
Statisti
s of Lead Changes in a Popularity-Driven SystemP. L. Krapivsky1, � and S. Redner1, y1Center for BioDynami
s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, MA, 02215We study statisti
al properties of the highest degree, or most popular, nodes in growing net-works. We show that the number of lead 
hanges in
reases logarithmi
ally with network size N ,independent of the details of the growth me
hanism. The probability that the �rst node retains thelead approa
hes a �nite 
onstant for popularity-driven growth, and de
ays as N�� (lnN)�1=2, with� = 0:08607 : : : , for growth with no popularity bias.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnExtremes are vitally important in s
ien
e and engi-neering. These quantities are used to determine the like-lihood of a rare event, su
h as the probability of failureof a spa
e shuttle laun
h or of a dam in 
ood 
onditions.The theory of extreme statisti
s provides a powerful toolto understand su
h real-world situations [1℄. Extremesare also irresistible in everyday life { we are naturallydrawn to 
ompilations of various pinna
les of human en-deavor, su
h as, for example, lists of the most beautifulpeople, the ri
hest people, the most-
ited s
ientists, ath-leti
 re
ords, et
 [2℄.This so
ial perspe
tive about extremes raises newquestions for whi
h mu
h less is known 
ompared to themagnitude of the extreme value itself [3℄. For example,how does the identity of the leader { the individual whopossesses the extreme value of a parti
ular attribute {
hange as a fun
tion of time? What is the rate at whi
hlead 
hanges o

ur? What is the probability that a leaderretains the lead as a fun
tion of time?We will address these questions within the frameworkof growing networks, where the relevant quantity is thenumber of links that join to ea
h node { the node de-gree. In this 
ontext, we view the degree as quantifyingthe popularity (or wealth) of the node, and the leader isthe node with the highest degree. We fo
us on a growingnetwork model that naturally generates power-law degreedistributions [4, 5, 6, 7, 8℄. This model was �rst intro-du
ed to des
ribe, for example, the distributions of bio-logi
al genera, word frequen
ies, publi
ations, urban pop-ulations, and in
ome [4, 5℄, and 
ontemporary appli
a-tions to 
ollaboration networks and the World-Wide Webhave been developed [9℄. The network grows by addingnodes one at a time, ea
h of whi
h atta
hes to a singlepre-existing node of degree k, where the atta
hment rateis proportional to Ak = k+ �, with � > �1 [4, 5℄. A keyout
ome of this growth is that the degree distributionhas an asymptoti
 power-law tail, Nk � N=k3+�, whereNk is the number of nodes of degree k and N is the totalnumber of nodes [5, 7℄.It has been posited that a hallmark of su
h systems is�Ele
troni
 address: paulk�bu.eduyEle
troni
 address: redner�bu.edu

\the ri
h get ri
her" { that is, the more popular nodestend to remain so [5, 6℄. Our basi
 goal is examine the
onsequen
es of preferential atta
hment me
hanisms ingrowing networks and to test whether the adage of theri
h get ri
her adage really does apply.
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FIG. 1: Average index of the leader Jlead(N) as a fun
tion ofthe total number of nodes N for 105 realizations of a growingnetwork of 105 nodes. Shown are the 
ases of atta
hmentrates Ak = 1 and Ak = k.Identity of the leader. We 
hara
terize the identity ofea
h node by its index J . A node of index J is the J thone introdu
ed into the network. To start with an unam-biguous leader, the initial system 
ontains N = 3 nodes,with the initial leader having degree 2 (and index 1) andthe other two nodes having degree 1. A new leader ariseswhen its degree ex
eeds that of the 
urrent leader. Forthe linear atta
hment rate, Ak = k, the average index ofthe leader Jlead(N) saturates to a �nite value of approx-imately 3.4 as N !1 (Fig. 1). With probability � 0:9,the leader is from among the 10 earliest nodes, while theprobability that the leader is not among the 30 earliestnodes is less than 0:01. Thus only the very earliest nodeshave appre
iable probabilities to be the leader; the ri
hreally do get ri
her.In the general 
ase of Ak = k + �, the average in-



2dex of the leader also saturates to a �nite value that isa 
ontinuously in
reasing fun
tion of �. For � ! 1,
orresponding to the 
onstant atta
hment rate Ak = 1,Jlead(N) � N , with  � 0:41 (Fig. 1). Consequently,the leader is an early node (sin
e  < 1), but not ne
-essarily one of the earliest. For example, for N = 105 anode with index greater than 100 has a probability of ap-proximately 10�2 of being the leader. Thus, in randomatta
hment, the order of node 
reation plays a signi�
antbut not deterministi
 role in the identity of the leadernode.The identity of the leader 
an be determined from thejoint index-degree distribution. Let Ck(J;N) be the av-erage number of nodes of index J and degree k. As shownin [7℄, for 
onstant atta
hment rate, this joint distribu-tion has the Poisson form,Ck(J;N) = JN j ln(J=N)jk�1(k � 1)! : (1)From this, the average index of a node of degree k isJk(N) = P1�J�N J Ck(J;N)P1�J�N Ck(J;N) = N �23�k ; (2)implying Jlead(N) = N(2=3)kmax. We estimate themaximum degree from the extreme value 
riterionPk�kmax Nk(N) � 1. Using Nk(N) = N=2k [7℄, we �nd2kmax � N , or kmax = lnNln 2 +O(1): (3)ThereforeJlead(N) / N ; with  = 2� ln 3ln 2 � 0:415 037;in ex
ellent agreement with our numeri
al results.For the linear atta
hment rate, the joint index-degreedistribution is [7℄Ck(J;N) =r JN (1�r JN)k�1 ; (4)from whi
h the average index of a node of degree k isJk(N) = 12N=[(k+3)(k+4)℄. Sin
e Nk(N) � 4N=k3 forthe linear atta
hment rate [6, 7℄, the extreme statisti
s
riterion Pk�kmax Nk(N) � 1 gives kmax � pN . There-fore Jlead(N) � 12N=k2max = O(1) indeed saturates toa �nite value. A similar result holds in the general 
aseAk = k + �. Thus we obtain the ri
h get ri
her phe-nomenon { the leader must be one of the �rst few nodesin the network.Lead 
hanges. We �nd that the average number of lead
hanges L(N) grows logarithmi
ally in N for both theatta
hment rates Ak = 1 and Ak = k (Fig. 2). There is,however, a signi�
ant di�eren
e in the distribution of thenumber of lead 
hanges, P (L), at �xed N . For Ak = 1,

this distribution is sharply lo
alized, with the averagevalue L � 5:609 in a network of N = 105 nodes, whilethe maximum number of lead 
hanges in 105 realizationswas 16. On the other hand, for Ak = k, P (L) has asigni�
ant tail and the maximum number of lead 
hangesis 63. This longer tail in P (L) for linear atta
hmentstems from repeated lead 
hanges among the two leadingnodes. Even though the distribution is visually broader,the average number of lead 
hanges, L � 5:096, is lessthan that for Ak = 1. Related to lead 
hanges is thenumber of distin
t nodes that enjoy the lead over thehistory of the network. Simulations indi
ate that thisquantity also grows logarithmi
ally in N .
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FIG. 2: Average number of lead 
hanges L(N) as a fun
tion ofnetwork size N for 105 realizations of the network for Ak = 1and Ak = k.To understand the logarithmi
 asymptoti
s, 
onsider�rst the 
ase Ak = 1. The number of lead 
hanges 
an-not ex
eed the upper bound given by the maximal de-gree lnN= ln 2 (see Eq. (3)). We now give a heuristi
derivation for this logarithmi
 growth. When a new nodeis added, the lead 
hanges if the leadership is 
urrentlyshared between two (or more) nodes and the new nodeatta
hes to a 
o-leader. The number of 
o-leaders nodes(with degree k = kmax) is N=k3+�max, while the probabilityof atta
hing to a 
o-leader is kmax=N . This gives the rateequation for the average number of lead 
hangesddN L(N) / kmaxN Nk3+�max : (5)Sin
e the maximal degree kmax grows asN1=(2+�), Eq. (5)redu
es to dL(N)=dN / N�1 and thus gives the log-arithmi
 growth L(N) / lnN . This argument 
an beadapted to networks with arbitrary atta
hment rates (ex-
ept those growing faster than linearly with k [7℄), andthus the growth law L(N) / lnN is universal. This uni-versality is reminis
ent of the radius of random networks



3whi
h typi
ally are proportional to lnN , independent oftheir 
onstru
tion me
hanism.Fate of the �rst leader. Figure 3 shows that the degreedistribution of the �rst node depends on the initial 
on-ditions for the linear atta
hment rate; the same is true inthe general 
ase Ak = k + � while for Ak = 1 the initial
ondition is asymptoti
ally irrelevant.We 
an determine the degree distribution of the �rstnode analyti
ally for the 
onstant and linear atta
hmentrates. (A similar approa
h is given in Ref. [8℄). LetP (k;N) be the probability that the �rst node has de-gree k in a network of N links [10℄. For Ak = k, thisprobability obeys the master equationP (k;N + 1) = k � 12N P (k � 1; N) + 2N � k2N P (k;N):(6)The �rst term on the right a

ounts for the situationwhen the earliest node has degree k � 1. Then a newnode atta
hes to it with probability (k� 1)=2N , therebyin
reasing the probability for the node to have degree k.Conversely, with probability (2N � k)=2N a new nodedoes not atta
h to the earliest node, thereby giving these
ond 
ontribution to P (k;N + 1).
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FIG. 3: Degree distribution of the �rst node for the dimer,trimer (2 links to the initial node), and pentamer (4 links)initial 
onditions based on 105 realizations of a network with105 links. The 
urve is the predi
tion of Eq. (8).The solution to the master equation (6) for the \dimer"initial 
ondition Æ Æ is [11℄P (k;N) = 122N�k�1 (2N � k � 1)!(N � k)! (N � 1)! : (7)For N !1, this simpli�es to the Gaussian distributionP (k;N) � 1p�N e�k2=4N (8)

for �nite values of the s
aling variable k=N1=2. Thus thetypi
al degree of the �rst node is of the order ofN1=2; thisis the same s
aling behavior as the degree of the leadernode. For the trimer initial 
ondition (whi
h we typi
allyused in simulations) we obtained the degree distributionof the �rst node in the form of a series of ratios of Eu-ler's gamma fun
tions [11℄. It appears that P (k;N) hasa e�k2=4N Gaussian tail independent of the initial 
on-dition. The degree of the �rst node also approximatesthat of the leader node [3℄ more and more 
losely as thedegree of the �rst node in the initial state is in
reased.Although P (k;N) 
ontains all information about thedegree of the �rst node, the behavior of its momentshkaiN = P kaP (k;N) is simpler to appre
iate. To de-termine the moments, it is more 
onvenient to 
onstru
ttheir governing re
ursion relations, rather than to 
al
u-late the moments from the exa
t form for P (k;N). FromEq. (6), the average degree satis�es the re
ursion relationhkiN+1 = hkiN �1 + 12N� ; (9)whose solution ishkiN = � � �N + 12�� � 12��(N) � �p� N1=2 : (10)The prefa
tor � depends on the initial 
ondition, with� = 2; 8=3; 16=5; : : : for the dimer, trimer, tetramer, et
.,initial 
onditions.This multipli
ative dependen
e on the initial 
onditionmeans that the �rst few growth steps substantially a�e
tthe average degree of the �rst node. For example, for thedimer initial 
ondition, the average degree of the �rstnode is, asymptoti
ally, 2pN=�. However, if the se
ondlink atta
hes to the �rst node, an e�e
tive trimer initial
ondition arises and hkiN � (8=3)pN=�. Thus smallinitial perturbations lead to ma
ros
opi
 di�eren
es inthe degree of the �rst node; that is, be
oming popularearly signi�
antly in
reases ultimate popularity.An intriguing manifestation of the ri
h get ri
her phe-nomenon is the behavior of the survival probability S(N)that the �rst node leads throughout the growth up to sizeN (Fig. 4). For the linear atta
hment rate, S(N) satu-rates to a �nite non-zero value of approximately 0.277 asN ! 1; saturation also o

urs for the general atta
h-ment rate Ak = k + �. Thus for these popularity-drivensystems, the ri
h get ri
her holds in a strong form { thelead never 
hanges with a positive probability.For 
onstant atta
hment rate, S(N) de
ays to zero asN ! 1, but asymptoti
 behavior is not apparent evenwhen N = 108. A power law S(N) / N�� is a reason-able �t, but the lo
al exponent is still slowly de
reasingat N � 108 where it has rea
hed �(N) � 0:18. To un-derstand the slow approa
h to asymptoti
 behavior, notethat in the 
ontinuum limit, the degree distribution ofthe �rst node satis�es the 
onve
tion-di�usion equation� �� lnN + ��k�P = 12 �2P�k2 (11)



4whose solution is a GaussianP (k;N) = 1p2� lnN exp�� (k � lnN)22 lnN � : (12)Therefore the degree of the �rst node grows as lnN ,with 
u
tuations of the order of plnN . On the otherhand, the maximal degree grows faster, as v lnN withv = 1= ln 2 (Eq. (3)), and its 
u
tuations are negligible.Asymptoti
 behavior is rea
hed when the degree of theleader substantially ex
eeds the maximal degree of the�rst node, that is, v lnN � lnN +plnN . This explainswhy it takes so long to rea
h the asymptoti
 regime.
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FIG. 4: Probability that the �rst node leads throughout theevolution for 105 realizations of up to size N = 107 for Ak = k(upper), and up to N = 108 for Ak = k (lower).We now estimate the large-N behavior of S(N) asPk�kmax P (k;N). This approximation givesS(N) / Z 1v lnN dkplnN exp�� (k � lnN)22 lnN �/ N�� (lnN)�1=2 ; (13)

with � = (v � 1)2=2 � 0:097989 : : : . This value is suf-�
iently small that the logarithmi
 fa
tor noti
eably af-fe
ts a numeri
al estimate of the e�e
tive exponent.The above estimate is based on the Gaussian approxi-mate for P (k;N) whi
h is not a

urate outside the s
al-ing region, namely, for k � lnN + plnN . However,we 
an determine P (k;N) exa
tly be
ause its de�ningre
ursion formulaP (k;N) = 1N P (k � 1; N � 1) + N � 1N P (k;N � 1)is 
losely related to that of the Stirling numbers of the�rst kind �Nk � [12℄, and the solution for the dimer ini-tial 
ondition is P (k;N) = �Nk �=N !. The 
orrespondinggenerating fun
tion isSN (x) = NXk=1P (k;N)xk = x(x + 1) : : : (x+N � 1)N ! :Using the Cau
hy theorem, we express P (k;N) in termsof the 
ontour integral SN (x)=xk+1. When N ! 1,this 
ontour integral is easily 
omputed by applying thesaddle point te
hnique [11℄. Finally we arrive at Eq. (13)with the same logarithmi
 prefa
tor but with a slightlysmaller exa
t exponent � = 1� v + v ln v � 0:08607.In summary, lead 
hanges are rare in popularity-drivennetwork growth pro
esses, and leadership is restri
ted tothe earliest nodes. Furthermore, with a �nite probability,the �rst node remains the leader throughout the evolu-tion. For growth with no popularity bias, leadership isshared among a somewhat larger 
adre of nodes. One
onsequen
e is that the average index of the leader nodegrows as N with  = 0:415 037 : : : . The possibility ofsharing the lead among a larger subset of nodes givesrise to a ri
h dynami
s in whi
h the probability that the�rst node retains the lead de
ays asN�� (lnN)�1=2 with� = 0:08067 : : : .We are grateful to NSF grant DMR9978902 for partial�nan
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