
Fitness versus Longevity in Age-Stru
tured Population Dynami
sW. Hwang, P. L. Krapivsky, and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA 02215We examine the dynami
s of an age-stru
tured population model in whi
h the life expe
tan
yof an o�spring may be mutated with respe
t to that of the parent. While the total populationof the system always rea
hes a steady state, the �tness and age 
hara
teristi
s exhibit 
ounter-intuitive behavior as a fun
tion of the mutational bias. By analyti
al and numeri
al study of theunderlying rate equations, we show that if deleterious mutations are favored, the average �tness ofthe population rea
hes a steady state, while the average population age is a de
reasing fun
tion ofthe overall �tness. When advantageous mutations are favored, the average population �tness growslinearly with time t, while the average age is independent of �tness. For no mutational bias, theaverage �tness grows as t2=3.I. INTRODUCTIONThe goal of this paper is to understand the role of mu-tations on the evolution of �tness and age 
hara
teristi
sof individuals in a simple age-stru
tured population dy-nami
s model [1℄. While there are many 
lassi
al modelsto des
ribe single-spe
ies population dynami
s [2,3℄, 
on-sideration of age-dependent 
hara
teristi
s is a more re-
ent development [2,4{7℄. Typi
ally, age 
hara
teristi
sof a population are determined by studying rate equa-tions whi
h in
lude age-dependent birth and death rates.Here we will study an extension of age-stru
tured popula-tion dynami
s in whi
h the 
hara
teristi
s of an o�springare mutated with respe
t to its parent. In parti
ular, ano�spring may be more \�t" or less �t than its parent,and this may be re
e
ted in attributes su
h as its birthrate and/or its life expe
tan
y.In our model, we 
hara
terize the �tness of an indi-vidual by a single heritable trait { the life expe
tan
yn { whi
h is de�ned as the average life span of an in-dividual in the absen
e of 
ompetition. This provides auseful �tness measure, as a longer-lived individual hasa higher 
han
e of produ
ing more o�spring throughoutits life span. We allow for either deleterious or advanta-geous mutations, where the o�spring �tness is less thanor greater than that of the parent, respe
tively (Fig. 1).This leads to three di�erent behaviors whi
h depend onthe ratio between these two mutation rates. When ad-vantageous mutation is favored, the �tness distribution ofthe population approa
hes a Gaussian, with the average�tness growing linearly with time t and the width of thedistribution in
reasing as t1=2. Conversely, when delete-rious mutation is more likely, a steady-state �tness distri-bution is approa
hed, with the rate of approa
h varyingas t�2=3. When there is no mutational bias, the �tnessdistribution again approa
hes a Gaussian, but with av-erage �tness growing as t2=3 and the width of the distri-bution again growing as t1=2.In all three 
ases, the average population age rea
hesa steady state whi
h, surprisingly, is a de
reasing fun
-tion of the average �tness. Thus within our model, amore �t population does not lead to an in
reased individ-ual lifetime. Qualitatively, as individuals be
ome more

�t, 
ompetition plays a more prominent role and is theprimary me
hanism that leads to premature mortality.
fitness

n-1

b

age
n

n+1

-b

b+

FIG. 1. S
hemati
 illustration of the model. An individualwith �tness, or intrinsi
 life expe
tan
y n, 
ontinuously ages(horizontal arrow). The heavy dots signify individual birthevents. At ea
h birth event, an o�spring (of age zero) is pro-du
ed, whose intrinsi
 lifetime is either n+1, n, or n�1, withrelative rates b+, b, and b�, respe
tively. The individual dieseither by aging or by 
ompetition (�).In the following two se
tions, we formally de�ne themodel and outline qualitative features of the populationdynami
s. In Se
s. IV-VI, we analyze the three 
ases ofdeleterious, advantageous, and neutral mutational biasesin detail. We 
on
lude in Se
. VII. Various 
al
ulationaldetails are provided in the Appendi
es.II. THE MODELOur model is a simple extension of logisti
 dynami
sin whi
h a population with overall density N(t) evolvesboth by birth at rate b and death at rate 
N . Su
h asystem is des
ribed by the rate equation_N = bN � 
N2; (1)with steady-state solution N1 = b=
. Our age-stru
tured mutation model in
orporates the following ad-ditional features:1. Ea
h individual is endowed with given life ex-pe
tan
y n. This means that an individual has arate of dying whi
h equals 1=n.1



2. Death by aging o

urs at a rate inversely propor-tional to the life expe
tan
y.3. Individuals give birth at a 
onstant rate duringtheir lifetimes.4. In ea
h birth event, the life expe
tan
y of the new-born may be equal to that of its parent, or the lifeexpe
tan
y may be in
reased by or de
reased by 1.The relative rates of these events are b, b+, and b�,respe
tively.Ea
h of these features represent idealizations. Mostprominently, it would be desirable to in
orporate a re-alisti
 mortality rate whi
h is an in
reasing fun
tion ofage [4,7,8℄. However, we argue in Se
. VII that our basi

on
lusions 
ontinue to be valid for systems with realisti
mortality rates.To des
ribe this dynami
s mathemati
ally, we studyCn(a; t), the density of individuals with life expe
tan
yn � 1 and age a at time t. We also introdu
e Pn(t) =R10 Cn(a; t) da, whi
h is the density of individuals withlife expe
tan
y n and any age at time t. Finally, the to-tal population density is the integral of the populationdensity over all ages and life expe
tan
ies,N(t) = 1Xn=1 Z 10 Cn(a; t) da = 1Xn=1Pn(t): (2)A

ording to our model, the rate equation for Cn(a; t)is � ��t + ��a�Cn(a; t) = ��
N(t) + 1n�Cn(a; t): (3)The derivative with respe
t to a on the left-hand side a
-
ounts for the 
ontinuous aging of the population [2,4℄.On the right-hand side, 
NCn is the death rate due to
ompetition, whi
h is assumed to be independent of anindividual's age and �tness. As dis
ussed above, the mor-tality rate is taken as age independent, and the formCn=n guarantees that the life expe
tan
y in the absen
eof 
ompetition equals n. Be
ause birth 
reates individ-uals of age a = 0, the population of newborns providesthe following boundary 
ondition for Cn(0; t),Cn(0; t) = bPn(t) + b+Pn�1(t) + b�Pn+1(t): (4)Finally, the 
ondition P0 = 0 follows from the require-ment that o�spring with zero life expe
tan
y 
annot beborn.III. BASIC POPULATION CHARACTERISTICSLet us �rst study the �tness 
hara
teristi
s of the pop-ulation and disregard the age stru
ture. The rate equa-tion for Pn(t) is found by integrating Eq. (3) over all agesand then using the boundary 
ondition Eq. (4) to give

dPndt = �b� 
N � 1n�Pn + b+Pn�1 + b�Pn+1: (5)This des
ribes a random-walk-like pro
ess with state-dependent hopping rates in the one-dimensional �tnessspa
e n. Noti
e the hidden non-linearity embodied by theterm 
NPn, sin
e the total population density N(t) =Pn Pn(t). From Eq. (5), we �nd that N(t) obeys a gen-eralized logisti
 equationdNdt = (b+ b+ + b� � 
N)N � 1Xn=1 Pnn � b�P1: (6)
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e thatunderlies the behavior of Pn. The term (b� 
N � 1n )Pn < 0represents a state-dependent population loss (dashed arrows)whi
h de
reases for larger n.The three di�erent dynami
al regimes outlined in theintrodu
tion are 
hara
terized by the relative magnitudesof the mutation rates b+ and b�. The main features ofthese regimes are:� Sub
riti
al 
ase. Here b+ < b�, or deleteriousmutations prevail. The �tness of the populationeventually rea
hes a steady state.� Criti
al 
ase. Here b+ = b�, or no mutationalbias. The average �tness of the population grows ast2=3 and the width of the �tness distribution growsas t1=2.� Super
riti
al 
ase. Here b+ > b�, or advanta-geous mutations are favorable. The average �tnessgrows linearly in time and the width of the �tnessdistribution still grows as t1=2.In all three 
ases, the total population density N andthe average age A, de�ned byA = 1N 1Xn=1 Z da aCn(a) (7)saturate to �nite values. The steady state values of Nand A may be determined by balan
e between the totalbirth rate B � b+ b++ b� and the death rate 
N due toover
rowding. For example, in the 
riti
al and super
rit-i
al 
ases, there are essentially no individuals with small�tness, so that the last two terms in Eq. (6) may be ne-gle
ted. Then the steady-state solution to this equationis simply2



N = B
 : (8)This statement also expresses the obvious fa
t that in thesteady state the total birth rate B must balan
e the totaldeath rate 
N . (For �t populations, the death rate dueto aging is negligible.) Similarly, the average age maybe inferred from the 
ondition it must equal the averagetime between death events. ThusA = 1
N = 1B : (9)The behavior of the average age in the sub
riti
al 
ase ismore subtle and we treat this 
ase in detail in the se
tionfollowing. IV. THE SUBCRITICAL CASEWhen deleterious mutations are favored (b� > b+), therandom-walk-like master equation for Pn 
ontains boththe mutational bias towards the absorbing boundary atthe origin, as well as an e�e
tive positive bias due to the1=n term on the right-hand side of Eq. (5). The balan
ebetween these two opposite biases leads to a stationarystate whose solution is found by setting _Pn = 0 in Eq. (5).To obtain this steady state solution, it is 
onvenient tointrodu
e the generating fun
tionF (x) = 1Xn=1Pn xn�1: (10)Multiplying Eq. (5) by xn�1 and summing over n gives0 = (b� 
N)F � 1Xn=1 Pnn xn�1 + b+xF + b��Fx � P1� :(11)The term involving Pn=n is simpli�ed by using1Xn=1 Pnn xn�1 = 1x Z x0 F (y) dy: (12)Multiplying Eq. (11) by x and di�erentiating with respe
tto x givesF 0(x)F (x) = 
N � b+ 1� 2b+xb+x2 � (
N � b)x+ b� ; (13)where the prime denotes di�erentiation.As in the 
ase of the master equation for Pn, this dif-ferential equation for F has a hidden indetermina
y, asthe total population density N = F (x = 1) appears onthe right-hand side. Thus an integration of Eq. (13),subje
t to the boundary 
ondition F (1) = N , a
tuallygives a family of solutions whi
h are parameterized by thevalue of N . While the family of solutions 
an be obtained

straightforwardly by a dire
t integration of Eq. (13), onlyone member of this family is the 
orre
t one. To deter-mine this true solution, we must invoke additional argu-ments about the physi
ally realizable value of N for agiven initial 
ondition.An upper bound for N may be found from the steady-state version of Eq. (6),(B � 
N)N = 1Xn=1 Pnn + b�P1: (14)Sin
e the right-hand side must be non-negative, this pro-vides the bound 
N < B. On the other hand, we mayobtain a lower bound for N by 
onsidering the masterequation for Pn in the steady state. For n ! 1, wemay negle
t the Pn=n term in Eq. (5) and then solve theresulting equation to give Pn = A+�n+ + A��n�, where�� = h
N � b�p(
N � b)2 � 4b+b�i =2b�: (15)For Pn to remain positive, �� should be real. Hen
e werequire 
N > b + 2pb+b�. We therefore 
on
lude thatN must lie in the rangeb+ 2pb+b� � 
N < B: (16)While the foregoing suggests that N lies within a �niterange, we �nd numeri
ally that the minimal solution,whi
h satis�es the lower bound of Eq. (16), is the onethat is generally realized (Fig. 3). This sele
tion phe-nomenon is reminis
ent of the 
orresponding behaviorin the Fisher-Kolmogorov equation and related rea
tion-di�usion systems [2℄, where only the extremal solution issele
ted from a 
ontinuous range of a priori solutions.

0.0 0.5 1.0 1.5 2.0
µ

0.0

0.2

0.4

0.6

0.8

1.0

1.2

N

FIG. 3. Minimal steady state value of the total density Nversus mutational bias � =pb+=b�. Here 
 = 1, b = 0, andb+ + b� = 1, so that the total birth rate B = b+ b+ + b� is�xed. For � > 1, N sti
ks at the value of unity.3



To understand the nature of this extremal solution inthe present 
ontext, noti
e that with the bounds on Ngiven in Eq. (16), �+ lies within the range [�; 1), where� �sb+b� (17)is the fundamental parameter whi
h 
hara
terizes themutational bias. Consequently the steady-state �tnessdistribution de
ays exponentially with n, namely Pn ��n+. When the total population density attains the min-imal value Nmin = (b + 2pb+b�)=
, �+ also a
hievesits minimum possible value �min+ = �, so that the �t-ness distribution has the most rapid de
ay in n forthe minimal solution. Based on the analogy with theFisher-Kolmogorov equation [2℄, we infer that there aretwo distin
t steady-state behaviors for Pn as a fun
tionof the initial 
ondition Pn(0). For any Pn(0) with ei-ther a �nite support in n or de
aying at least as fastas �n, the extremal solution Pn � �n is approa
hedas t ! 1. Conversely, for initial 
onditions in whi
hPn(0) de
ays more slowly than �n, for example as �n,with � in the range (�; 1), the asymptoti
 solution alsode
ays as �n. Correspondingly, Eq. (5) in the steadystate predi
ts a larger than minimal population densityN = (b+ b��+ b+��1)=
.
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FIG. 4. N(t) versus t�2=3 in the sub
riti
al 
ase for b = 0,b+ = 1, b� = 2, and 
 = 0:5 for the initial 
ondi-tions: (i) Pn(t = 0) = 0:1 for 1 � n � 10 (Æ), (ii)Pn(0) = �n, with � = (1 + �)=2 (�), and (iii) Pn(0) = 1=n2for (r). Asymptoti
ally, the data for N(t) approa
h therespe
tive theoreti
al values of Nmin = 4p2 � 5:6568,N(1) = (2� + ��1)=
 � 5:7574, and N(1) = B=
 = 6.The rate of approa
h is t�2=3 in the �rst 
ase and faster thant�2=3 in the latter two 
ases. These 
al
ulations use the fullma
hine pre
ision of 10�308.We also �nd that the extremal and the non-extremalsolutions exhibit di�erent relaxations to the steady state.For those initial 
onditions whi
h evolve to the extremalsolution, the deviation of N and indeed ea
h of the Pn

from their steady state values de
ay as t�2=3, while for allother initial 
onditions, the relaxation to the steady stateappears to follow a t�1 power law de
ay. The power-lawapproa
h to the steady state is surprising, sin
e the over-all density obeys a logisti
-like dynami
s, _N = bN�
N2,for whi
h the approa
h to the steady state is exponential.These results are illustrated in Fig. 4 whi
h shows theasymptoti
 time dependen
e of N(t) based on a numer-i
al integration of Eq. (5) with the fourth-order Runge-Kutta algorithm [9℄. The demonstration of the t�2=3 re-laxation to the extremal solution relies on a 
orrespon-den
e to the transient behavior in the 
riti
al 
ase. Thisis presented in Appendix B.
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FIG. 5. Behavior of N(t) versus t�2=3 for pre
ision equal to10�100, 10�150, 10�200, 10�250, and 10�308 (bottom to top)for the 
ase b+ = 16, b� = 1, b = 0, and 
 = 0:5. In the limitof in�nite pre
ision N(t)! 16 as t!1.A dis
on
erting feature of the numeri
al 
al
ulation forN(t) is the small disagreement between the numeri
allyobserved values of the steady-state population densityand the expe
ted theoreti
al predi
tion (Fig. 5). This dis-
repan
y arises from the �nite 
omputer pre
ision whi
h
auses very small values of Pn to be set to zero. To 
on-�rm this, we 
hanged the 
omputer pre
ision from 10�100to the full ma
hine pre
ision of 10�308 (Fig. 5). As thepre
ision is in
reased,N saturates to progressively highervalues and approa
hes the theoreti
al predi
tion. A sim-ilar pre
isions-dependent phenomenon has been observedin the 
ontext of traveling Fisher-Kolmogorov wave prop-agation [10,11℄.For the relevant situation where the density N takesthe minimal value, we may rewrite Eq. (13) asF 0F = 2�1� �x + 1b�(1� �x)2 (18)Integrating from x = 1 to x and using F (1) = N givesF (x) = N � 1� �1� �x�2 exp� 1b�� � 11� �x � 11� ��� :(19)4



One 
an now formally determine Pn by expanding F (x)in a Taylor series. For example,P1 = N(1� �)2 exp�� 1b�(1� �)� ;P2 = N(1� �)2 �2�+ 1b�� exp�� 1b�(1� �)� :For many appli
ations, however, there is no need to dealwith these unwieldy expressions. As we now dis
uss, theoverall �tness or age 
hara
teristi
s of the population 
anbe obtained dire
tly from the generating fun
tion with-out using the expli
it formulae for the Pn.A. Fitness 
hara
teristi
sConsider the average �tness of the populationhni = 1N 1Xn=1nPn; (20)whi
h 
an be expressed in terms of the generating fun
-tion as hni = 1N dFdx ����x=1 + 1: (21)From Eq. (19) we thereby obtain the average �tnesshni = 2�1� � + 1b�(1� �)2 + 1: (22)As one might anti
ipate, the average �tness diverges as� ! 1 from below, 
orresponding to the population be-
oming mutationally neutral. To determine the disper-sion of the �tness distribution we make use of the relationhn(n� 1)i = 1N 1Xn=1n(n� 1)Pn = 1N d2(xF )dx2 ����x=1: (23)Substituting Eqs. (19) and also Eq. (22) then giveshn2i = 1 + 6�(1� �)2 + 3(1 + �)b�(1� �)3 + 1b2�(1� �)4 :Thus the dispersion �2 = hn2i � hni2 in the �tness dis-tribution is �2 = 2�(1� �)2 + �+ 1b�(1� �)3 : (24)As the mutational bias vanishes, � ! 1, the average �t-ness and the dispersion diverge as hni ' b�1� (1 � �)�2and � ' p2=b�(1 � �)�3=2. Thus these two momentsare related by � � hni3=4. As we shall see in Se
. VI,this basi
 relation 
ontinues to hold in the 
riti
al 
ase.

B. Age 
hara
teristi
sIn the steady state, we solve Eq. (3) to give the 
on-
entration of individuals with age a and �tness nCn(a) = Pn�
N + 1n� exp ���
N + 1n� a� : (25)The average age of the population isA = 1N 1Xn=1 Z 10 da aCn(a)= 1N 1Xn=1 Pn
N + n�1 ; (26)where the se
ond line is obtained by using Eq. (25). Thisexpression 
an be rewritten dire
tly in terms of the gen-erating fun
tion by �rst noti
ing thatZ 10 x�F (x) dx = Z 10 1Xn=1Pnxn+��1 dx= 1Xn=1 Pnn+ � : (27)Thus we re-express Eq. (26) in a form whi
h allows usto exploit Eq. (27). After several elementary steps, weobtainA = 1
N � 1N 1(
N)2 1Xn=1 Pnn+ (
N)�1= 1
N � 1N 1(
N)2 Z 10 dx x 1
N F (x): (28)
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FIG. 6. Average age A of the steady state population ver-sus mutational bias � = pb+=b�. The total birth rateB = b + b+ + b� is held �xed throughout, with b = 0,b+ + b� = 1, and 
 given by the extremal steady-state so-lution 
N = b + 2pb+b�. For � > 1, the average age sti
ksat the value of unity, while for �! 0, A! 2.5



This expression should be 
ompared with the resultfor the 
riti
al and super
riti
al 
ases, namely A =(
N)�1 = B�1 (see Eq. (9)). In the sub
riti
al 
ase,
N < B and the above two expressions Amin = B�1 andAmax = (
N)�1 provide lower and upper bounds for theaverage age. This is proved in Appendix A. Fig. 6 showsthe surprising feature of Eq. (28) that the average age de-
reases as the population gets �tter! We also see that theaverage age of the least �t population (� ! 0) is twi
ethat of the in
reasingly �t populations in the 
riti
al andsuper
riti
al 
ases. We now demonstrate this fa
t. Toprovide a fair 
omparison we take the total birth raterate to be equal to unity in both 
ases and also 
hooseb = 0 for simpli
ity. For �t populations (
riti
al and su-per
riti
al 
ases), the average age is simply A = B�1 = 1.For the least �t population � ! 0, and 
orrespondinglyN ! 0. In this limit, we may write Eq. (26) as,A = 1N 1Xn=1 Pn
N + n�1 � 1N 1Xn=1nPn = hni: (29)On the other hand, from Eq. (22) we havehni � 1 + 1b� � 2: (30)The relation A = hni is natural for the least �t popula-tion, as the total density is small and 
ompetition amongindividuals plays an insigni�
ant role. Thus the averageage may be found by merely averaging the intrinsi
 lifeexpe
tan
y of the population. Intriguingly, in this limitthe average individual in the least �t population livestwi
e as long as individuals in relatively �t populations.It is also worth noting that in the limit of a minimally�t population (� ! 0) we 
an expand the generatingfun
tion in Eq. (19) systemati
ally. We thereby �ndthat the density Pn exhibits a super-exponential de
ay,Pn = Ne�1=(n� 1)!.V. THE SUPERCRITICAL CASEWhen advantageous mutations are favored, the mas-ter equation for Pn, Eq. (5), 
an be viewed as a randomwalk with a bias towards in
reasing n. Be
ause there isno me
hanism to 
ounterbalan
e this bias, the average�tness grows without bound and no steady state exists.As in the 
ase of a uniformly biased random walk on asemi-in�nite domain, the distribution of �tness be
omesrelatively lo
alized in �tness spa
e, with the peak drift-ing towards in
reasing n with a velo
ity V = b+ � b�.Sin
e the �tness pro�le is non-zero only for large n inthe long time limit, it is appropriate to adopt 
ontinuumapproa
h. We therefore treat n as 
ontinuous, and derivethe 
ontinuum limits of Eqs. (5) and (6). For the timeevolution of the �tness distribution P (n; t), we obtain theequation of motion

� ��t + V ��n�P = �B � 
N � 1n�P +D�2P�n2 : (31)This is just a 
onve
tion-di�usion equation, supple-mented by a birth/death term. Here the di�eren
e be-tween advantageous and deleterious mutations providesthe drift velo
ity V = b+� b�, and the average mutationrate D = (b++b�)=2 plays the role of di�usion 
onstant.For the total population density we obtaindNdt = (B � 
N)N � Z 10 dn P (n; t)n : (32)To determine the asymptoti
 behavior of these equa-tions, we use the fa
t that the �tness distribution be-
omes strongly lo
alized about a value of n whi
h in-
reases as V t. Thus we repla
e the integral in Eq. (32)by its value at the peak of the distribution, N=V t. Withthis 
rude approximation, Eq. (32) be
omesdNdt = �B � 
N � 1V t�N: (33)Thus we 
on
lude that the density approa
hes its steadystate value as 
N ! B � 1V t : (34)This provides both a proof Eq. (8), as well as the rate of
onvergen
e to the steady state.We now substitute this asymptoti
 behavior for thetotal population density into Eq. (31) to obtain� ��t + V ��n�P = � 1V t � 1n�P +D�2P�n2 : (35)Noti
e that the birth/death term on the right hand sideis negative (positive) for subpopulations whi
h are less(more) �t than average �tness V t. This birth/death termmust also be zero, on average, sin
e the total populationdensity saturates to a 
onstant value. Moreover, thisterm must be small near the peak of the �tness distri-butions where n � V t. Thus as a simple approximation,we merely negle
t this birth/death term and 
he
k thevalidity of this assumption a posteriori. This transformsEq. (35) into the 
lassi
al 
onve
tion-di�usion equationwhose solution isP (n; t) = Np4�Dt exp�� (n� V t)24Dt � : (36)This basi
 results implies that the �tness distribution in-deed is a lo
alized peak, with average �tness growinglinearly in time, hni = V t, and width growing di�u-sively, � = p2Dt. We now 
he
k the validity of drop-ping the birth/death term in Eq. (35). Near the peak,jn � V tj � pDt, so that the birth/death term is of or-der t�3=2 � P . On the other hand, the other terms in6



Eq. (35) are of order t�1 �P , thus justifying the negle
tof birth/death term.We now turn to the age 
hara
teristi
s. Asymptoti-
ally, the density of individuals with given age and �t-ness 
hanges slowly with time be
ause the overall densityrea
hes a steady state. Consequently, the time variablet is slow while the age variable a is fast. Physi
ally this
ontrast re
e
ts the fa
t that during the lifetime of anindividual the 
hange in the overall age 
hara
teristi
s ofthe population is small. Thus in the �rst approximation,we retain only the age derivative in Eq. (3). We alsoignore the term Cn=n, whi
h is small near the peak ofthe asymptoti
 �tness distribution. Solving the result-ing master equation and using the boundary 
ondition ofEq. (4) we obtainCn(a; t) ' Pn(t)
N e�
Na= 
N2p4�Dt exp ��
Na� (n� V t)24Dt � : (37)Integrating over the �tness variable, we �nd that the agedistribution C(a; t) = R dnCn(a; t) has the stationaryPoisson form C(a) = 
N2 e�
Na: (38)From this, the average age is A = (
N)�1 = B�1 inagreement with Eq. (9). As dis
ussed in Se
. III B, thesurprising 
on
lusion is that the average age in the super-
riti
al 
ase is always smaller than that in the sub
riti
al
ase. VI. THE CRITICAL CASEWe now 
onsider the 
riti
al 
ase where the rates of ad-vantageous and deleterious mutations are equal. Withoutthe 1=n term and with 
N � b = b+ + b�, Eq. (5) be-
omes the master equation for an unbiased random walkon the semi-in�nite range n � 0. Due to the 1=n term,the system has a bias towards in
reasing n whi
h van-ishes as n!1 (see Fig. 2). Thus we anti
ipate that theaverage �tness will grow faster than t1=2 and slower thant. Hen
e we 
an again employ the 
ontinuum approa
hto a

ount for the evolution of the Pn. In this limit, the
orresponding master equation for P (n; t) be
omes�P�t = �B � 
N � 1n�P +D�2P�n2 : (39)Numeri
ally, we �nd hni � t2=3, while the dispersion stillgrows as t1=2, that is, as � � pt. Thus these two quanti-ties are related by � � hni3=4, as derived analyti
ally forthe sub
riti
al 
ase.To provide a more quantitative derivation of the aboves
aling laws for hni and �, as well as to determine the�tness distribution itself, we examine the equation forP (n; t). First note that the total population density still

obeys Eq. (32), as in the super
riti
al 
ase. Under theassumption that the �tness distribution is relatively nar-row 
ompared to its mean position, a result whi
h wehave veri�ed numeri
ally, we again estimate the integralon the right-hand side of Eq. (32) to be of the order ofN=hni. This leads to
N ! B � 1hni : (40)Substituting this into Eq. (39) yields�P�t = � 1hni � 1n�P +D�2P�n2 : (41)Given that the peak of the distribution is lo
ated nearn � hni, it proves useful to 
hange variables from (n; t) tothe 
omoving 
o-ordinates (y = n � hni; t) to determinehow the peak of the distribution spreads. We thereforewrite the derivatives in the 
omoving 
oordinates��t = ��t ����
omov:� dhnidt ��y ; ��n = ��y ;and expand the birth/death term in powers of the devi-ation y = n� hni1hni � 1n = yhni2 � y2hni3 + : : :Now Eq. (41) be
omes�P�t � dhnidt �P�y = yhni2 P � y2hni3 P +D�2P�y2 : (42)Let us �rst assume that the average �tness grows fasterthan di�usively, that is, hni � pt. With this assump-tion, the dominant terms in Eq. (42) aredhnidt �P�y = � yhni2 P: (43)These terms balan
e when hni(ty)�1 � yhni�2. Usingthis s
aling and balan
ing the remaining sub-dominantterms in Eq. (42) gives y � pt. The 
ombination ofthese results yields hni � t2=3. This justi�es our initialassumption that hni � pt. Now we write hni = (ut)2=3,with u of order unity, to simplify Eq. (43) to�P�y = � 3y2u2t P: (44)In terms of n = y + hni the solution isP (n; t) = Nr 34�u2t exp(�3 �n� (ut)2=3�24u2t ) : (45)Thus the �tness distribution is again Gaussian, as in thesuper
riti
al 
ase, but with the average �tness growingas hni = (ut)2=3. Finally, we determine u = p3D by7



substituting hni = (ut)2=3 in Eq. (42) and balan
ing thesub-dominant terms.The age distribution in the 
riti
al 
ase 
an be ob-tained in similar manner as in the super
riti
al 
ase. Theapproximations that were invoked to determine the agedistribution in the super
riti
al 
ase still apply. Conse-quently, the asymptoti
 form for Cn(a) is still given byEq. (37), and this gives the same expression for C(a) af-ter integrating over n, as in Eq. (38). Hen
e the averageage is again B�1, as in Eq. (9).VII. SUMMARY AND DISCUSSIONWe have introdu
ed an age-stru
tured logisti
-like pop-ulation dynami
s model, whi
h is augmented by �tnessmutation of o�spring with respe
t to their parents. Here�tness is quanti�ed by the life expe
tan
y n of an individ-ual. We found unusual age and �tness evolution in whi
hthe overall mutational bias leads to three distin
t regimesof behavior. Spe
i�
ally, when deleterious mutations aremore likely, the �tness distribution of the population ap-proa
hes a steady state whi
h is an exponentially de
ay-ing fun
tion of �tness. When advantageousmutations arefavored or when there is no mutational bias, a Gaussian�tness distribution arises, in whi
h the average �tnessgrows as hni = V t and as hni = (3D)1=3t2=3, respe
tively.Paradoxi
ally, the average age of the population ismaximal for a 
ompletely un�t population. Conversely,individuals are less long-lived for either positive or no mu-tational bias, even though the average �tness in
reasesinde�nitely with time. That is, a 
ontinuous \rat-ra
e"towards in
reased �tness leads to a de
rease in the aver-age life span. As individuals be
ome �t, in
reased 
om-petition results in their demise well before their intrinsi
lifetimes are rea
hed. Thus within our model, an in
reasein the average �tness is not a feature whi
h promoteslongevity.Our basi
 
on
lusions should 
ontinue to hold for themore realisti
 situation where the mortality rate in
reaseswith age [4,7,8℄. The 
ru
ial point is that old age isunattainable within our model, even if individuals arein�nitely �t. When the mutational bias is non-negative,old age is unattainable due to keen 
ompetition among

�t individuals, while if deleterious mutations are favored,age is limited by death due to natural mortality. In ei-ther 
ase, there are stringent limits on the life expe
tan
yof any individual. To in
lude an age-dependent mortal-ity into our model, we may write the mortality termfn(a)Cn(a; t) instead of n�1Cn(a; t) in Eq. (3), wherefn(a) is the mortality rate for individuals of age a. Sim-ilarly, the term n�1Pn in Eq. (5) should be repla
ed byR dafn(a)Cn(a; t). However, these generalized terms playno role for large n, sin
e fn(a) is a de
reasing fun
tion ofn and old age is unattainable.We gratefully a
knowledge partial support from NSFgrant DMR9632059 and ARO grant DAAH04-96-1-0114.
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N)�1, follows immediately from Eq. (28), so we just prove A > Amin. We haveAmin = B�1 = 1b+ b�(1 + �2)A = 1b+ 2b�� � 1(b+ 2b��)2 Z 10 dx x 1b+2b�� � 1� �1� �x�2 exp� 1b�� � 11� �x � 11� ��� :Using these expressions and performing elementary transformations we redu
e the inequality A > Amin to8



Z 10 dxb�(1� �x)2 x 1b+2b�� exp� 1b�� � 11� �x � 11� ��� < b+ 2b��b+ b�(1 + �2) : (A1)Let us now introdu
e the variable v = � 1b�� � 11� �x � 11� �� ; (A2)so that dv = dx=b�(1� �x)2, whi
h varies in the range [0; V ℄, with V = 1b�(1��) . This simpli�es Eq. (A1) toZ V0 dv e�v � 1� V �1v1� V �1�v � 1b+2b�� < b+ 2b��b+ b�(1 + �2) : (A3)We now use the inequality �1� p1� q �� < e(q�p)� (A4)whi
h holds for 0 < q < p < 1 and � > 0. This inequality is readily proven by taking the logarithm on both sides andusing the expansion ln(1� u) = �Pk�1 uk=k. Now we apply Eq. (A4) to the integrand in (A3) and then repla
e theupper limit V in the integral by 1 to giveZ V0 dv e�v � 1� V �1v1� V �1�v� 1b+2b�� < Z V0 dv exp��v � v b�(1� �)2b+ 2b�� �< Z 10 dv exp��v b+ b�(1 + �2)b+ 2b�� �= b+ 2b��b+ b�(1 + �2) :This 
ompletes the proof.The lower bound Amin turns out to be very a

urate in the 
ase when mutations are slightly deleterious. To seethis let us write b+ = 1; b� = (1+ �)2, where �� 1. Repla
ing x by the transformed variable v = ��1 � (1 + �� x)�1re
asts the integral Eq. (28) as �2 Z 1�(1+�)0 dv e�v �1� �2v1� �v� 1b+2+2� : (A5)We now expand the integrand,�1� �2v1� �v� 1b+2+2� = 1� �2vb+ 2 + 2� � �3v2b+ 2 + 2� +O(�4);repla
e the upper limit in the integral Eq. (A5) by 1, and 
ompute the resulting simple integrals expli
itly to obtaina series expansion in � for the average age. Together with analogous expansions for Amax and A we haveAmax = 1b+ 2 + 2�Amin = Amax � �2(b+ 2 + 2�)2 + �4(b+ 2 + 2�)3 +O(�6)A = Amax � �2(b+ 2 + 2�)2 + �4(b+ 2 + 2�)3 + 2�5(b+ 2 + 2�)3 +O(�6): (A6)Thus the di�eren
e between the exa
t value and Amin is of order �5.
9



APPENDIX B: TRANSIENT BEHAVIOR OF THE TOTAL DENSITYNumeri
ally, we found that in the sub
riti
al 
ase the total population density approa
hes the steady state valueN1 = (b + 2pb+b�)=
 from below with a deviation that vanishes as t�2=3. We now explain this behavior by
onstru
ting a mapping between this transient behavior in the sub
riti
al 
ase and the transient behavior in the 
riti
al
ase. We start with the basi
 rate equation, Eq. (5). We may remove the term 
NPn through the transformationQn(t) = Pn(t) exp�
 Z t0 dt0N(t0)� ; (B1)whi
h simpli�es Eq. (5) to dQndt = �b� 1n�Qn + b+Qn�1 + b�Qn+1: (B2)Next, the steady state behavior Pn � �n suggests repla
ing the Qn by Rn(t) = ��nQn(t). This also removes theasymmetry in the birth terms and givesdRndt = �b� 1n�Rn + b�(Rn�1 +Rn+1); (B3)where we use the shorthand notation b� =pb+b�.One 
annot use the 
ontinuum approximation to determine the steady-state solutions for Pn or Qn. However, the
ontinuum approximation is appropriate for the Rn. Then Eq. (B3) redu
es to�R�t = �b+ 2b� � 1n�R+ b� �2R�n2 ; (B4)whi
h is very similar to Eq. (41). Hen
e we expe
t that the distribution of Rn is peaked around hni ' (3b�)1=3t2=3.It proves 
onvenient to make this s
aling manifest. To this end we 
hange variables on
e more,Sn(t) = Rn(t) exp(�(b+ 2b�)t+�9tb��1=3) ; (B5)to get �S�t = � 1hni � 1n�S + b� �2S�n2 : (B6)Repeating the pro
edure of Se
. V we determine the asymptoti
 solution to Eq. (B6) asSn(t) � 1p4�b�t exp�� (n� hni)24b�t � : (B7)To �nd the asymptoti
s of the total population density let us 
ompute PQn(t). First, (B1) 
an be expressed as1Xn=1Qn(t) = N(t) exp�
 Z t0 dt0N(t0)� : (B8)On the other hand, 1Xn=1Qn(t) = 1Xn=1�nRn(t) = exp((b+ 2b�)t��9tb��1=3) 1Xn=1�nSn(t): (B9)In the last sum, the fa
tor �n suggests that only terms with small n 
ontribute signi�
antly. Although the asymptoti
expression (B7) is formally justi�ed only in the s
aling region, where jn � hnij � pb�t, the 
ontinuum approa
htypi
ally provides a qualitatively 
orre
t des
ription even outside this region. Therefore we take Eq. (B7) to estimateSn for small n. We �nd 10



1Xn=1�nSn(t) � exp(�C �9tb��1=3) ; (B10)where we use hni � t2=3, as in the 
riti
al 
ase, and C is a 
onstant. By substituting Eq. (B10) into Eq. (B9) weobtain 1Xn=1Qn(t) � exp((b+ 2b�)t� (1 + C)�9tb��1=3) : (B11)Combining Eqs. (B8) and (B11) we arrive at the asymptoti
 expansion
 Z t0 dt0N(t0) = (b+ 2b�)t� (1 + C)�9tb��1=3 + : : : ; (B12)whi
h implies 
N(t) = b+ 2b� � 
onst� t�2=3 + : : : (B13)
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