Evolutionary dynamics on degree-heterogeneous graphs
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The evolution of two species with fiierent fitness is investigated on degree-heterogeneoufisgraphe
population evolves either by one individual dying and beieglaced by the fispring of a random neighbor
(voter model (VM) dynamics) or by an individual giving birth an dfspring that takes over a random neighbor
node (invasion process (IP) dynamics). The fixation prdiigtior one species to take over a populationNbf
individuals depends crucially on the dynamics and on thalleavironment. Starting with a single fitter mutant
at a node of degrele the fixation probability is proportional tofor VM dynamics and to Ak for IP dynamics.

PACS numbers: 87.23.Kg, 05.40.-a, 02.50.-r, 89.75.-k

In this letter, we investigate the likelihood for fitter mota
to overspread an otherwise uniform population on heteroge-
neous graphs by evolutionary dynamics. Such a process un-
derlies epidemic propagation [1], emergence of fads [2], so 1/}2/\(1—3)/2 1%&-5)/7 W/\(i—S)/S
cial cooperationl|3], or invasion of an ecological niche by a e ®© 00O & O—0 ®—-® OO

new specied [4./5) 6]. At each update event, two individuals
from a total populatiorN are chosen at random. One indi-
vidual replicates while the other dies and is replaced by theG. 1: Update illustration for two specific nodes. Geno/fand
newly-born dfspring, so thaN remains constant. A selective 1 are denoted by ande respectively. Shown are the possible tran-
advantage, or fitness, also exists in which each each individsitions and their respective relative rates due to theawst@n of two
ual may be a unit-fitness genotyper genotype with lower ~ nodes across a link for LD, VM, and IP dynamics.

fitness 1- s, with 0 < s < 1. These fithesses determine the

replication or death rates of each individual. This selecid- i . ,
on degree-regular graphs; moreover, as we will show, the fix-

vantgge leads to a dynammgl compguuon in which Se.lecmr}:\tion probability in LD can be obtained exactly, indepertden
dominates for large populations, while random genetict drif

~¥r . : of the underlying graph. However, essentidfeliences arise
[[@, 18] occurs for small populations or weak selection. .
; . o on degree-heterogeneous networks [11] 12, 13] that may lead
We consider three evolutionary models, distinguished by o o )
. . L . . to an enhancement of the fixation probability, as discovered
the order in which a pair individuals replicate and die: .
. . . L previously for the IPL[6]. Here we cast LD, VM, and IP on
Biased Link Dynamics (LD): A link is selected at ran- degree-heterogeneous graphs within the same unifyingefram
dom. If the individuals at the link ends arefidrent, one g g grap

of them is designated as the “donor” with probability pro- work to understand the interplay between selection and ran-

portional to its fithess. The replicate of the donor then re—dom drift on the fixation probability. By this approach, we

L . o show that on degree-heterogeneous graphs the best strategy
\F/)vlﬁicl:ssioﬂf géhﬁaﬁnsggs:g:ig (;S)lzl (\'/:\/;;hﬂp;robablhty y2 reach fixation with VM dynamics is for the fitter genotype to

Biased Voter Model (VM):An individual dies with prob- be on high-degree nodes. Conversely, for IP dynamics, it is

o . e . best for the fitter genotype to be on low-degree nodes.
ability inversely proportional to its fitness, and is theplezed We first study the evolution in VM dynamics. We symbol-
by the dfspring of a randomly-chosen neighbor. Equivalently,. :
death doml d repl £ tionakt th|cally represent the state of the systemsnbyin an elemental
f.gzssog?l:;zrggngr ﬁn.ﬁze%?gﬁ]fﬁe'iﬂobpor 'Odn;no atime interval st we choose a random node If the geno-

' domliv-ch ' i ' 'F:h bability 1 r?{lu‘t)h fl't-g type at this node at timg denoted ag'(x), equals0, then
rahdomly-chosen geno y;ﬁ)_a/vl probabliity £, while the i nodex is updated by choosing a random neighpand set-
ter genotypd is updated with a probability 2 s. Each indi-

; (t+6t) _ it ; et —

vidual in this death-firgbirth-second process can equivalently ting " (.X) 70) (F|g.[_Z|l). Howe\{e_zr ihr'(x) , L the VM

. - update is implemented with probability-Is. This update rule
be viewed as a voter that adopts the opinion of a randomly- :

. can be written as
selected neighborl[9, 10,111].
Biased Invasion Process (IP): In this birth-
first/death-second process, a randomly-chosen individua
replicates with probability proportional to its fithess,daits
offspring then replaces an individual at a randomly-chosemwheren, denotes the state obtained franby changing only
neighboring node.[4, 5] 8]. the genotype at node The first term describes the update
One genotype ultimately replacing all other genotypes irstep for the case wherg(§), n(y)) = (0, 1) andx,y are con-

the population is termed fixation. An important, and easilynected. Each of the nearest neighbpof x may be selected
checked fact is that these evolutionary models are equivale with probability Ay /ks. Here Ay is the adjacency matrix

(LD) (VM) (IP)

A
Plr—md = 2, jetil=n(1n0) + (1= 9n(L-n()]} @)
y X



whose elements equal 1 Xy are connected and zero other- The former is the exact discrete solution@b = 0 on a finite
wise. The second term in Eq (1) is explained analogously. network, while the latter continuum limit represents thkiso

For degree-heterogeneous graphs, the depgitf geno-  tion to G® = 0 in the difusion approximation. These results
typel at nodes of degrdeincreases by Nk with probability  apply for all three models on degree-regular graphs and for
Fk(n) and decreases by Nl with probabilityBk(s) in an ele- LD on general graphs.

mental update, where For degree-heterogeneous graphs, the conserved quantity
1 for neutral dynamicsq = 0) is the average degree-weighted
/ H l’ _ .
Fe(n) = N Z Agl1 = n(x)]n(y) densityw [11, 1‘_]1, where the deg;ee weighted moments are
xy
2 wn=— > Kn(x¥)=— > K'ngx, 7
@ " Nﬂn;xn() #n; Wk )

1-sv
Bin) = g 2, AwnOILL = n(y)]
Xy while the overall density of genotypel is no longer con-

_ served. The existence of this new conservation law suggests
are the forward@ — 1) and backwardX — 0) evolutionrates. 4t e study the time evolution of the expectation value of

The primes on the sums denote the restriction that the degrt;g1 which we henceforth denote asfor notational simplicity.
of nodesx equalsk. The sum over alk then gives the total Sincew(ny) = w() + ke(L - 27(X))/u1N

transition rate of Eq[J1). We seek the fixation probabiity 1

to the state consisting entirely of genotypas a function of ow = = ) [wx) —w)]Pln — 0
the initial densities oll. This probability obeys the backward ot 4

Kolmogorov equatiorc® = 0 [|14], subject to the boundary _ S B _
conditions®(0) = 0 and®(1) = 1. In the difusion approxi- N ;;Axyn(x)(l ny) = s (®)
mation, the generatds of this equation may be expressed as '

a sum of the changes jn over allk Notice thatw is conserved in the absence of selectise: ()

a feature that ultimately stems from the update rate being in

1 (0pk)? versely proportional to node degree [Efl (1)]. To evaluate
C=5 2 [‘Spk(Fk_Bk)akJr 5 (F+BAd| . (3)  the expression in Eq8) we make the mean-field assump-
k tion that the degrees of connected nodes in the graph are un-

with 5pi = 1/N = 1/(N ny) the change ipy in a single update correlated. Thus we replace the elements of the adjacency
of a node of degreke, anddy = -2 matrix by their expected values,, = k¢ky/u1N. This as-

For the special case of degree-regular graphs, whesek Z‘Egﬁ“:”l5_'T1p|_'fﬁ(50|)5_qlgi)t.t5tw = sw(1 - w), with solution

for all nodes, both in Eq1(2 t the total numbef o
or all nodes, both sums in Eq1(2) count the total nu For uncorrelated graphs, Edd (2) simplify to

active links between ¢lierent genotypes
L Fr(m) = nkw(l—pi),  Bi(m) = (1 - 9n(1-w)ok. (9)
=N Z Agn(¥[L -y, (4)  Thus the time evolution of the expectation valuggfs
Xy

opk(Fk — B

oy | o= 2B - o @0)

where the moments of the degree distribution are defined by ot

un = N1 K = 3 k'n,. The generator thus reduces to To solve this equation we combine it widfw = sw(1 - w) to
give dy(w — px) = —(w — pk)(1 - S(1 — w)), with solution

, () w()=pi(t) = &' [w(0)-p(O){w(0) + [1-w(0)]e™%}. (11)

For small selective advantage « 1), this equation involves
where we usép = 6t = 1/N. In this form, the convection two distinct time scales. On a time scale of order one, all the
and difusion terms dter by a factorO(sN). Thus selection p, become equal tw, whereas the evolution af occurs on a
dominates when the populatidhis larger tharO(1/s), while  longer time scale of ordes™? > 1 (Fig.[2).
random genetic drift is important otherwise. We now determine the fixation probability simply by re-

Notice that the probability of increasing the density of placing theoy by w in the forward and backward ratésand
genotypel at each update is a factoyf(l — s) larger than B in Egs. [®). In a similar vein, we replace the derivatige
the probability of decreasing the density. By its construc-by (kng/u1)d,, [11]. Then the generator in EQl(3) becomes

1 S, .2
G=a 8(3P+N(1—§)6

tion, this same bias arises for LD on general networks. As KN
a consequence of this bias, the evolutionary process yaderl G = SZ (—) w(1l - w)d,
ing fixation is the same as the absorption of a uniformly lase o\
random walk in a finite interval [14], from which the fixation 1 S K2ng 2
probability is + N (1 - 5) Zk: (ﬂ—f w(l - w)d;,
1-(1-9N  1-eN/@-52) C wl—o ey o Fe (1 B §) P 12
O(p) = T—A-gv ~ 1-eNaT (6) w(l-w) “’+y§N 5)%] - (12)
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FIG. 2: Moments of thd density in the biased VM and biased IP on a FIG. 3: Scaling plot of fixation probabilities for VM (filledgnd IP
network of 18 nodes with a power-law degree distribution~ k™ dynamics (open symbols). Data are for degree-uncorrefi@ohs
(v = 2.5), and no correlations between node degrees. Nodes witlwith N = 10°, u; = 8, and degree distribution exponent 2.1 (0),
degree larger than the mean degree are initializddabile all other 2.5 (a), or 30 (O). Initially each node is a mutant with probability
nodes aré. For the VM, s = 8.5 x 1074, while for the IP,s = 107 1/2, (w1 = w_1 = 1/2). The curve corresponds to Eqs](14)[ad (19).

Apart from an overall constant for the time scale, this gen- T IR ‘
erator is identical to that of degree-regular grafis (5)ef w
replaceN by an dfective population siz&les = N,uf/yz. For

a network ofN nodes with a power-law degree distribution,
Nk < K™, Neg Scales ad [11]

5 N y>3;
uiN
Neg = —— ~ {N@-/0-D 2 < <« 3; (13)
#2 o) v<2,

with logarithmic corrections for = 2 andv = 3. ThusNgg
becomes much less thdhwheny, diverges; this occurs when

v < 3. A similar changg n thefﬁgctlve S|z_e Of. the popglatlon FIG. 4: Fixation probability of a single mutant initially at node
is observed for p'OIOg'CaI _spemes evolving in a spatia§-h of degreek on an uncorrelated power-law degree distributed
erogeneous environmeik 4, 15]. k=, v = 2.5) graph withN = 10® andy; = 8. The empty symbols
The solution tadG® = 0, with G given by Eq.[IR) is correspond to IP dynamics with= 0.004 @), s = 0.008 ©) and
s = 0.016 (»); the filled symbols correspond to VM dynamics with
(14) s=0.01, @), s= 0.02 (@) ands = 0.08 (a). The solid lines, with
slopes+1 and-1, correspond to the second of E4s](15) (20).

1 — g Nerw/(1-5/2)

D(w) = 1- e Na/(T-52)

Our numerical data for the fixation probability shows both ex

cellent scaling and agreement with this functional formdor  yith probability proportional to its fitness; hence the Biion
(Fig.[d). Eq. [T#) also provides the fixation probability whe propability is

the system starts with a single mutant at a node of ddgree

Ay
o {k (Ng) S << /N s Pln—msd —zy:N—ky{[l—n(X)]n(Y)+(1—S)n(X)[l—n(y)]}, (16)
1 Skui/uz  1/Neg < s 1.

Notice an essential flerence between VM and IP dynamics.
The crucial feature is that the fixation probability of a deng In the VM the transition rate is proportional to the inverse
fitter mutant is proportional to the degree of the node that idegreeky of the node of the disappearing genotype [Ed. (1)],
initially occupies (Figl#). Notice also that because tHatiee ~ while in the IP the transition rate is proportional to thedrse
effect of selection versus random genetic drift is determinediegreek, of the node of the reproducing genotype [Egl (16)].
by the variable combinatiosNes, random genetic driftcan be  For degree-uncorrelated graphs, the transition prolbiisili
important for much larger populations compared to the casare
of degree-regular graphs. In fact, for a power-law grapl wit K k(1-9
v < 2, random genetic drift prevails for all population sizes.  Fk(n) = —mo(1-pK), Bk(n) = n(1-p)pk. (17)

We now study fixation in the complementary biased inva- K1

sion process. Here a randomly-selected individual represlu  Consequently the time evolution pf is given by, in analogy
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with Eq. {I0),dpox = y%[p - ok + Sok(1 — p)], from which  on regular graphs. Thus a heterogeneous graph is an inhos-

low-order moments obey the equations of motion: pitable environment for a mutant that evolves by VM dynam-
S ics. Conversely, performing the same average of[Eq. (20) ove
Ow-1 = —p(1-p), all nodes, the fixation probability for the IP is the same on
H1p-1 all degree-uncorrelated graphs. Finally, in the smakkctigdn
dp = p-w+sw(l-p), limit (sNe < 1), the node average fixation probability is the
dw = /“E[p — wo + swr(1-p)]. same for both the VM and IP on degree-uncorrelated graphs.
H1
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Fig.[d). Hence we transform all derivatives with respegtto
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