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oA solution for the time- and age-dependent 
onne
tivity distribution of a growing random networkis presented. The network is built by adding sites whi
h link to earlier sites with a probability Akwhi
h depends on the number of pre-existing links k to that site. For homogeneous 
onne
tionkernels, Ak � k
 , di�erent behaviors arise for 
 < 1, 
 > 1, and 
 = 1. For 
 < 1, the number ofsites with k links, Nk, varies as stret
hed exponential. For 
 > 1, a single site 
onne
ts to nearly allother sites. In the borderline 
ase Ak � k, the power law Nk � k�� is found, where the exponent �
an be tuned to any value in the range 2 < � <1.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnRandom networks play an important role in epidemiol-ogy, e
ology (food webs), and many other �elds. Thegeometry of su
h �xed topology networks have been ex-tensively investigated [1{7℄. However, networks basedon human intera
tions, su
h as transportation systems,ele
tri
al distribution systems, biologi
al systems, andthe Internet are open and 
ontinuously growing and newapproa
hes are rapidly developing to understand theirstru
ture and time evolution [8{12℄.In this Letter, we apply a rate equation approa
h tosolve the growing random network (GRN) model, a spe-
ial 
ase of whi
h was introdu
ed in [13℄ to a

ount forthe distribution of 
itations and other growing networks[13{18℄. Our approa
h is ideally-suited for the GRN andis mu
h simpler than the standard probabilisti
 [1℄ orgenerating fun
tion [2℄ te
hniques. The rate equationformulation 
an be adapted to study more general evolv-ing graph systems, su
h as networks with site deletionand link re-arrangement.
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1FIG. 1. S
hemati
 illustration of the evolution of the grow-ing random network. Sites are added sequentially and a singlelink joins the new site to an earlier site.The GRN model is de�ned as follows. At ea
h timestep, a new site is added and a dire
ted link to one ofthe earlier sites is 
reated. In terms of 
itations, we mayinterpret the sites in Fig. 1 as publi
ations, and the di-re
ted link from one paper to another as a 
itation tothe earlier publi
ation. This growing network has a di-re
ted tree graph topology where the basi
 elements aresites whi
h are 
onne
ted by dire
ted links. The stru
-ture of this graph is determined by the 
onne
tion kernelAk, whi
h is the probability that a newly-introdu
ed site

links to an existing site with k links (k� 1 in
oming and1 outgoing). We will solve for the 
onne
tivity distribu-tion Nk(t), de�ned as the average number of sites with klinks as a fun
tion of the 
onne
tion kernel Ak.We fo
us on a 
lass of homogeneous 
onne
tion kernels,Ak = k
 , with 
 � 0 re
e
ting the tenden
y of prefer-ential linking to popular sites. As we shall show, the
onne
tivity distribution 
ru
ially depends on whether 
smaller than, larger than, or equal to unity. For 
 < 1,the 
onne
tivity distribution de
reases as a stret
hed ex-ponential in k. The 
ase 
 > 1 leads to phenomenon akinto gelation [19℄ in whi
h a single \gel" site 
onne
ts tonearly every other site of the graph. For 
 > 2, this phe-nomenon is so extreme that the number of 
onne
tionsbetween other sites is �nite in an in�nite graph. A powerlaw distribution Nk � k�� arises only for 
 = 1. In this
ase, �ner details of the dependen
e of the 
onne
tionkernel on k a�e
t the exponent �. Hen
e we 
onsidera more general 
lass of asymptoti
ally linear 
onne
tionkernels, Ak � k as k ! 1. We show that � is tunableto any value in the range 2 < � < 1. In parti
ular,we 
an naturally generate values of � between 2 and 3,as observed in the web graph [10{12℄ and in movie a
tor
ollaboration networks [13℄.The rate equations for the time evolution of the 
on-ne
tivity distribution Nk(t) aredNkdt = 1M
 [(k � 1)
Nk�1 � k
Nk℄ + Æk1: (1)The �rst term a

ounts for the pro
ess in whi
h a sitewith k � 1 links is 
onne
ted to the new site, leading toa gain in the number of sites with k links. This happenswith probability (k�1)
=M
 , whereM
(t) =P j
Nj(t)provides the proper normalization. A 
orresponding roleis played by the se
ond (loss) term on the right-hand sideof Eq. (1). The last term a

ounts for the 
ontinuous in-trodu
tion of new sites with no in
oming links.We start by �nding the low-order moments Mn(t) ofthe 
onne
tivity distribution. Summing Eqs. (1) over allk gives the rate equation for the total number of sites,_M0 = 1, whose solution is M0(t) = M0(0) + t. The�rst moment (the total number of bond endpoints) obeys1



_M1 = 2, whi
h gives M1(t) = M1(0) + 2t. The �rst twomoments are therefore independent of 
, while higher mo-ments and the 
onne
tivity distribution itself do dependon 
.For the linear 
onne
tion kernel, Eqs. (1) 
an be solvedfor an arbitrary initial 
ondition. We limit ourselves tothe most interesting asymptoti
 regime (t ! 1) wherethe initial 
ondition is irrelevant. Using M1 = 2t, wesolve the �rst few of Eqs. (1) and obtainN1 = 2t=3, N2 =t=6, et
., whi
h implies that the Nk grow linearly withtime. A

ordingly, we substitute Nk(t) = t nk in Eqs. (1)to yield the re
ursion relation nk = nk�1(k � 1)=(k+2).Solving for nk then givesnk = 4k(k + 1)(k + 2) : (2)To solve the model with a sub-linear 
onne
tion kernel,0 < 
 < 1, noti
e that M
 satis�es the obvious inequal-ities M0 � M
 � M1. Consequently, in the long-timelimit M
 = �t; 1 � � � 2; (3)with a yet undetermined prefa
tor � = �(
). Now sub-stituting Nk(t) = t nk and M
 = �t into Eqs. (1) andagain solving for nk we obtainnk = �k
 kYj=1�1 + �j
��1 ; (4)whose asymptoti
 behavior isnk � 8>>>>><>>>>>: k�
 exp h���k1�
�21�
1�
 �i 12 < 
 < 1,k �2�12 exp h�2�pki 
 = 12 ,k�
 exp h�� k1�
1�
 + �22 k1�2
1�2
 i 13 < 
 < 12 , (5)et
. This pattern in (5) 
ontinues ad in�nitum: When-ever 
 de
reases below 1=m, with m a positive integer, anadditional term in the exponential arises from the nowrelevant 
ontribution of the next higher-order term in theexpansion of the produ
t in Eq. (4).
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FIG. 2. The amplitude � in M
(t) = �t versus 
.

To 
omplete the solution for the nk, we need to estab-lish the dependen
e of the amplitude � on 
. Using thede�ning relation M
=t = � =Pk�1 k
nk, together withEq. (4), we obtain the impli
it relation for �(
)� = 1Xk=2 kYj=2�1 + �j
��1 : (6)Despite the simpli
ity of this exa
t expression, it is noteasy to extra
t expli
it information ex
ept for the lim-iting 
ases 
 = 0 and 
 = 1, where � = 1 and � = 2respe
tively, and the 
orresponding 
onne
tivity distri-butions are given by nk = 2�k and by Eq. (2). However,numeri
al evaluation shows that � varies smoothly be-tween 1 and 2 as 
 in
reases from 0 to 1 (Fig. 2). Thisresult, together with Eq. (4), provides a 
omprehensivedes
ription of the 
onne
tivity distribution in the regime0 � 
 � 1. It is worth emphasizing that for 0:8 <� 
 <� 1,nk depends weakly on 
 for 1 � k � 1000. Thus, it isdiÆ
ult to dis
riminate between di�erent 
's and even todistinguish a power law from a stret
hed exponential inthe GRN model. This subtlety was already en
ounteredin the analysis of the 
itation distribution [15,16℄.A striking feature of the GRN model is that we 
an\tune" the exponent � by augmenting the linear 
onne
-tion kernel to the asymptoti
ally linear 
onne
tion kernel,with Ak ! a� k as k !1, but otherwise arbitrary. Forthis asymptoti
ally linear kernel, by repeating the stepsleading to Eq. (4) we �ndnk = �Ak kYj=1�1 + �Aj��1 : (7)Expanding the produ
t in Eq. (7) leads to nk � k�� with� = 1 + �=a, while the amplitude � is found from� = A1 1Xk=2 kYj=2�1 + �Aj ��1 : (8)As an expli
it example, 
onsider the 
onne
tion kernelA1 = 1 and Ak = ak for k � 2. In this 
ase, we 
anredu
e Eq. (8) to a quadrati
 equation from whi
h weobtain � = (3+p1 + 8=a)=2 whi
h 
an indeed be tunedto any value larger than 2.The GRN model with super-linear 
onne
tion kernels,
 > 1, exhibits a \winner take all" phenomenon, namelythe emergen
e of a single dominant \gel" site whi
h islinked to almost every other site. A parti
ularly singularbehavior o

urs for 
 > 2, where there is a non-zero prob-ability that the initial site is 
onne
ted to every other siteof the graph. To determine this probability, it is 
onve-nient to 
onsider a dis
rete time version pro
ess whereone site is introdu
ed at ea
h step whi
h always links tothe initial site. After N steps, the probability that the2



new site will link to the initial site is N
=(N+N
). Thispattern 
ontinues inde�nitely with probabilityP = 1YN=1 11 +N1�
 : (9)Clearly, P = 0 when 
 � 2 but P > 0 when 
 > 2. Thusfor 
 > 2 there is a non-zero probability that the initialsite 
onne
ts to all other sites.To determine the behavior for general 
 > 1, we needthe asymptoti
 time dependen
e of M
 . To this end, itis useful to 
onsider the dis
retized version of the masterequations Eq. (1), where the time t is limited to integervalues. Then Nk(t) = 0 whenever k > t and the rateequation for Nk(k) immediately leads toNk(k) = (k � 1)
Nk�1(k � 1)M
(k � 1)= N2(2) k�1Yj=2 j
M
(j) : (10)From this and the obvious fa
t that Nk(k) must be lessthan unity, it follows thatM
(t) 
annot grow more slowlythan t
 . On the other hand, M
(t) 
annot grow fasterthan t
 as follows from the estimateM
(t) = tXk=1 k
Nk(t)� t
�1 tXk=1 kNk(t) = t
�1M1(t) (11)Thus M
 / t
 . In fa
t, the amplitude of t
 is unity aswill be derived self-
onsistently after solving for the Nk's.We now use M
 � t
 in the rate equations to solvere
ursively for ea
h Nk. Starting with the equation_N1 = 1 � N1=M
 , the se
ond term on the right-handside is sub-dominant; negle
ting this term gives N1 = t.Continuing this same line of reasoning for ea
h su

essiverate equation gives the leading behavior of Nk,Nk = Aktk�(k�1)
 for k � 1; (12)with Ak =Qk�1j=1 j
=[1+j(1�
)℄. This pattern of behav-ior for Nk 
ontinues as long as its exponent k � (k � 1)
remains positive, or k < 
=(
 � 1). The full behaviorof the Nk may be determined straightforwardly by keep-ing the next 
orre
tion terms in the rate equations. Forexample, N1 = t� t2�
=(2� 
) + : : :.For k > 
=(
 � 1), ea
h Nk has a �nite limiting valuein the long-time limit. Sin
e the total number of 
on-ne
tions equals 2t and t of them are asso
iated with N1,the remaining t links must all 
onne
t to a single sitewhi
h has t 
onne
tions (up to 
orre
tions whi
h growno faster than sub-linearly with time). Consequently theamplitude of M
 equals unity, as argued above.

Thus for super-linear kernels, the GRN undergoes anin�nite sequen
e of 
onne
tivity transitions as a fun
tionof 
. For 
 > 2 all but a �nite number of sites are linkedto the \gel" site whi
h has the rest of the links of thenetwork. This is the \winner take all" situation. For3=2 < 
 < 2, the number of sites with two links growsas t2�
 , while the number of sites with more than twolinks is again �nite. For 4=3 < 
 < 3=2, the number ofsites with three links grows as t3�2
 and the number withmore than three is �nite. Generally for m+1m < 
 < mm�1 ,the number of sites with more thanm links is �nite, whileNk � tk�(k�1)
 for k � m. Logarithmi
 
orre
tions alsoarise at the transition points.The 
onne
tivity distribution leads to an amusing 
on-sequen
e for the most popular node. Its 
onne
tivitykmax is determined by Pk>kmax Nk = 1, that is, there isone node whose 
onne
tivity lies in the range (kmax;1).This 
riterion giveskmax � 8<: (ln t)1=(1�
) 0 � 
 < 1;t1=(��1) asymptoti
ally linear;t super-linear. (13)Sin
e t also equals the total number of sites, we 
an 
om-pare this predi
tion about the most popular site withavailable data from the Institute of S
ienti�
 Informa-tion based on 783,339 papers with 6,716,198 total 
ita-tions (details in Ref. [16℄). Here the most 
ited paperhad 8,904 
itations. This a

ords with the �rst line ofEq. (13) for 
 � 0:86, and also with the se
ond when� � 2:5.In addition to the 
onne
tivity of a site, we also mayask about its age. Within the GRN model, older sitesshould 
learly be more highly 
onne
ted. We quantifythis feature and also determine how the 
onne
tion ker-nel a�e
ts the 
ombined age and 
onne
tivity distribu-tion. Note that our model does not have expli
it agingwhere the 
onne
tion kernel depends on the age of ea
hsite; this feature is treated in Ref. [17℄.Let 
k(t; a) be the average number of sites of age awhi
h have k � 1 in
oming links at time t. Here age ameans that the site was introdu
ed at time t � a. Thequantity 
k(t; a) evolves a

ording to�
k�t + �
k�a = 1M
 [(k � 1)

k�1 � k

k℄ + Æk1Æ(a): (14)The se
ond term on the left-hand side a

ounts for theaging of sites, while the right-hand side a

ounts for the(age independent) 
onne
tion 
hanging pro
esses. Con-sider �rst the linear kernel, Ak = k. Let us fo
us againon the most interesting limit, namely asymptoti
 behav-ior. Then we 
an disregard the initial 
ondition and writeM1(t) = 2t. This transforms Eqs. (14) into� ��t + ��a� 
k = (k � 1)
k�1 � k
k2t + Æk1Æ(a): (15)The homogeneous form of this equation suggests that so-lution should be self-similar. Spe
i�
ally, one 
an seek3



a solution as a fun
tion of the single variable a=t ratherthan two separate variables, 
k(t; a) = fk(a=t). This sim-pli�es the partial di�erential equation (15) into an ordi-nary di�erential equation for fk(x) whi
h 
an be easilysolved. In terms of the original variables of a and t, we�nd 
k(t; a) =r1� at �1�r1� at �k�1 : (16)Noti
e that this age distribution satis�es the normaliza-tion requirement, Nk(t) = R t0 da 
k(t; a). As expe
ted,young sites (those with a=t ! 0) typi
ally have a small
onne
tivity while old sites have large 
onne
tivity. Fur-ther, old sites have a broad distribution of 
onne
tivitiesup to a 
hara
teristi
 number whi
h asymptoti
ally growsas hki � (1�a=t)�1=2 as a! t. These properties and re-lated issues may be worthwhile to investigate in 
itationand other information networks.Similarly, we 
an obtain 
k(t; a) for the GRN modelwith an arbitrary homogeneous 
onne
tion kernel [21℄whi
h grows slower than linearly in k. Assuming a self-similar solution 
k(t; a) = fk(a=t), applying a Lapla
etransform, we �nd a re
ursion relation for f̂k whose so-lution is identi
al in stru
ture to Eq. (4). Although itappears impossible to perform the inverse Lapla
e trans-form in expli
it form for arbitrary k, we 
an 
ompute
k(t; a) for small k; for example, we �nd 
1 = (1�a=t)1=�.The behavior also simpli�es in the large-k limit. Here we�nd that the age of sites with k links is peaked about thevalue ak whi
h satis�esakt ' ( 1� exp��� k1�
1�
 � 
 < 1;1� 12(k+3)(k+4) 
 = 1. (17)This shows how old sites are better 
onne
ted.In summary, we solved for both the 
onne
tivity dis-tribution and the age-dependent stru
ture of the grow-ing random network. The most interesting 
onne
tivityarises in a network with an asymptoti
ally linear 
onne
-tion kernel. Here the number of sites with k 
onne
tionshas the power-law form Nk � k�� , with � tunable to anyvalue in the range 2 < � <1. This a

ords with the 
on-ne
tivity distributions observed in various 
ontemporaryexamples of growing networks.We are grateful to grants NSF INT9600232, NSFDMR9978902, and DGAPA IN112998 for �nan
ial sup-

port. While writing this manus
ript we learned of Ref.[20℄ whi
h overlaps some of our results. We thank J.Mendes for informing us of this work.
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