
Steady State of an Inhibitory Neural NetworkP. L. Krapivsky and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215We investigate the dynami
s of a neural network where ea
h neuron evolves a

ording to the 
om-bined e�e
ts of deterministi
 integrate-and-�re dynami
s and purely inhibitory 
oupling with Krandomly-
hosen \neighbors". The inhibition redu
es the voltage of a given neuron by an amount� when one of its neighbors �res. The interplay between the integration and inhibition leads to asteady state whi
h is determined by solving the rate equations for the neuronal voltage distribution.We also study the evolution of a single neuron and �nd that the mean lifetime between �ring eventsequals 1 +K� and that the probability that a neuron has not yet �red de
ays exponentially withtime.PACS numbers: 87.18.Sn, 87.19.La, 07.05.Mh.I. INTRODUCTIONNetworks of neurons whi
h undergo \spiky" dynami
shave been thoroughly investigated (see e.g. [1,2℄ and ref-eren
es therein). Nevertheless, a theory whi
h des
ribesthe dynami
s of randomly inter
onne
ted ex
itatory andinhibitory spiking neurons is still la
king. Even a system
omposed ex
lusively of inhibitory neurons [3{7℄ appearstoo 
ompli
ated for analyti
al approa
hes. Part of thereason for this is that the dynami
s of a single neuron in-volves many physiologi
al features a
ross a wide range oftime s
ales that are diÆ
ult to in
orporate into an ana-lyti
al theory. Our goal in this work is to des
ribe some ofthe dynami
al features of a purely inhibitory neural net-work within the framework of a minimalist model. Whilewe sa
ri�
e realism by this approa
h, our model is ana-lyti
ally tra
table. This feature o�ers the possibility thatmore realisti
 networks may be treated by natural exten-sions of our general framework.We spe
i�
ally investigate an integrate-and-�re neuralnetwork, in whi
h the integration step is purely linearin time, and in whi
h there exists only inhibitory andinstantaneous 
oupling between intera
ting neurons. Wethus ignore potentially important features su
h as voltageleakage during the integration, as well as heterogeneityin the external drive and in the network 
ouplings. How-ever, we do not assume all-to-all 
oupling, an unrealisti

onstru
tion whi
h is often invoked as a simplifying as-sumption. Instead, the (average) number of \neighbors"is a basi
 parameter of our model. Analyti
ally, we 
on-sider annealed 
oupling, where the neighbors of a neuronare reassigned after ea
h neuron �ring event. However,our simulations indi
ate that the model with quen
hed
oupling, where the neighbors of ea
h neuron are �xedfor all time, gives nearly identi
al results.Ea
h integrate-and-�re neuron is represented by a sin-gle variable { the polarization level, or voltage V . Ourmodel has two fundamental ingredients: (i) the dynam-i
s of individual neurons, and (ii) the intera
tion betweenthem. For the former, we employ deterministi
 integrate-

and-�re dynami
s, in whi
h the voltage on a single neu-ron in
reases linearly with time until a spe
i�ed thresh-old is rea
hed [8℄. At this point the neuron suddenly �resby emitting an a
tion potential and the neuronal voltagequi
kly returns to a referen
e level (Fig. 1). For 
on
rete-ness and without loss of generality, we assume the rateof voltage in
rease and the threshold voltage are bothequal to 1. We also assume that V is instantaneouslyset to zero after �ring, i. e., we negle
t delays in signaltransmission between neurons [9℄.
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∆FIG. 1. Illustration of the model dynami
s. A singleneuron i undergoes deterministi
 integrate-and-�re dynam-i
s (upper right). When this neuron �res, its voltage Vi isset to zero, while simultaneously the voltages on all its in-hibitory-
oupled neighbors are redu
ed by � (lower right).The meaning of the inhibition is illustrated in Fig. 1.When a given neuron �res, it instantaneously trans-mits an inhibitory a
tion potential toK randomly-
hosenneighbors whose voltages are ea
h redu
ed by an amount�. This inhibition delays the time until these inhibitedneurons 
an rea
h threshold and ultimately �re them-selves. The neighbors of a given neuron are sele
ted atrandom from among all the neurons in the network andthey are 
hosen anew every time any neuron �res. Thus1



the 
oupling in the network is annealed. While a net-work with �xed quen
hed 
oupling is biologi
ally mu
hmore realisti
, annealed 
oupling means that a rate equa-tion provides the exa
t des
ription of the dynami
s. For-tunately, the annealed and quen
hed systems appear tobe statisti
ally identi
al when the number of inhibitory-
oupled neurons is suÆ
iently large. We shall 
onsideronly this limit in what follows.Within the rate equation approa
h, the distribution ofneuronal voltages in our inhibitory network is des
ribedby linear dynami
s ex
ept at the isolated times whena neuron �res. The underlying rate equation admitsa steady state voltage distribution whose basi
 proper-ties are established analyti
ally in Se
. II. In general, al-though the network has a steady response, the dynami
sof an individual neuron has an interesting history be-tween �ring events. We study, in parti
ular, the proba-bility that a neuron \survives" up to a time t after itslast �ring event in Se
. III. The survival probability de-
ays exponentially in time with a de
ay rate that dependson the 
ompetition between the integration and the in-hibitory 
oupling. This provides a relatively 
ompletepi
ture of the dynami
s of a single neuron in the net-work. A summary is given in Se
. IV and some identitiesare proven in the Appendix.II. RATE EQUATIONS AND THE STEADYSTATEFor the rate equation des
ription we assume that thenumber of neurons is large and thus a 
ontinuum ap-proa
h is appropriate. We de�ne P (V; t)dV as thefra
tion of neurons whose voltage lies in the interval(V; V + dV ). Then the probability density P (V; t) obeysthe master equation,� ��t + ��V �P (V; t) = P1(t) Æ(V ) (1)+ KP1(t) [P (V +�; t)� P (V; t)℄ ;where P1(t) � P (V = 1; t). The se
ond term on left-handside a

ounts for the voltage in
rease be
ause of the de-terministi
 integration. The �rst term on the right-handside a

ounts for the in
rease of zero-voltage neurons dueto the �ring of other neurons whi
h have rea
hed thethreshold value Vmax = 1. The se
ond set of terms a
-
ounts for the 
hange in P (V ) due to the pro
esses whereV + � ! V and V ! V � � (we assume � > 0 sin
einhibitory neurons are being 
onsidered).In the steady state, Eq. (1) simpli�es todP (V )dV = P1 Æ(V ) +KP1 [P (V +�)� P (V )℄ : (2)Equation (2) may be easily solved by introdu
ing theLapla
e transform,

P(s) = Z 1�1 dV P (V ) esV ; (3)to give, after some straightforward steps,P(s) = es � 1K (e�s� � 1) + s=P1 : (4)The un
onventional de�nition of the Lapla
e transformre
e
ts that fa
t that the voltage is restri
ted to lie inthe range [�1; 1℄.To solve for the Lapla
e transform, we �rst note thatP(0) = 1 due to normalization. Combining this withEq. (4), we obtain P1 = (1+K�)�1 thus 
ompleting thesolution. The �nal result isP(s) = es � 1K (e�s� � 1) + s(1 +K�) : (5)It may be veri�ed by elementary means that this fun
-tion has a simple pole at s = ��, that is, P(s) =A=(s+ �) + : : :, where � is the root ofK �e�� � 1�� �(1 +K�) = 0; (6)and A = (1� e��)=[�(1 +K�)�� 1℄.The existen
e of a simple pole in the Lapla
e trans-form implies that the voltage distribution itself has anexponential asymptoti
 tail as V ! �1,P (V )! Ae�V : (7)The limiting behaviors of the de
ay 
onstant � may alsobe found from Eq. (6) and give�! ���1 ln �(K��1)� when �! 0,2(K�2)�1 when �!1. (8)
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FIG. 2. Typi
al simulation results for the steady state neu-ronal voltage distribution for a network of 25000 neurons, withannealed 
oupling to K = 50 other neurons and � = 1=50.The distribution is shown at 10 time steps.2



To visualize these results, we have performed MonteCarlo simulations of an inhibitory neural network whosedynami
s is de�ned by Eq. (1). A representative resultis shown in Fig. 2 initial voltages uniformly distributedin [0; 1℄. Essentially identi
al results are obtained forquen
hed inter-neuron 
oupling but all other system pa-rameters un
hanged. After approximately one time unit,the system has rea
hed the steady state shown in the �g-ure. Other initial 
onditions merely have di�erent timedelays until the steady state is rea
hed. In addition tothe exponential de
ay of the distribution for the small-est voltages, there are several other noteworthy features.First, there is a linear de
ay of the distribution to itslimiting value P1 = (1 +K�)�1 as V ! 1 from below;this is re
e
tive of the absorbing boundary 
ondition atV = 1. There is also a sharp peak at V = 0, 
orrespond-ing to the 
ontinuous input of reset neurons. For small�, almost all voltages lie within the range [0; 1℄. This fea-ture is reminis
ent of the Bak-Sneppen evolution model[10℄ in whi
h the \�tnesses" of most spe
ies lie within a�nite target range, together with a small population ofsub-threshold spe
ies.Finally we note that Eq. (1) applies even when thenumber of neighbors for a given neuron is not �xed. Inthis 
ase, K may be interpreted as just the average num-ber of intera
ting neighbors of a given neuron. ThereforeK 
an be any positive real number. The voltage o�-set � 
an also be heterogeneous, e. g., distributed in a�nite range with some density �(�). With this general-ization, the term P (V +�) in Eq. (2) should be repla
edby R d� �(�)P (V + �). The resulting equation is stillsolvable by the same Lapla
e transform te
hnique as inthe homogeneous network and we now obtain a similarsolution to that in Eq. (5) but with P1 = (1 +Kh�i)�1,where h�i = R d� �(�)�.III. EVOLUTION OF A SINGLE NEURONIn addition to the steady-state voltage distributionP (V ), we study the time dependen
e of an individual\tagged" neuron in the steady state. Consider, for ex-ample, a neuron whi
h last �red at time T0 whi
h weset to 0 for simpli
ity. The fate of this neuron may begenerally 
hara
terized by its survival probability S(t),de�ned as the probability that this neuron has not yet�red again during the time interval (T0; T0+ t), irrespe
-tive of how many inhibitory inputs it may have re
eived(Fig. 3). A more 
omprehensive des
ription is providedby Qk(t), the probability that the tagged neuron has notyet �red and that it re
eived k inhibitory inputs during(0; t). Clearly, S(t) =Pk�0Qk(t). As we now show, thesurvival probability and Qk(t) exhibit non-trivial �rst-passage 
hara
teristi
s.Before dis
ussing the survival probability in detail, letus �rst understand why a tagged neuron must even-

tually �re and why the survival probability de
ays ex-ponentially at long times. In the absen
e of intera
-tions, the voltage of a neuron in
reases deterministi-
ally with rate 1. On the other hand, inhibitory spikes,ea
h of whi
h redu
e the voltage by �, o

ur sto
has-ti
ally with rate r = KP1 = K=(1 + K�). This givesr� = K�=(1 +K�) < 1 for the rate at whi
h the volt-age de
reases due to inhibition. Thus, on average thevoltage in
reases at a net rate 1 � r� = (1 + K�)�1.Consequently the voltage of a tagged neuron must even-tually rea
h the threshold and �re.
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t3tFIG. 3. Voltage traje
tory of a typi
al neuron followinga voltage reset. Be
ause ea
h inhibitory spike redu
es thevoltage by �, a neuron whi
h re
eives k inputs �res ex-a
tly at time � = 1 + k�. The horizontal ti
k marks areat t = 1; 1 + �; 1 + 2�, and 1 + 3�.
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FIG. 4. Behavior of the survival probability as a fun
-tion of time. This fun
tion is 
onstant within ea
h interval[1+(k�1)�; 1+k�℄ but exhibits an overall exponential de
ayin time.From the above argument, the mean lifetime hti of aneuron between �ring events is just the inverse of thisrate. Thus hti = 1 +K�: (9)Noti
e that the density of neurons whi
h are �ring, P1,equals the inverse lifetime, as expe
ted naively. Sin
e theevolution of the neuronal voltage is a random-walk-likepro
ess whi
h is biased towards an absorbing boundaryin a semi-in�nite geometry, the neuron survival probabil-ity must de
ay exponentially with time [11℄,3



S(t) / e�t=� when t!1: (10)To understand the asymptoti
 behavior of S(t), it ishelpful to 
onsider �rst the voltage evolution of a sin-gle neuron whi
h has experien
ed 0; 1; 2; : : : inhibitoryspikes. It is important to appre
iate that a neuron whi
hre
eives exa
tly k spikes ne
essarily �res exa
tly at time1+ k� (Fig. 3). Thus the survival probability is a pie
e-wise 
onstant fun
tion whi
h 
hanges dis
ontinuously attk = 1+ k�, k = 0; 1; 2; : : :.We now determine the value of S(t) at ea
h of theseplateaux. When t < 1, the tagged neuron has no possi-bility of �ring and S(t) � S0 = 1. To survive until timet = 1 +�, the neuron must re
eive at least one spike inthe time interval [0; 1℄. Sin
e neurons experien
e spikesat 
onstant rate r = KP1, the probability of the neuronre
eiving no spikes in [0; 1℄ is e�r. The survival proba-bility for 1 < t < 1 +� thus equals S(t) � S1 = 1� e�r(Fig. 4). Similarly, to survive until time 1+2�, the neu-ron must re
eive one spike before t = 1 and a se
ondspike before t = 1 + �. By writing the probabilities forea
h of these events, we �nd, after straightforward steps,S2 = 1� e�r � r e�r(1+�); 1 +� < t < 1 + 2�: (11)This dire
t approa
h be
omes in
reasingly unwieldy forlarge times, however, and we now present a more system-ati
 approa
h.To this end, we �rst solve for Qk(t), the probabilitythat the tagged neuron has experien
ed k inhibitory in-puts but has not yet �red. For a 
onstant rate r of in-hibitory spikes, the probability that the tagged neuronhas been spiked exa
tly k times, with ea
h spike o

ur-ring in the time intervals [tj ; tj + dtj ℄, j = 1; 2; : : : ; k,equals e�rtQ1�j�k r dtj . Therefore,Qk(t) = rk e�rt �(1 + k�� t) Z kYj=1 dtj : (12)Here the step fun
tion �(1+ k�� t) guarantees that thevoltage of the tagged neuron is below the threshold attime t. We must also ensure that the voltage is less thanone throughout the entire time interval (0; t). The ne
-essary and suÆ
ient 
ondition for this to o

ur is thatthe voltage is below threshold at ea
h spike event. Thisdetermines the integration range in Eq. (12) to betj�1 < tj < min[t; 1 + (j � 1)�℄ (13)for j = 1; : : : ; k (we set t0 � 0).We now evaluate Qk(t) su

essively for ea
h time win-dow [1 + (j � 1)�; 1 + j�℄. Consider �rst the range1 < t < 1 + �. Here a tagged neuron whi
h has not�red must have re
eived at least one spike. ConsequentlyQ0(t) = 0. Similarly, if a neuron re
eives a single spikeand survives until t = 1 + �, the spike must have o
-
urred in the time range [0; 1℄. Hen
e Q1 = re�rt. For

k � 2, the �rst spike must o

ur within [0; 1℄, while theremaining (time-ordered) k�1 spikes 
an o

ur anywherewithin [t1; t℄. To evaluate the integral in Eq. (12), we may�rst integrate over t2; : : : ; tk. This integral isZ tt1 dt2 Z tt2 dt3 � � � Z ttk�1 dtk: (14)The domain of the integral is a simplex of size t � t1and the integral is just (t � t1)k�1=(k � 1)!. Finally, weintegrate over the region 0 < t1 < 1 to obtainQk(t) = (rt)k � (rt � r)kk! e�rt: (15)This expression a
tually holds for all k � 0. FromEq. (15), we then �nd that S1 = 1 � e�r in the timerange 1 < t < 1 +�.Generally in the time range 1+(m�1)� < t < 1+m�,a tagged neuron whi
h has not �red must have experi-en
ed at least m spikes; therefore Qk = 0 for k < m.To determine the non-zero Qk's { those with k � m {note that the �rst m spikes must obey the 
onstraint ofEq. (13), while ea
h of the remaining k �m spikes maylie anywhere within the time interval tm and t. The lat-ter 
ondition again de�nes a simplex of size t� tm. Thisgives the 
ontribution (t � tm)k�m=(k �m)! for the in-tegral over these variables. By this redu
tion, the k-foldintegral in Eq. (12) 
ollapses to the m-fold integralQk(t) = rk e�rt Z (t� tm)k�m(k �m)! mYj=1 dtj : (16)In parti
ular, for k = m, we may write Qm(t) asrm e�rt Tm(�), whereTm(�) = Z 10 dt1 Z 1+�t1 dt2 : : :Z 1+(m�1)�tm�1 dtm: (17)Remarkably, this expression has the simple 
losed-formrepresentation (see Appendix)Tm(�) = (1 +m�)m�1m! (18)so that Qm(t) = rm (1 +m�)m�1m! e�rt: (19)For large m and also fork > m, the expli
it expressionsfor Qk be
ome quite 
umbersome; however, they are notneeded to determine the asymptoti
s of the survival prob-ability.We now use our result for Qk to determine the survivalprobability. For the time range [1+(m�1)�; 1+m�℄, wesubstitute Eq. (16) in S(t) = Pk�mQk(t) and performthe sum over k to give4



Sm = rm Z e�rtm mYj=1 dtj : (20)This neat expression formally shows that the survivalprobability is 
onstant but m dependent inside the timeinterval [1+ (m� 1)�; 1+m�℄. These properties justifythe notation in Eq. (20).The integral on the right-hand side of Eq. (20) 
an besimpli�ed by integrating over tm to giveSm = Sm�1 � rm�1Tm�1 e�r[1+(m�1)�℄: (21)This re
ursion relation allows us to express the survivalprobability in terms of the Tn's with n < m:Sm = 1� m�1Xn=0 rn Tn e�r(1+n�):Sin
e S1 = 0, we rewrite this asSm = 1Xn=m rn Tn e�r(1+n�) (22)whi
h is more 
onvenient for determining asymptoti
 be-havior.Let us �rst use this survival probability to 
omputethe average time interval hti between 
onse
utive �ringsof the same neuron. This ishti = Z 10 t��dSdt � dt= Z 10 S(t) dt= 1 +�Xm�1Sm= 1 +�Xn�1n rn Tn e�r(1+n�): (23)In the �rst line, we use the fa
t that � _S is just the prob-ability that the neuron �res at a time t after its previ-ous �ring, and the last line was derived by employingEq. (22). As dis
ussed previously, the average time be-tween �rings of the same neuron is hti = 1+K�. Equa-tion (23) agrees with this i� the identityXn�0nTn zn = r er1� r� with z � r e�r� (24)holds. This is also veri�ed in Appendix.Let us now interpret our results in the 
ontext of bio-logi
al appli
ations. Typi
ally, the number of neighbor-ing neurons K is large while the spike-indu
ed voltagede
rement � of a neuron is small, so that the total volt-age de
rease K� is of order one. In other words, thelimit

K !1; �! 0; K� = O(1)appears biologi
ally relevant. In this limit and when thetime t = 1 +m� is large, the series for Sm in Eq. (22)is geometri
. Hen
e, apart from a prefa
tor, the survivalprobability is given by the �rst term in this series:Sm / rm Tm e�r(1+m�): (25)Using Eqs. (25), (18), and Stirling's formula, we dedu
ethat S(t) de
ays exponentially with time, with the relax-ation time in Eq. (10) given by� = � �P1 + ln(1� P1) : (26)The di�erent behavior of the two basi
 time s
ales, �and hti = 1=P1, is 
hara
teristi
 of biased di�usion nearan absorbing boundary in one dimension [11℄. Here, themean survival time is simply the distan
e from the parti-
le to the absorbing boundary divided by the mean velo
-ity v. In 
ontrast, the survival probability asymptoti
allyde
ays as exp(�v2t=D), so that � = D=v2, independentof initial distan
e.It is instru
tive to interpret these results for our neuralnetwork, where a single neuron 
an be viewed as undergo-ing a random walk in voltage, with a step to smaller volt-age of magnitude � o

urring with probability r dt in atime interval dt and a step to larger voltage of magnitudedt o

urring with probability 1 � r dt. For this randomwalk, the bias velo
ity is v = 1�r� = (1+K�)�1 = P1.This then reprodu
es hti = 1=v = 1+K� = 1=P1. More-over, the di�usion 
oeÆ
ient of this random walk is sim-ply D / r�2. This random walk des
ription should bevalid when K� � 1=P1 � 1 or r�! 1, so that a taggedneuron experien
es many spikes between �ring events.This then leads to � = D=v2 / K2�3. In this di�usivelimit of P1 ! 0, the limiting behavior of Eq. (26) agreeswith this expression for � .IV. SUMMARYWe have determined the dynami
al behavior of anintegrate-and-�re neural network in whi
h there is purelyinhibitory annealed 
oupling between neighboring neu-rons. The same behavior is also exhibited by a modelwith quen
hed 
oupling. Our model should be regardingas a \toy", sin
e so many realisti
 physiologi
al featureshave been negle
ted. However, this toy model has theadvantage of being analyti
ally tra
table. We have deter-mined both the steady state properties of the network, aswell as the 
omplete time-dependent behavior of a singleneuron. The latter gives rise to an appealing �rst-passageproblem for the probability for a neuron to survive a timet after its last �ring. This survival probability is pie
e-wise 
onstant but with an overall exponential de
ay intime.5



Given the simpli
ity of the model, it should be pos-sible to in
orporate some of the more important fea-tures of real inhibitory neural networks, su
h as neuronswith leaky voltages and �nite propagation velo
ity for in-hibitory signals, into the rate equation des
ription. Thesegeneralizations may provide a tra
table starting point toinvestigate more 
omplex dynami
al behavior whi
h areoften the fo
us of neural network studies, su
h as large-s
ale os
illations and ma
ros
opi
 syn
hronization.We thank C. Borgers, S. Epstein, N. Kopell, and S. Ye-ung for stimulating dis
ussions. We are also grateful toNSF grant No. DMR9978902 for partial �nan
ial sup-port. APPENDIX A: BASIC IDENTITIESWe use Eq. (22) to derive the identity (18). First, wenote that S0 = 1. By substituting this into Eq. (22) weobtain Xn�0Tn zn = er with z � r e�r�: (A1)The requirement that Eq. (A1) holds for arbitrary r and� leads to unique set of Tn's. To determine these Tn's,let us treat z as a 
omplex variable. Then employing theCau
hy formula yieldsTn = 12�i I erzn+1 dz= 12�i I erz0(r)[z(r)℄n+1 dr= 12�i I (1� r�) er(1+n�)rn+1 dr= (1 + n�)nn! �� (1 + n�)n�1(n� 1)!= (1 + n�)n�1n! :Next we verify Eq. (24) by repeating the pro
edurewhi
h has just been used to 
he
k Eq. (A1). As above,the quantity nTn may be written in the integral repre-sentation

nTn = 12�i I r er1� r� dzzn+1= 12�i I r erz0(r)(1� r�)[z(r)℄n+1 dr= 12�i I er(1+n�)rn dr= (1 + n�)n�1(n� 1)! :
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