
Slowly Divergent Drift in the Field-Driven Lorentz GasP. L. Krapivsky and S. RednerCenter for Polymer Studies and Department of Physics Boston University, Boston, MA 02215The dynamics of a point charged particle which moves in a medium of elastic scatterers andwhich is driven by a uniform external electric �eld is investigated. Using rudimentary approaches,we reproduce, in one dimension, the known results that the typical speed grows with time as t1=3and that the leading behavior of the velocity distribution is e�jvj3=t. In spatial dimension d > 1,we develop an e�ective medium theory which provides a simple and comprehensive description forthe motion of a test particle. This approach predicts that the typical speed grows as t1=3 for all d,while the speed distribution is given by the scaling form P (u; t) = hui�1f(u=hui), where u = jvj3=2,hui � pt, and f(z) / z(d�1)=3e�z2=2. For a periodic Lorentz gas with an in�nite horizon, e. g., fora hypercubic lattice of scatters, a logarithmic correction to the e�ective medium result is predictedin which the typical speed grows as (t ln t)1=3.PACS Numbers: 02.50.-r, 05.40.+j, 05.60+wI. INTRODUCTIONAt the turn of the century, Drude developed a quali-tative theory for electrical conduction in metals [1]. Toestablish a more solid basis for Drude's theory, Lorentz[2] suggested an idealized model for electron transport inmetals in which: (i) electron-electron interactions are ig-nored, (ii) the background atoms are considered to be im-mobile spherical scatterers, and (iii) the electron-atom in-teraction is described by elastic scattering. This Lorentzgas [3] has played a large role in developing our under-standing of di�usive transport in random media.An important feature of the Lorentz gas is the inde-pendence of the electrons. This implies that the under-lying Boltzmann equation for the evolution of the elec-tron velocity distribution function (VDF) is linear. TheBoltzmann equation therefore has been fruitful in under-standing the properties of the Lorentz gas (see, e. g.,[4] and references therein). These investigations haveestablished that, under relatively general conditions, atest particle moves di�usively and that its di�usivity canbe computed in terms of the geometric properties of thebackground scatterers. The Lorentz model is also simpleenough to be amenable to rigorous analytical studies (see,e. g., [5{10]). In particular, for a periodic Lorentz gas intwo dimensions with an \in�nite" horizon (in�nitely longstraight trajectories exist), strong arguments have beengiven which suggest that there is anomalous di�usion ofthe form hr2i / t ln t [10]; this phenomenon is also ex-pected to arise in arbitrary dimension.Paradoxically, much less is known about the prob-lem which originally motivated the Lorentz gas model,i. e., the motion of a charged test particle in a scatter-ing medium under the in
uence of a spatially uniformelectric �eld. Lorentz himself constructed a stationarysolution to the Boltzmann equation by a perturbative ex-pansion around the Maxwell-Boltzmann distribution [2].From this solution, Lorentz reproduced the basic resultsof the Drude theory. Unfortunately, the starting point

of Lorentz's analysis is erroneous. If the scattering iselastic (no dissipation), then an electron will necessarilygain kinetic energy as it accelerates in the �eld and astationary asymptotic VDF will not exist. This dilemmamotivated investigations of the �eld-driven Lorentz gas inwhich some form of dissipation is explicitly incorporated[11{13], so that it is possible to obtain Ohm's law.In the absence of dissipation, however, Piasecki andWajnryb [14] were apparently the �rst to recognizethe fundamental rami�cations that arise from the non-stationarity of the system. From an exact solution to theBoltzmann equation in one dimension and an asymptoticsolution for general d and with the crucial assumption ofisotropic scattering, they found: (i) the root-mean square(or typical) velocity, vrms, grows with time as t1=3, and(ii) the VDF has a non-stationary, but symmetric asymp-totic form whose controlling factor is e�jvj3=t.Our goal in the paper is to develop simple and physi-cally transparent approaches to understand the behaviorof this �eld-driven Lorentz gas. We begin by consideringthe one-dimensional system in Sec. II, where we substan-tially reproduce the results of Piasecki and Wajnryb [14]by relatively simple methods. We �rst construct a ran-dom walk argument to explain the mechanism that givesrise to the slow t1=3 increase of vrms with time. Thisargument relies on the assumption that each scatteringevent is spatially isotropic [15], a feature which we dis-cuss in more detail later. To determine the time depen-dence of the speed distribution function (SDF), we em-ploy the Langevin and underlying Fokker-Planck equa-tions. These approaches provide a physically transpar-ent and simple derivation of the long-time asymptoticbehavior. Finally, we develop a Lifshitz argument [16] toreproduce the asymptotic tail of the SDF with minimalcalculation.In Sec. III, we study the �eld-driven Lorentz gas forarbitrary spatial dimension d. In greater than one di-mension, the freely-accelerated trajectory segments be-tween scattering events are biased by the �eld, leading1



to anisotropy in the spatial position of the test particleat the next scattering event. To account for this bias in asimple manner, we apply an e�ective medium approach.In this description, a particle begins at the center of a\transparency" sphere of radius equal to the mean-freepath. The particle freely accelerates until it reaches thesurface of the sphere. This de�nes a collision, whereuponthe test particle starts at the center of a new transparencysphere. We generally assume isotropic scattering in eachcollision, a feature of elastic scattering from hard spheresin three dimensions [15]. However, there is actually pref-erential back scattering for d < 3 and preferential forwardscattering for d > 3 [17]. Numerical simulations suggestthat this short-range persistence for d > 3 or antipersis-tence for d < 3 does not a�ect the asymptotic motion ofthe test particle, so that we typically focus on isotropicscattering.For isotropic scattering, it is simple to quantify the�eld-induced bias of the test particle as it moves within atransparency sphere. A random-walk argument of a sim-ilar spirit to that given in one dimension then indicatesthat the in
uence of the bias is of the same order as thestochasticity caused by scattering. This implies that theSDF will obey one-parameter scaling. From the solutionto the underlying Fokker-Planck equation, we �nd thespeed distribution, P (u; t) / t�1=2z(d�1)=3 exp(�z2=2),where u = jvj3=2 with jvj the speed, and the scaling vari-able z is proportional to u=t1=2. We also extend the e�ec-tive medium theory to the case where the mean-free pathis chosen from a distribution �(`) / `��. This allows usto investigate how the width of the mean-free path distri-bution a�ects the transport characteristics of the Lorentzgas. As might be expected, when � > 3, correspondingto a �nite second moment h`2i of �(`), the transport ofthe test particle is nearly identical to the case where themean-free path is �xed. However for � < 3, i. e., for adistribution with h`2i = 1, faster asymptotic transportarises. The borderline case of � = 3 corresponds to alattice array of scatterers such that an in�nite horizonarises, and logarithmic corrections in the transport lawsare predicted to occur, analogous to the results for theundriven Lorentz gas [18{20,10].In Sec. IV, we present Monte Carlo simulation resultsfor test particle motion in a two-dimensional e�ectivemedium. When the radius of the transparency circleis �xed, we obtain excellent agreement between simu-lation results and our theoretical predictions for the caseof isotropic scattering. Simulations based on the correctscattering law for hard circles in two dimensions (pref-erential backscattering), give virtually identical results,i. e., short range antipersistence between trajectory seg-ments, appears to be asymptotically irrelevant. We alsoconsider the case of a power-law distribution of radii forthe transparency circle, �(`) / `��. While the physicallyinteresting case of � = 3 corresponds to the borderlineof applicability of our naive e�ective medium approach,numerical results indicate transport properties which areclose to those obtained for a �xed radius transparency

circle.In Sec. V, we present a brief discussion and summary.II. LORENTZ GAS IN ONE DIMENSIONWith isotropic scattering, a test particle in a one-dimensional periodic array of scatterers undergoes anisotropic random walk as a function of the number ofsteps n, but with a position and direction dependent timeincrement for each hop. In the next subsection we pro-vide a heuristic random walk argument to �rst determinethe dependence of the typical speed on n and then inferthe dependence on time. We then apply a more rigorousapproach to �nd the SDF. As a function of n, isotropicscattering, together with the restriction of energy conser-vation implies that the SDF is a half-Gaussian in n. Wethen introduce a Langevin equation as a convenient andsimple way to determine the dependence of the SDF ontime.A. Random Walk Argument for the RMS VelocityConsider a charged test particle which moves with con-stant acceleration a = eE=m, where e and m are thecharge and mass of the particle, and E is the electric �eld.The test particle moves in a medium of equally spacedpoint scatterers with separation `. To mimic the behav-ior of a three-dimensional system with isotropic scatter-ing, the particle hops with equal probability to its near-est neighbor on the left or the right after each collision.Thus the trajectory of the test particle consists of freelyaccelerating segments which are punctuated by isotropicscattering events. This is simply an isotropic randomwalk, but with position- and direction-dependent timeincrements between successive steps.We use this picture to compute the behavior of the typ-ical velocity as a function of time. Energy conservationgives 12mv2n � eExn = const: (1)where vn and xn refer to the particle velocity and positionimmediately after the nth scattering event. We rewritethis asv2n+1 � v2n = 2eEm (xn+1 � xn) = �2eE`m : (2)Because of the postulated isotropic scattering, v2n+1� v2nis equally likely to be positive or negative. Additionally,if the particle starts at rest from x = 0, then energyconservation implies that x cannot be negative; this pro-vides a re
ecting boundary condition at x = 0. Thuswe conclude that v2n undergoes a simple random walkas a function of n, with an elementary step size given2



by w2 � 2eE`=m, and with re
ection when the velocityreaches zero. As a result,hv4ni / nw4; (3)or jvrmsj / n1=4 w.To determine the dependence of vrms on time, we writethe time increment between successive collisions asdtn � tn+1 � tn � `=jvnj: (4)The last approximation applies when the typical speedis large so that the acceleration between scatterings canbe neglected. The typical elapsed time for n collisions isthereforet = nXk=1 dtk � ẁ Z n1 dkk1=4 � ẁ n3=4: (5)Solving for n as a function of time and substituting intoEq. (3), gives the fundamental resultvrms � w�wt` �1=3 � (a2`t)1=3: (6)It is instructive to compare the time dependence ofvrms with that of the average velocity in the �eld direc-tion. The latter can be computed from the recursionrelation vn+1 � �vn + adtn � �vn + a`jvnj ; (7)By isotropy, the factor of �1 occurs equiprobably foreach scattering and we therefore ignore the in
uence ofthe stochastic term with respect to the systematic termin Eq. (7). Since the typical speed grows inde�nitely,we also ignore the acceleration during the free 
ight be-tween adjacent sites, so that vdrift � hvni � a`=vrms. Asa function of time, this may be rewritten asvdrift(t) � �a`2t �1=3 : (8)Thus the average drift velocity decreases with time, eventhough the rms velocity increases. Therefore the VDFbecomes systematically more isotropic in the long timelimit [14].Finally, using Eq. (8), one can estimate the averagedisplacement hx(t)i in the �eld direction to be,hx(t)i � vdrift(t) t � (a`2t2)1=3: (9)Alternatively, this same result follows directly from en-ergy conservation, Eq. (1), and the time dependence ofvrms(t) from Eq. (6).

B. The Speed DistributionWe now derive the speed distribution using simple butrigorous approaches which obviate the need to solve theBoltzmann equation. First consider the Langevin equa-tion to describe how the typical speed depends on n.Since v2n is randomly incremented or decremented by a�xed amount w2 in a single collision, we may write, inthe large-n limit, dv2ndn = w2 �(n); (10)where the noise has zero mean, h�(n)i = 0, and no tem-poral correlation, h�(n)�(n0)i = �(n � n0). Since we areinterested in the n ! 1 limit, the continuum result forthis correlation function is appropriate. In this limit,the amplitude distribution of the noise is also Gaussian.Consequently, the solution to the Langevin equation withre
ection at v2n = 0 is a half-Gaussian distribution for v2nwith a dispersion equal to nw4 [21].To determine the time dependence of the speed dis-tribution, we transform from n to t by writing dt =` dn=jvnj, so that dv2ndn = 2`djvnjdt : (11)Next, we transform the dependence of the noise correla-tion from n to t. Writing �(n � n0) = �(t � t0) dtdn , givesh�(n)�(n0)i = h�(t)�(t0)i`=jvj, so that �(n) = �(t)p`=jvj.Substituting this into the Langevin equation, Eq. (10),gives djvjdt = w22`s `jvj �(t); (12)or djvj3=2dt = 3w24p` �(t): (13)Thus we conclude that the distribution, P (u; t), is Gaus-sian in u = jvj3=2, with a dispersion proportional tow4=`. Then the SDF is determined from the identityP (v; t)djvj = P (u; t)du to yieldP (v; t) =r jvj4�`a2t exp �� jvj39`a2t� (14)An independent and appealing approach to obtain theSDF is by a Lifshitz tail argument [16], in which theassumed scaling form of the SDF is matched to the \ex-treme" contribution that arises from a particle which isscattered in the �eld direction at each collision. This ex-treme tail can usually be estimated by elementary means,which is the basis for the appeal of this approach. Al-though heuristic, the advantages of this method are sim-plicity and wide applicability.Our starting point is to assume that the SDF can bewritten in the scaling form3



P (v; t) � 1vrms f(v=vrms); (15)where the scaling function f(z) is expected to approacha constant as z ! 0, and vanish faster than any powerlaw for z ! 1. Generally, this large-z dependence isquasi-exponential [22]f(z) � exp ��z�� ; (16)where � is the \shape" exponent of the distribution.Consider now a trajectory in which the test particleis perpetually scattered parallel to the �eld, so that itsspeed is simply v = at. Substituting into Eq. (16) andusing Eq. (6) for vrms gives,P (v = at; t) � e�(at=(a2`t)1=3)�=3 = e�(at2=`)�=3 : (17)On the other hand, the probability Pn that n scatteringevents are all parallel to the �eld equals 2�n. For this uni-formly accelerated motion, the correspondence betweenn and the time is simply at2=2 = n`. Writing Pn as afunction of time and matching with the argument of theexponential in Eq. (17), gives � = 3, in agreement withabove asymptotically exact results. Note that if we de-�ne a size exponent � through vrms � t� , then the generalscaling relation � = (1� �)�1 [22], between the size andshape exponents, fails for the �eld-driven Lorentz gas.Parenthetically, we note that the naive substitutionof the dependence on the number of scattering eventsby the time dependence for extreme events gives a cor-rect description for the tail of the SDF. In contrast, ifwe take the correct distribution of v2n, namely, P (v2n) /exp(�v4n=2nw4), and substitute n � (wt=`)4=3, which ex-presses the average number of collisions as a function oftime, we arrive at a wrong expression for the SDF. Thissuggests that the distribution of times for �xed n, aver-aged over all random walks, will be broad.III. LORENTZ GAS IN GREATER THAN ONEDIMENSIONA. E�ective Medium ApproximationThe �eld-driven Lorentz gas in greater than one dimen-sion presents theoretical and computational challenges.Numerical simulations of the dissipationless system areprone to large 
uctuations and quantitative conclusionsare not readily obtained [11]. Because of this computa-tional di�culty and also because dissipation arises in anyphysical realization of the Lorentz gas, simulations haveprimarily focused on the �eld-driven system with dissipa-tion. This is achieved by either allowing for inelasticityin collision events [12], or by introducing a \thermostat"which continuously extracts energy from the particle dur-ing its free motion to maintain a constant kinetic energy[11,23]. While much is known about these dissipative

systems [23,24], our interest is in the nonstationary be-havior of dissipationless system { the time dependence ofthe typical speed and the form of the SDF.
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FIG. 1. \Transparency" sphere that surrounds a scatterer.After a scattering event, the test particle moves freely ona parabolic trajectory until the next collision at the sphereboundary. The initial and �nal angular position of the testparticle, � and �, respectively, are indicated. The critical tra-jectory (pointing downward) is de�ned by the condition thatthe �nal longitudinal position of the test particle is at x = 0.Because of the inherent di�culties in describing themotion of a test particle in a regular lattice of scatterers,we introduce an e�ective medium approximation in whichthe true trajectory is replaced by an e�ective, but phys-ically equivalent, trajectory whose properties are readilycalculable (Fig. 1). We assume that immediately aftereach scattering event, the test particle starts at the cen-ter of a transparency sphere of radius equal to the mean-free path `. The test particle freely accelerates until thenext collision, de�ned to be the point where the surfaceof this sphere is reached. This collision point also de-�nes the center of the next transparency sphere. Thisconstruction is repeated to generate a particle trajectorywhich consists of parabolic segments (the free-particlemotion between collisions), which are punctuated by col-lision events. As discussed in the introduction, we gen-erally employ isotropic scattering, so that the outgoingparticle direction is randomized at each collision event.B. The Typical SpeedTo estimate the typical speed, we need to quantify thede
ection of a trajectory during free 
ight. Let us de�ne4



trajectories whose collision points are in the hemispherex > 0 as positively biased and vice versa. Separatingthese trajectories is a \critical" trajectory, in which thenext collision point is also at x = 0 (Fig. 1). (Thiscritical trajectory exists only if the initial speed satis-�es v > w=p2; otherwise all trajectories are de
ectedtowards increasing x. However, since the typical speedgrows as a power law in time, the role of trajectories inwhich the speed is too small to de�ne a critical trajectoryis expected to be negligible.)By elementary mechanics, the inclination angle of thiscritical trajectory is�c = 12 sin�1��a`v2� � �2 + � w2v�2 ; as wv ! 0: (18)Very roughly, then, we may view the longitudinal mo-tion of the test particle as an equivalent biased one-dimensional random walk, in which trajectories with0 < � < �c are mapped onto steps to the right and trajec-tories with thetac < � < � are mapped onto steps to theleft. From Eq. (18), the bias at each step is proportionalto the inverse square of the particle speed, � = (w=2v)2.Following the same steps as those given in Eqs. (1) {(6), the velocity increment between scatterings is givenby v2n+1 � v2n = �w2, but with the � sign now occur-ring with respective probabilities 12 (1 � b�), where b isa dimension-dependent number of order unity. Thus,in addition to the stochastic particle motion given inEq. (3), a deterministic contribution also arises. This lat-ter component gives, for the n dependence of the speed,v2n � n�w2 � nw4v2 , or jvnj � n1=4w, identical to the one-dimensional result. Now employing the approach givenin Sec. II.A, we reproduce the same time dependence ofv as in one dimension. Thus in higher dimensions, themanifestations of isotropic scattering and �eld bias areof the same order in our e�ective medium theory andthis leads to the time dependence of the one-dimensionalsystem. C. The Speed DistributionTo determine the speed distribution, we �rst derivethe Langevin equation for the dependence of the typicalspeed on n, from which the underlying Fokker-Planckequation for the SDF may be written and solved.In a time �� after collision n (and before collisionn+ 1), the particle will be located at~r = v�� n̂+ a��22 ê (19)with respect to the center of the transparency sphere.Here n̂ and ê are the unit vectors in the direction of mo-tion after the scattering event and the electric �eld, re-spectively, i. e., ~vn = vn̂ and ~E = Eê. The next collisionevent takes place on the surface of the sphere ~r 2 = `2.

Consequently, the time increment � between collisions isimplicitly given by`2 = (v�)2 + av�3(n̂ � ê) + a2�44 : (20)The velocity change between collisions is found fromenergy conservationv2n+1 � v2n = 2a(~r � ê) = 2av�(n̂ � ê) + (a�)2: (21)Combining Eqs. (20) and (21), the time increment canbe eliminated to give the analog of Eq. (2)v2n+1 � v2n � 2a`(n̂ � ê) + a2`2v2 �1� (n̂ � ê)2� : (22)In Eq. (22) and below we ignore terms of orderO �w6=v4�. The �rst term in Eq. (22) is purely stochas-tic, because hn̂ � êi = 0. Since h(n̂ � ê)2i = 1=d, we maywrite this stochastic term as w2 �(n)=pd. The secondterm in Eq. (22) has both deterministic and stochasticcomponents, with the magnitude of the former equal to(a`=v)2(1 � 1=d) = (d � 1)w4=4v2d, and the latter be-ing negligible in the long time limit. Thus we obtain theLangevin equation,dv2ndn = d� 14d w4v2 + w2pd�(n): (23)In one dimension, the deterministic term disappears andEq. (23) coincides with Eq. (10).Following the same steps as those given after Eq. (10),we eliminate n in favor of the time to transform the aboveequation todjvj3=2dt = 3(d� 1)w416`d 1jvj3=2 + 3w24p`d �(t): (24)In this equation, the order of magnitudes of the system-atic and stochastic terms on the right-hand side are iden-tical. Thus jvj3=2 evolves by a biased random-walk pro-cess, but one in which the bias and the dispersion are ofthe same scale. This can be seen more clearly by writingthe underlying Fokker-Planck equation for P (u; t), whereu � jvj3=2. Following the standard prescription [21], thisFokker-Planck equation is@P@t = 9w416`d �@2P@u2 � d� 13d @@u �Pu�� : (25)Notice that because the bias is proportional to 1=u, bothterms on the right-hand side are of the same order anda scaling solution is appropriate. Let us therefore makethe scaling ansatzP (u; t) = 1huif(z) with z � u=hui: (26)Substituting this into the Fokker-Planck equation (25)and writing the time and velocity derivatives in terms5



of the scaling variable, the partial di�erential equationcan be separated into two ordinary di�erential equations.From the time dependence of hui, we obtainddt hui2 = 9w48`d : (27)This then gives a characteristic speed which is propor-tional to (w4t=`)1=3 or (a2`t)1=3. From the dependenceon the scaling variable, we �nd that the scaling functionobeys the ordinary di�erential equation�f(z)� zf 0(z) = f 00(z) + d� 13 �f(z)z2 � f 0(z)z � ; (28)where the prime denotes di�erentiation with respect toz. One integration givesf 0(z) = �d� 13z � z� f(z) +A; (29)where A is a constant. Since f(z) and its �rst derivativevanish faster than any power of z for z ! 1, A = 0.The solution to the resulting equation isf(z) = 2(4�d)=6�((d+ 2)=6) z(d�1)=3 e�z2=2; (30)with �(y) the gamma function [25] and the numericalcoe�cient is determined by the normalization conditionR10 f(z)dz = 1.D. Distributed Mean-free PathsIn both the random walk argument for d = 1 andthe e�ective medium theory for d > 1, a mean-free pathwhich has the �xed value ` for each scattering event wasan inherent feature. However, in the Boltzmann equa-tion approach of Piasecki and Wajnryb [14], a Poissondistribution of mean-free paths is implicitly assumed. Infact, there will be a distribution of mean-free paths inany real scattering medium. We therefore examine thephysical e�ects that such a distribution has on transportproperties. Probability theory [26,27] suggests that if thedistribution is relatively sharp, the previous random walkarguments apply, while for a broad distribution, di�erenttransport behavior arises. We therefore consider a powerlaw distribution of mean-free paths,�(`) � ���1=`�; (31)which is expected to facilitate the absorption of �eld en-ergy by the test particle for su�ciently small L�evy index�. Additionally, this form, for � = 3, corresponds to theLorentz gas in a scattering medium with an \in�nite"horizon (e. g., a square lattice of spherical scatterers)[18{20].Let us �rst consider a one-dimension system in whicha new mean-free path is independently chosen from the

above distribution after each scattering event. We allow� to be arbitrary, since this general situation is tractable.If the second moment of �(`) is �nite, i. e., � > 3,then the distribution of a sum of a large number of in-dependent random variables, each distributed accordingto �(`), approaches a Gaussian and the random walk ar-gument of Sec. II applies. In contrast, for � � 3, a L�evydistribution emerges, whose index depends on �. Makinguse of well-known results [26,27] for L�evy distributions,we determine the n-dependence of vrms to be (the analogof Eq. (3)),v2n � w2 ��pn lnn; � = 3,n1=(��1); � < 3, (32)with w2 = �a. Repeating the calculational steps em-ployed in Sec. II, we �nd, for the time dependence ofvrms(t)vrms(t) � w �(�wat� ln �wt� �� 13 ; � = 3,�wt� � 12��3 ; 2 < � < 3. (33)The average displacement in the �eld direction is thusgiven by hx(t)i = vrms(t)2=2a, while the drift velocityis vdrift(t) = hx(t)i=t. For � � 2, the �rst moment of�(`) diverges, so that the typical mean-free path is in�-nite. Consequently, collisions become irrelevant asymp-totically, so that the typical velocity should grow linearlyin time and an asymmetric velocity distribution shouldarise. IV. NUMERICAL SIMULATIONSTo test our theoretical predictions, we perform Monte-Carlo simulations of particle motion in a two dimen-sional e�ective medium. An important element in thissimulation is determining where an arbitrary parabolictrajectory, which starts at the origin, intersects the cir-cumference of a concentric circle. This involves the un-wieldy solution of a quartic equation. However, since thetypical speed grows with time, individual trajectory seg-ments should be only slightly curved in the long timelimit. Thus we compute the trajectory and the time be-tween collisions in a perturbation series appropriate forthe large speed limit. If the speed happens to fall belowa preset threshold such that a strongly curved trajectorysegment should arise, we impose the constraint that forthis segment the particle is de
ected exactly parallel tothe �eld. We anticipate that this \re
ecting" boundarycondition in velocity space has a negligible in
uence onthe long-time motion of the test particle.Our simulation algorithm therefore consists of the fol-lowing steps to compute the velocity and time incrementsbetween collisions. These steps are repeated to generatea single particle trajectory:6



� If the speed is above a predetermined threshold,vth, then:1. choose a random scattering angle in the range0 � � � � (see Fig. 1);2. determine the angular position � of the par-ticle when it hits the surface of the circle.From elementary mechanics, � is perturba-tively given in the large velocity limit by� = � � � sin � + �2 sin 2� + : : : ;with � = (w=2v)2;3. from the angle �, determine the change in thelongitudinal position of the particle, �x, andthereby determine the change in the speed ofthe particle by v2f = v2i + w2�x=`. Here vi isthe velocity of the particle as it begins fromthe center of the transparency circle, and vfis the particle velocity just before the collisionat the circumference of the circle;4. determine the time increment, � , associatedwith this trajectory. In the large velocitylimit, � is perturbatively given by� = `jvj �1� � cos � + 5�22 (cos2 � � 1) + : : :� :
� If the speed is less than vth, then, the scattering an-gle is taken to be � = 0. Consequently, v2f = v2i +w2and � = 2`=(jvij+ jvf j) � 2`=w.Clearly, the di�erent particle update rules for initialspeed smaller or larger than the threshold is a crude ap-proximation. One can envision more accurate, but morecumbersome rules to integrate over low-speed trajectorysegments. Since these segments are relatively unlikely,this re�nement was not pursued and indeed appears tobe unnecessary. Also, because of the arbitrariness in theintegration over the low-speed segments, the actual valueof vth is also somewhat arbitrary and we chose vth = w.To appreciate the role of trajectory curvature, note thatwhen v = vth the maximum deviation between the initialand �nal angular position of the trajectory arises when� � 111:5�, with � � � � �15:8�. For v = 2vth, themaximum deviation point occurs when � � 97�, with� � � � �3:7�. Thus the e�ect of curvature in the indi-vidual trajectory segments is typically small.
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FIG. 2. Monte Carlo simulation results for 2000 walks of1:529 steps in a two-dimensional e�ective medium. Shown arevrms(t) (�), and the mean longitudinal position hx(t)i (�).The straight lines represents the best �ts to the data in therange 1:517 � t � 1:529.Typical results from this Monte Carlo simulation withisotropic scattering are presented in Fig. 2. Shown arevrms(t) and hx(t)i on a double logarithmic scale based on2000 trajectories of 1:529 � 127; 834 steps for the casewhere the transparency circle has a �xed radius. Aftersome transient behavior, the data for t >� 500 appear tobe linear and a linear least-squares �ts yields the respec-tive slopes of 0.329 and 0.665, in excellent agreement withthe respective theoretical predictions of 1/3 and 2/3.
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FIG. 3. Scaled distribution f(z) � huiP (u; t) versusz � u=hui, where u = jvj3=2. Representative data shown in-clude t = 1:520 (�), t = 1:523 (�), smoothed over a 3-site neigh-borhood, t = 1:526 (r), smoothed over a 5-site neighborhood,and t = 1:529 (+), smoothed over a 7-site neighborhood. Thecurve is the theoretical prediction 0:930 : : :� z1=3e�z2=2.In Fig. 3, we present corresponding results for thedistribution of u = jvj3=2 at t = 1:520 (�), t = 1:5237



(�), t = 1:526 (r), and t = 1:529 (+). The raw datahas been scaled so that the abscissa is z = u=hui,while the ordinate is f(z) = huiP (u; t). This scaleddata at later times has then been smoothed by aver-aging over a small neighborhood to reduce 
uctuations.These data compare well with the theoretical predictionf(z) = (21=3=�(2=3))� z1=3 e�z2=2 (Fig. 3).We also performed a more faithful simulation for twodimensions in which the correct hard-circle scattering isimplemented. In place of step 1 given above, we as-sume that just before the nth collision, with incidenceangle �n�1 (see Fig. 1), the test particle uniformly illu-minates the cross-section of the scatterer which is takento be a circle of radius r. After specular re
ection bythe scatterer, the di�erence between the incident and �-nal angles is d = � � 2 sin�1(b=r), where the impactparameter b is uniformly distributed between �r. Thisangular de
ection is used to compute the outgoing an-gle �n = �n�1 + d , and the corresponding incomingangle �n. Our simulation results for this more faith-ful implementation of hard-circle scattering are virtuallyidentical to those from isotropic scattering and give theexponent estimates of 0.330 and 0.662 for the time de-pendence of vrms(t) and hx(t)i, respectively. Because ofthis agreement, and also for simplicity, our simulationsconcentrated on the case of isotropic scattering.As discussed previously, a lattice array of scatterersleads to a power-law distribution of mean-free paths.We therefore also performed simulations of the e�ectivemedium when the radius of the next transparency circle ischosen from the distribution �(`) � ���1=`�, with � = 3.We �nd that the time dependence of vrms(t) and hx(t)i isquite close to that obtained for the case of a �xed-radiustransparency circle. After a relatively long transient, thedata for t >� 1000 appear to be linear on a double loga-rithmic scale, and a linear least-squares �ts in this rangeyield the respective slopes of 0.340 and 0.671 (Fig. 4).The data for vrms(t) and hx(t)i do exhibit a slight down-ward trend, a feature which could be attributed to a log-arithmic correction. However, our data are insu�cientto test for such a correction quantitatively.
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FIG. 4. Monte Carlo simulation results for 2000 walks of1:529 steps in a two-dimensional e�ective medium in whichthe radius ` of the transparency sphere is drawn from the dis-tribution �(`) / `�3. Shown are vrms(t) (�), and the meanlongitudinal position hx(t)i (�). The straight lines representsthe best �ts to the data in the range 1:517 � t � 1:529.The distribution of speeds also exhibits relatively gooddata collapse, but there are quantitative discrepanciesbetween the shape of the scaling function and the pre-diction f(z) � 0:930 : : :�z1=3 e�z2=2 that �t the data forthe case of a �xed-radius transparency sphere (Fig. 5)
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FIG. 5. Scaled distribution f(z) = huiP (u; t) versus thevariable z � u=hui, where u = jvj3=2. The radius `of the transparency sphere is drawn from the distribution�(`) / `�3. Representative data shown include t = 1:520(�), t = 1:523 (�), smoothed over a 3-site neighborhood,t = 1:526 (r), smoothed over a 5-site neighborhood, andt = 1:529 (+), smoothed over a 7-site neighborhood. Thecurve is 0:930 : : :� z1=3e�z2=2.V. DISCUSSION AND SUMMARYWe have investigated the motion of a charged particlewhich is driven by a constant �eld in a dissipationlesselastic and isotropic scattering medium { the �eld-drivenLorentz gas. A fundamental aspect of this system is thatthe transport is non-stationary so that the typical ve-locity grows with time as t1=3. Although this growth isunbounded, it is signi�cantly slower than the linear timedependence that would occur in the absence of scattering.In one dimension, we have developed a random walk de-scription which involves isotropic hopping together with aposition and direction dependent time increment for eachhop which correctly predicts the anomalous time depen-dence of the typical velocity and mean displacement.Based on this random walk picture, we obtained the ve-locity distribution by �rst writing the Langevin equation8



for the typical velocity and then the underlying Fokker-Planck for the velocity distribution. We also constructeda Lifshitz tail argument which reproduced the correct be-havior for the velocity distribution. The solution to theFokker-Planck equation yields the Gaussian distributionin the variable u = jvj3=2,P (u; t) / 1pte�u2=t; (34)which, when written in terms of jvj, becomesP (v; t) /r jvjt e�jvj3=t: (35)Interestingly, this is similar, but not coincident with theasymptotic velocity distribution functionP (v; t) / 1t1=3 e�jvj3=t: (36)obtained by Piasecki and Wajnryb [14] from the Boltz-mann equation. However, their approach implicitly as-sumes an \annealed" medium with a Poisson distribu-tion of distances between collisions. While our randomwalk and the Boltzmann approach should give the samescaling of the typical speed with time, the form of thevelocity distribution from the two approaches should notbe expected to coincide.Our random walk argument can also be applied to theinteresting case of an alternating electric �eld E(t) =E0 sin(!t) and gives the counterintuitive result that thecombination of an AC �eld and isotropic scattering leadsto unbounded growth in the speed. This growth arisesbecause of the isotropy in the scattering events. Whenthe time between collisions becomes less than the timefor the �eld to reverse, then the direction of the �eldbecomes irrelevant. Consequently, our random walk ar-gument for a DC �eld directly applies and vrms shouldgrow as t1=3. Thus scattering assists in the absorptionof �eld energy by the test particle in an AC �eld, whilewith no scattering, a test particle merely follows the �eldand the typical speed is bounded.In higher dimensions, we introduced an e�ectivemedium approximation which provides a physically ap-pealing description for the motion of a charged test par-ticle. This approximation posits that the test parti-cle moves on a parabolic �eld-biased trajectory withina \transparency" sphere and that an isotropic collisionevent occurs when the particle reaches the surface ofthis sphere. The assumption of scattering when a par-ticle moves a �xed radial distance implies an annealedmedium. Thus one might anticipate that there could bea direct connection between the e�ective medium andthe Boltzmann equation approaches. Because of the biasin the free-particle trajectory segments, the isotropy inoutgoing particle directions immediately after one scat-tering event becomes anisotropic at the next scattering.Within an equivalent one-dimensional random walk de-scription of the test particle motion, this anisotropy can

be described in terms of an e�ective bias which is propor-tional to 1=v2. The logical consequences of this featureagain leads to a typical speed which again grows as t1=3,just as in one dimension.The e�ect of the �eld-induced bias is more apparent inthe behavior of the speed distribution. Following a simi-lar approach as that given for one dimension, the solutionto the Fokker-Planck equation for u = jvj3=2 isP (u; t) / 1pt � upt�(d�1)=3 e�u2=t; (37)which, when written in terms of jvj givesP (v; t) / jvjd=2t(d+2)=6 e�jvj3=t; (38)while the corresponding result of Piasecki and Wajnrybis P (v; t) / jvjd�1td=3 e�jvj3=t: (39)While these two forms agree for d = 2, the coincidenceseems fortuitous. The Boltzmann approach explicitlybuilds in isotropy in the collision events and in the inter-vening particle motion, while the e�ective medium explic-itly accounts for the �eld-induced bias between scatteringevents.An attractive aspect of the e�ective medium approachis that it can be easily generalized to a distribution ofmean-free paths, a feature which arises in a lattice re-alization of the Lorentz gas. Such a distribution maybe accounted for by a power-law distribution of sphereradii �(`) / `��, with � = 3. This represents a marginalcase between the regime where distributed radii appearto have no e�ect, for � > 3, to the case where the scalingof the mean speed with time is a�ected, for 2 < � < 3.Our numerical simulations indicate that the case of � = 3leads to behavior similar to that of no dispersion in thesphere radii. However, the applicability of either theBoltzmann equation approach or our e�ective mediumdescription to a lattice realization of the Lorentz gas hasyet to be tested.We thank R. S. Chivukula for a helpful discussionand J. Machta for particularly useful advice about hard-sphere scattering and related suggestions. This researchwas supported in part by the NSF (grants DMR-9219845& DMR-9632059), and by the ARO (grant DAAH04-93-G-0021).
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