18 + 2�2 �
os�1�1� 2�0p2 ��2 ; (8)with the limiting behavior  (�0) ! 2�0=� as �0 ! 0.This asymptoti
s agrees with our numeri
al results for�0 . 0:4 (Fig. 5) but then deviates for larger �0, where (�0) must monotoni
ally approa
h 1/2 as �0 ! 1. Itshould be noted that in this identi�
ation with persis-ten
e, we have ignored the 
reation of stationary inter-fa
es due to the meeting of mobile domain walls. This



4
reation pro
ess o

urs with a rate (�dS=dt)gain / t�3=2and is subdominant for  < 1=2 [19℄.
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FIG. 5: Comparison of the exponent  from Eq. (8) and fromthe simulation data of Fig. 4 (
ir
les).An important 
hara
teristi
 of the system is the spatialarrangement of domain walls. From our simulations, themean distan
es between nearest-neighbor MM and MSwalls both appear to grow as t1=2 due to the di�usive mo-tion of mobile domain walls. The distributions of thesetwo distan
es both obey s
aling, with s
aling fun
tion ofthe form ze�z2 , where z = x(t)=hx(t)i is the s
aled sepa-ration between walls. In 
ontrast, the distan
es betweenneighboring stationary walls xSS appear to be 
hara
ter-ized by two length s
ales. There are large gaps of lengthof the order of t1=2 that are 
leared out by mobile wallsbefore they annihilate, but there are also many very shortdistan
es remaining from the initial state (Fig. 3). The
orresponding moments hxkSS(t)i1=k re
e
t this multipli
-ity of s
ales, with hxkSS(t)i1=k approa
hing a t1=2 growthlaw as k !1, and growing extremely slowly in time fork ! 0.Finally, we quantify the frozen �nal state by the mag-netization distribution P (m), namely, the density di�er-en
e between + and � spins. This distribution be
omesbroader as �0 in
reases (Fig. 6), re
e
ting the fa
t thatthere is progressively more evolution before the systemultimately freezes. For small �0, P (m) has a m�2 tail.We may explain this result by 
onsidering the evolution ofa single pair of mobile walls. This pair annihilates at timet with probability density �(t) / t�3=2. The total mag-netization of the resulting frozen state s
ales as t1=2 sin
ethe domain wall pair annihilates at a distan
e x / t1=2from its starting point. Then from P (m) dm = �(t) dt,together with �(t) / t�3=2 and m / �0t1=2, we obtainP (m) / �0m�2. While the argument has been formu-lated in one dimension, we expe
t this result to apply inall spatial dimension.The frozen state is rea
hed when t = Tf / L2; thisis the time needed for mobile domain walls to di�usethroughout the system and thus be eliminated. At this
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FIG. 6: Magnetization distribution P (m), (m = �+ � ��) inthe frozen �nal state for �0 = 0:02 (105 realizations), 0.04, 0.1,and 0.2 (104 realizations) on a 5000 site linear 
hain. Inset:P (m) for �0 = 0:02 on a double logarithmi
 s
ale to illustratethe m�2 tail. The straight line has slope �2.
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FIG. 7: Domain length distribution F (x) in the frozen �nalstate for the same data in Fig. 6. The data have been binnedover a small logarithmi
 range to redu
e 
u
tuations. Tabu-lated are the slopes from ea
h data set and the expe
ted value2(1 �  ) (parentheses) from our simulation result for  .time, the density of stationary domain walls is of theorder of S / T� f / L�2 . Thus the average length ofsingle-opinion domains is hxi / L2 . Numeri
ally we �ndthat the domain length distribution has a power law tail,F (x) / x��, with 1 < � < 2. The lower bound ensuresnormalizability while the upper bound implies that hxidiverges as L ! 1. From the above power law form,hxi = R dx xF (x) / L2��. This mat
hes our previousestimate of hxi � L2 when � = 2(1 �  ). Figure 7shows the length distribution of single-opinion domainsin the frozen state. Dire
t estimates of the exponent �



5from this plot are in good agreement with the exponentrelation � = 2(1 �  ), with  obtained from the timedependen
e of the mobile wall density in Fig. 4.In summary, the 
onstraint that extremists with op-posite opinions 
annot in
uen
e ea
h other substantiallyslows down opinion dynami
s. In one dimension, the den-sity of stationary interfa
es between neighboring + and� spins de
ays as t� , with  (�0) � 2�0=� as �0 ! 0.This slow dynami
s is a 
onsequen
e of the subtle topo-logi
al 
onstraints on the arrangement of domain walls,together with the in
ompatibility 
onstraint that neigh-boring + and � spins do not intera
t.The �nal opinion out
ome depends non-trivially on theinitial densities of the leftist, rightist and 
entrist opinionstates. With probability �0 the �nal population 
onsists

of only 
entrists, while with probability 1 � �0 the �nalpopulation does not 
ontain any 
entrists. Analyti
ally,we only know that 
onsensus of 
entrists is rea
hed withprobability P0 = �0; the determination of the 
omple-mentary �nal state probabilities for general initial 
ondi-tions P+, P�, and P+� remains an open 
hallenge. Fi-nally, a frozen mixture �nal state would not exist if thereis a non-zero rate (however small) for opposite extrem-ists to in
uen
e ea
h other dire
tly. Perhaps this la
k ofdire
t in
uen
e 
an a

ount for the sad phenomenon ofthe proximity of in
ompatible populations in too manylo
ations around the world.We thank S. Majumdar for helpful 
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