
Ordering of Random Walks: The Leader and the LaggardD. ben-Avraham,1, � B. M. Johnson,1 C. A. Mona
o,1 P. L. Krapivsky,2, y and S. Redner2, z1Department of Physi
s, Clarkson University, Potsdam, New York 13699-58202Center for BioDynami
s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, Massa
husetts 02215(Dated: O
tober 22, 2002)We investigate two 
omplementary problems related to maintaining the relative positions of Nrandom walks on the line: (i) the leader problem, that is, the probability LN(t) that the leftmostparti
le remains the leftmost as a fun
tion of time and (ii) the laggard problem, the probabilityRN (t) that the rightmost parti
le never be
omes the leftmost. We map these ordering problemsonto an equivalent (N � 1){dimensional ele
trostati
 problem. From this 
onstru
tion we obtain avery a

urate estimate for LN (t) for N = 4, the �rst 
ase that is not exa
tly soluble: L4(t) / t��4 ,with �4 = 0:91342(8). The probability of being the laggard also de
ays algebrai
ally, RN (t) / t�
N ;we derive 
2 = 1=2; 
3 = 3=8, and argue that 
N ! N�1 lnN as N !1.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnI. INTRODUCTIONConsider N identi
al and independent random walkersthat are initially lo
ated at x1(0) < x2(0) < � � � < xN (0)on an in�nite line [1℄. There are many interesting ques-tions that 
an be posed about the order of the parti
les.For example, what is the probability that all walkersmaintain their relative positions up to time t, that is,x1(�) < x2(�) < � � � < xN (�) for all 0 � � � t? By map-ping this vi
ious random walk problem onto the di�usionof a single e�e
tive parti
le in N dimensions and then ex-ploiting the image method for the di�usion equation, thisordering probability was found [2, 3℄ to de
ay asymptot-i
ally as t��N with �N = N(N � 1)=4. Many additionalaspe
ts of this problem have been investigated within therubri
s of vi
ious random walks [2, 4, 5, 6, 7, 8, 9℄ and\friendly" random walks [10, 11℄.In this work, we study two related and 
omplemen-tary random walk ordering problems. In the \leader"problem, we ask for the probability LN (t) that the ini-tially leftmost parti
le in a group of N parti
les re-mains to the left of all the other parti
les up to timet [12, 13, 14, 15, 16, 17℄. In the \laggard" problem,we are 
on
erned with the probability RN (t) that theinitially rightmost parti
le from a group of N parti
lesnever attains the lead (be
omes leftmost). These twoprobabilities LN (t) and RN (t) de
ay algebrai
allyLN (t) / t��N ; RN (t) / t�
N ; (1)as t ! 1 and our basi
 goal is to determine the expo-nents �N and 
N .These ordering problems arise in a variety of 
ontexts.Physi
al appli
ations in
lude wetting phenomena [2, 3℄and three-dimensional Lorentzian gravity [18℄. A more�Ele
troni
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probabilisti
 appli
ation is the ballot problem [12℄, whereone is interested in the probability that the vote for asingle 
andidate remains ahead of all the other 
andidatesthroughout the 
ounting; this is just a restatement of theleader problem. Another example is that of the lamb andthe lions [15, 16℄, in whi
h one is interested in the survivalof a di�using lamb in the presen
e of many di�using lions.In one dimension, a lamb that was initially in the leadmust remain the leader to survive.For the leader problem, exa
t results are known forsmall N only: �2 = 1=2 and �3 = 3=4 [4, 12, 19, 20℄,while �N ! ln (4N)=4 for large N [14, 15, 16, 17℄. Thisslow in
rease arises be
ause adding another parti
le haslittle e�e
t on the survival of the leader when N is large.For N � 4, no exa
t results are available and one fo
usof our work is to obtain an a

urate estimate of �N forthe 
ase N = 4. We a

omplish this by mapping the re-a
tion onto an equivalent ele
trostati
 potential problemdue to a point 
harge within an appropriately-de�nedthree-dimensional domain. This mapping provides bothan appealing way to visualize the rea
tion pro
ess andan a

urate estimate of the survival exponent �4.For the laggard problem, we employ the same methodas in the leader problem to obtain 
3 = 3=8. Wealso estimate the asymptoti
 behavior of RN and �nd
N ! N�1 lnN as N ! 1. As is expe
ted, a laggardin a large population likely remains a laggard. Thereforethe probability of remaining a laggard de
ays very slowlywith time for large N .In the next se
tion, we review known results about theleader problem in a 3-parti
le system. In Se
. III, weoutline the ele
trostati
 formulation of the leader prob-lem and then apply it to the 4-parti
le system in Se
. IV.A numeri
al solution of the pertinent Lapla
e equationgives �4 = 0:91342(8), a signi�
ant improvement overthe previously-quoted estimate �4 � 0:91 [13℄. In Se
. V,we turn to the laggard problem and give an asymptoti
estimate for the exponent 
N . Con
luding remarks andsome open questions are given in Se
. VI.



2II. CONVENTIONAL APPROACH TO THELEADER PROBLEMWe begin by mapping the original problem of N dif-fusing parti
les x1; x2; : : : ; xN on the line onto a singlee�e
tive di�using parti
le lo
ated at �x1; x2; : : : ; xN� inN -dimensional spa
e. The parti
le order 
onstraints onthe line translate to bounding hyperplanes within whi
hthe e�e
tive parti
le is 
on�ned [2, 20℄. The e�e
tive par-ti
le is absorbed if it hits one of these boundaries. Forthe leader problem, the expli
it shape of these bound-ing hyperplanes 
an be easily worked out for the 
asesN = 2 and N = 3; we will later extend this analysis tothe 4-parti
le system.For 2 parti
les, their separation undergoes simple dif-fusion and the pro
ess terminates when the separationequals zero. Thus the survival probability of the leaderde
ays as t�1=2. To �x notation and ideas for later se
-tions, we now study the 3-parti
le system. For a leaderat x1(t) and parti
les at x2(t) and x3(t), we view these
oordinates as equivalent to the isotropi
 di�usion of asingle e�e
tive parti
le at �x1(t); x2(t); x3(t)� in three di-mensions. Whenever this e�e
tive parti
le 
rosses theplane Aij : xi = xj , the original walkers at xi and xjin one dimension have reversed their order. There arethree su
h planes A12; A13; A23 that divide spa
e into 6domains, 
orresponding to the 3! possible orderings ofthe three walkers (Fig. 1(a)). These planes all interse
talong the (1; 1; 1) axis.We may simplify this des
ription by proje
ting ontothe plane x1 + x2 + x3 = 0 that 
ontains the origin andis perpendi
ular to the (1; 1; 1) axis. Now the plane A12may be written parametri
ally as (a; a; b) and its interse
-tion with the plane x1+x2+x3 = 0 is the line (a; a;�2a).Likewise, the interse
tions of A13 and A23 with the planex1 + x2 + x3 = 0 are (a;�2a; a) and (�2a; a; a), respe
-tively (Figs. 1(b)).The survival of the leader 
orresponds to the e�e
tiveparti
le remaining within the adja
ent domains 123 and132 in Fig. 1(b). The ba
kground parti
les at x2 and x3are allowed to 
ross, but the leader at x1 always remainsto the left of both x2 and x3. The union of these twodomains de�nes a wedge of opening angle 120Æ. Sin
ethe survival probability of a di�using parti
le within awedge of arbitrary opening angle ' and absorbing bound-aries de
ays asymptoti
ally as t��=2' [21℄, we dedu
e theknown result that the leader survival probability expo-nent is �3 = 3=4.III. ELECTROSTATIC FORMULATIONFor more than 3 parti
les, the domain for the e�e
-tive parti
le is geometri
ally more 
omplex and the 
or-responding solution to the di�usion equation does notseem tra
table. We therefore re
ast the survival prob-ability of the e�e
tive di�using parti
le in terms of thesimpler problem of the ele
trostati
 potential of a point
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FIG. 1: The order domains for 3 parti
les in (a) the full 3-dimensional spa
e, and (b) proje
ted onto the subspa
e per-pendi
ular to the (1; 1; 1) axis. The notation ijk is short-hand for xi < xj < xk. The allowed region 
orresponding tosurvival of a leader (x1 < x2; x3) is indi
ated by the darkershading, while the lighter shaded region 
orresponds to thelaggard problem (x3 6< x1; x2).
harge within the same geometri
 domain [20℄. Let S(t)be the survival probability of a di�using parti
le withinan in�nite wedge-shaped d-dimensional domain with ab-sorbing boundary 
onditions. Let V (r) be the ele
tro-stati
 potential due to a point 
harge within the samedomain, with V = 0 on the boundary. Generi
ally, thesetwo quantities have the asymptoti
 behaviorsS(t) / t�� ; t!1 ;V (r) / r�� ; r !1 : (2)More relevant for our purposes, these two quantitiesare simply related by [15, 16, 20℄Z t0 S(t) dt � Z pt V (r) rd�1dr :This equivalen
e arises be
ause the integral of the dif-fusion equation over all time is just the Lapla
e equa-tion. Thus the time integral of the survival probabilityhas the same asymptoti
 behavior as the spatial integralof the ele
trostati
 potential over the portion of the do-main that is a

essible by a di�using parti
le up to time



3t. Substituting the respe
tive asymptoti
 behaviors fromEqs. (2), and noting that the allowed wedge domain foran N -parti
le system has dimension N�1, we obtain thefundamental exponent relation� = ��N + 32 : (3)Thus the large-distan
e behavior of the ele
trostati
 po-tential within a spe
i�ed domain with Diri
hlet boundary
onditions also gives the long-time survival probabilityof a di�using parti
le within this domain subje
t to thesame absorbing boundary 
onditions. From this survivalprobability, we 
an then determine the original orderingprobability.To illustrate this approa
h, let us determine the variousordering probabilities of 3 parti
les on the line in termsof the equivalent ele
trostati
 problem. In fa
t, it is sim-pler to work ba
kwards and �nd the equivalent orderingproblem that 
orresponds to a spe
i�
 wedge domain, Forexample, 
onsider the 60Æ wedge 123 in Fig. 1. If the ef-fe
tive parti
le remains within this wedge, the initial par-ti
le ordering on the line is preserved. This 
orrespondsto the vi
ious random walk problem in whi
h no parti
le
rossings are allowed. To obtain the asymptoti
 behaviorof the potential of a point 
harge interior to this wedge,let us assume that V (r) � r��f(') as r !1. Substitut-ing this ansatz into the 2-dimensional Lapla
e equation,we obtain the eigenvalue equation f 00(') = ��2f('),subje
t to f(') = 0 on the wedge boundaries. For the60Æ wedge, the solution with the smallest eigenvalue isf(') = sin(3'). Thus � = 3, leading to the known result� = (��N + 3)=2 = 3=2, for 3 vi
ious walkers.IV. 4-PARTICLE SYSTEMThe state of the system may be represented by an ef-fe
tive di�using parti
le in 4 dimensions. By proje
tingonto the 3-dimensional subspa
e x1 + x2 + x3 + x4 = 0that is orthogonal to the (1; 1; 1; 1) axis, the order do-mains of the original parti
les 
an be redu
ed to 3 spatialdimensions. In this 3-dimensional subspa
e, the bound-ary A12 : x1 = x2 be
omes the plane (a; a; b; 
), with2a + b + 
 = 0. Likewise, A13 may be written paramet-ri
ally as (a; b; a; 
), where again 2a + b + 
 = 0. Thusthe lo
us L123 � A12 \ A13 : x1 = x2 = x3 is the line(a; a; a;�3a). This body diagonal joins the nodes 4 and4 in Fig. 2. Along this axis, the original parti
le 
oor-dinates on the line obey the 
onstraint x1 = x2 = x3,with x4 < x3 on the half-axis 
loser to node 4 andx4 > x3 on the half-axis 
loser to node 4. A similardes
ription applies to the axes L124 = (a; a;�3a; a) be-tween 3 and 3, L134 = (a;�3a; a; a) between 2 and 2, andL234 = (�3a; a; a; a) between 1 and 1.The lo
us where x1 = x2 and x3 = x4 simultaneously,is the line L12;34 � A12 \ A34 = (a; a;�a;�a). Like-wise, L13;24 = (a;�a; a;�a), and L14;23 = (a;�a;�a; a).Viewed in the orthogonal 3-subspa
e, the 6 planes Aij
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FIG. 2: Top: Cardboard model of the ordering domains for4 parti
les on the line after proje
tion into the subspa
e per-pendi
ular to (1; 1; 1; 1). This stru
ture 
onsists of only 6interse
ting planes. Ea
h plane bise
ts the 
ube and is de-�ned by the equality of two 
oordinates. Lower: S
hemati
of the same system. The wedge ijkl denotes the region wherexi < xj < xk < xl. The union of six su
h ordering wedges,
orresponding to the leader problem x1 < x2; x3; x4, are la-beled. This domain is bounded by the rays 02, 03, 04, wherethe origin is the dashed 
ir
le at the interse
tion of the axesL14;23 � u, L12;34 � v, and L13;24 � w. One 
onstraint plane,x1 = x3, is shown shaded (outside the 
ube).interse
t in 7 lines (4 Lijk and 3 Lij;kl), and dividethe subspa
e into 24 semi-in�nite wedges, as shown inFig. 
ube(b). Ea
h of these wedges 
orresponds to oneof the 4! orderings of the walkers in one dimension.We �rst illustrate the ele
trostati
 formulation of thissystem for the vi
ious random walk problem. Sin
ethe initial parti
le order is preserved, the e�e
tive dif-



4fusing parti
le remains within a single wedge ijkl inFig. 2. As outlined in the previous se
tion, the sur-vival probability of this e�e
tive parti
le 
orresponds tothe ele
trostati
 potential of a point 
harge within thisone wedge, with the boundary surfa
es held at zero po-tential. To solve this ele
trostati
 problem, it is 
onve-nient to pla
e the point 
harge at the symmetri
 lo
a-tion (u; v; w) = (0; 1; 1=2) within the wedge 1234, wherethe (u; v; w) axes are de�ned in Fig. 2. From the imagemethod, the potential due to a point 
harge within onewedge is equivalent to the potential of an array of 24symmetri
ally-pla
ed point 
harges 
onsisting of the ini-tial 
harge and 23 image 
harges, with positive images at�(0; 1; 1=2), �(0; 1;�1=2), �(�1=2; 0; 1), �(1;�1=2; 0),and negative images at �(�1=2; 1; 0), �(0;�1=2; 1), and�(0; 1;�1=2). Using Mathemati
a the asymptoti
 be-havior of the potential in wedge 1234 (where the original
harge is pla
ed) due to this 
harge array isV (r) = a1r�7 + a2r�11 + a3r�13 + a4r�15 + � � � :(The 
oeÆ
ients ai depend on the lo
ation of the 
hargeand on the orientation of r.) Using the exponent rela-tion (3), the asymptoti
 survival probability of 4 vi
iouswalkers is given byS(t) = b1t�3 + b2t�5 + b3t�6 + b4t�7 + � � � :The leading behavior 
on�rms the known result [2, 3℄,and we obtain the form of the 
orre
tions as well. Asan amusing aside, noti
e that an r�7 dependen
e for thepotential is normally a
hieved by a 64-pole 
harge 
on-�guration. The high symmetry of the 24 
harges in theordering problem leads to a multipole �eld normally as-so
iated with at least 64 point 
harges.We next turn to the leader problem. This system 
or-responds to the ele
trostati
 problem within the 
om-bined domain of the 6 wedges marked 1234, 1243, 1423,1432, 1342, and 1324, in Fig. 2. The resulting domain isa tetrahedral 
orner, with its apex at the 
enter of the
ube, that is 
anked by the rays 02, 03, and 04. Despitethe simpli
ity of this domain, we are unable to solve thisele
trostati
 problem analyti
ally and we have insteadstudied the problem numeri
ally.In the allowed region of the 
ube in Fig. 2, we dis-
retize spa
e and solve the ele
trostati
 potential of apoint 
harge by using su

essive over-relaxation, withthe domain boundaries at zero potential. For simpli
-ity, the 
harge is 
hosen to be at the symmetri
 point(1; 1; 1). For the outer fa
es of the 
ube we use two dif-ferent boundary 
onditions: (a) absorbing (V = 0), and(b) re
e
ting, (dV=dn = 0, where n is the dire
tion nor-mal to the surfa
e). The true potential { that of the in-�nite wedge { lies between these two extremes. We alsoexploit the symmetry about the (1; 1; 1) diagonal and useonly the domain marked 1234 in Fig. 2, with absorbingboundary 
onditions on the plane 3434, and re
e
tingboundary 
onditions on the planes 1212 and 1414. As al-ready dis
ussed, the outer 
ube fa
e, 1324, is taken to be

re
e
ting or absorbing. This spa
e savings allows us to
arry out 
omputations for a 
ube of 500 latti
e spa
ingson a side.
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FIG. 3: Lo
al exponent �(r), as a fun
tion of 1=r for thetetrahedral wedge with absorbing (+) and re
e
ting (Æ) �nite-size boundary 
onditions at the outer fa
e of the 
ube.While the power-law de
ay of the potential sets inqui
kly, the �nite-size e�e
t is pronoun
ed and it is per-
eptible already at 25 latti
e spa
ings away from the
harge. This is the primary limitation on the a

u-ra
y of our exponent estimate. Nevertheless, the lo-
al exponent �(r) = �d lnV (r)=d ln r varies only at thefourth digit (Fig. 3). The approa
h of the lo
al expo-nent to the asymptoti
 limit also suggests that V (r)has the form V (r) � r�� + Ar�4. Assuming that thisis the 
ase, extrapolation of the data in Fig. 3 gives� = 2:82684 � 0:00016, where the error bar is the dif-feren
e in the extrapolated value of �(r) from the twodi�erent boundary 
onditions. From the exponent 
or-responden
e given in Eq. (3), we thereby obtain, for thelead probability,L4(t) � t��4 +At�3=2 ; �4 = 0:91342(8) ; (4)It is hard to mat
h this numeri
al a

ura
y with thatfrom dire
t simulations of the survival of the leader. Wesimulated 109 realizations of the system; this gives ex-tremely linear data for the time dependen
e of the leadersurvival probability on a double logarithmi
 s
ale. Toestimate the exponent �4, we 
omputed the lo
al slopesof the survival probability versus time in 
ontiguous timeranges between t and 1:5t when plotted on a double log-arithmi
 s
ale. These lo
al exponents are plotted against1= ln1:5 t (Fig. 4). The results are 
ompatible but mu
hless a

urate than Eq. (4).V. THE LAGGARD PROBLEMIn the laggard problem, we study the probability thatthe initially rightmost parti
le at xN has never been the
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FIG. 4: Dire
t simulation results for the lo
al exponent inthe survival probability for 109 
on�gurations. The arrowindi
ates our estimate for �4 from Eq. (4).leader during the time interval (0; t). The laggard prob-lem 
an also be re
ast into the di�usion of a single e�e
-tive parti
le within an N{dimensional wedge-shaped re-gion, with absorbing domain boundaries. This mappingleads to the basi
 
on
lusion that every parti
le that isinitially not in the lead exhibits the same asymptoti
 be-havior as the last parti
le. Indeed, for any parti
le i ini-tially at xi, the regions xi 6< x1; : : : ; xi�1; xi+1; : : : ; xNare isomorphi
. The initial 
ondition merely �xes thelo
ation of the e�e
tive parti
le in this allowed region.Another fundamental observation is that the allowed re-gions of the e�e
tive parti
le for the leader and the lag-gard problems are 
omplementary for all N .For two parti
les, the probability that the laggard doesnot be
ome the leader obviously de
ays as t�1=2, i.e.,
2 = 1=2. The 
ase N = 3 is more interesting but alsosolvable. The 
ondition that a parti
le initially at x3never attaining the lead (x3 6< x1; x2) is equivalent tothe e�e
tive parti
le remaining with the lighter shadedregion in Fig. 1(b). Sin
e the opening angle of the re-sultant wedge is ' = 4�=3, the 
orresponding survivalprobability de
ays as t�3=8, implying that 
3 = 3=8.We have performed dire
t numeri
al simulations of thepro
ess to estimate the exponent 
N for N = 3; 4; 5,and 6. Ea
h simulation is based on 106 realizations inwhi
h N � 1 parti
les are initially at the origin, whilethe laggard is at x = 1. Ea
h simulation is run until thelaggard a
hieves the lead or 105 time steps, whi
hever
omes �rst. From the survival probability, we estimate
N � 0:35; 0:30; 0:26, and 0:23 for N = 3 { 6, respe
-tively. Sin
e we know that 
3 = 0:375, the dis
repan
yof 0.025 between the simulation result and the theory isindi
ative of the magnitude of systemati
 errors in thisstraightforward numeri
al approa
h.While it appears diÆ
ult to determine the exponent 
Nanalyti
ally for general N > 3, the situation simpli�es

in the large N limit be
ause the position of the leaderbe
omes progressively more deterministi
. Indeed, theprobability density PN (y; t) that the leader is lo
ated atdistan
e y from the origin (assuming that all parti
les areinitially at the origin) is [16℄PN (y; t) = N e�y2=4Dtp4�Dt �1� 12 erf
�� yp4Dt��N�1 ;where erf
(x) = 1 � erf(x) is the 
omplementary errorfun
tion. Performing a large N analysis, we �nd thatthe probability density PN (y; t) approa
hes a GaussianPN (y; t)! 1p2��2 exp�� (y + y�)22�2 � ; (5)with the mean and the varian
e of this distribution givenby y� = zp4Dt ; �2 = Dtz2 ; (6)where z is determined from the trans
endental relationz ez2 = Np4� : (7)Consequently, the parameter z diverges as z � plnNwhen N ! 1. The ratio of the dispersion to the meandispla
ement thus de
reases as �=y� � (2 lnN)�1, sothat the position of the leader indeed be
omes more de-terministi
 as N !1.Therefore in the large N limit we 
an assume that theleader is moving deterministi
ally and its position is givenby �y�(t). Then the probability that the laggard nevera
hieves the lead is equivalent to the probability that adi�using parti
le initially at the origin does not overtakea re
eding parti
le whose position is varying as �y�(t).This 
orresponds to the solution to the di�usion equa-tion in the expanding region x 2 (�y�(t);1) with anabsorbing boundary 
ondition at the re
eding boundaryx = �y�. When y� / t1=2, this di�usion equation 
anbe solved exa
tly by redu
ing it to a paraboli
 
ylinderequation in a �xed region. However, in the limit t!1,we 
an obtain asymptoti
ally 
orre
t results mu
h moresimply. Be
ause the absorbing boundary re
edes fromthe laggard parti
le relatively qui
kly, we solve the prob-lem by assuming that the density P (x; t) of the laggardparti
le approa
hes a Gaussian with yet unknown ampli-tude RN (t) [15, 16℄:P (x; t) = RN (t)p4�Dt exp�� x24Dt� : (8)Although this distribution does not satisfy the absorbingboundary 
ondition, the in
onsisten
y is negligible sin
ethe exponential term in Eq. (8) is of order N�1 at theboundary y = y�.The probability RN (t) is now found self-
onsistentlyby equating the \mass" loss to the 
ux:dRNdt = D�P�x ���x=�y� (9)



6Using Eq. (8) to 
ompute the 
ux we 
onvert Eq. (9) intodRNdt = �z2N RNt ; (10)from whi
h the exponent 
N is z2=N . This is of 
oursevalid only in the large N limit. Taking this limit inEq. (7) we obtain
N = lnNN � ln lnN2N + : : : : (11)Thus as N gets large, the probability that the laggardnever attains the lead de
ays extremely slowly with time.This �ts with the naive intuition that if the number ofparti
les is large a laggard initially is very likely to remaina laggard. Ea
h additional parti
le makes it even lesslikely that the laggard 
ould a
hieve the lead. Amusingly,this asymptoti
 exponent predi
tions is numeri
ally 
loseto the previously-quoted results from dire
t numeri
alsimulations of the laggard problem.VI. CONCLUDING REMARKSWe investigated two dual random walk ordering prob-lems in one dimension: (i) what is the probability that aparti
le, that is initially in the lead, remains in the leadand (ii) what is the probability that a parti
le, that isinitially not in the lead, never a
hieves the lead? Theseproblems are most interesting in one spatial dimensionbe
ause of the e�e
tive 
orrelations between the inter-a
ting parti
les. These 
orrelations are absent in twodimensions and greater, so that an N -parti
le system re-du
es to a 2-parti
le system [9, 15, 16℄.We determined the respe
tive exponents �N and 
Nasso
iated with the lead and laggard probabilities forgeneral N . Both exponents 
an be determined by ele-mentary geometri
 methods for N = 2 and 3 and byasymptoti
 arguments for N ! 1. Our new results are

the following: (i) a pre
ise estimate for �4 and (ii) thelarge-N behavior of 
N .A simple generalization is to allow ea
h parti
le i tohave a distin
t di�usion 
oeÆ
ient Di. The exponents�N and 
N will now depend on the di�usion 
oeÆ
ients,ex
ept for N = 2, where �2 and 
2 always equal 1/2.The 
ase N = 3 is still solvable by introdu
ing res
aled
oordinates yi = xi=pDi to render the di�usion of thee�e
tive parti
le isotropi
, after whi
h the mapping tothe wedge 
an be performed straightforwardly. We thus�nd�3 = (2� 2� 
os�1 D1p(D1 +D2)(D1 +D3))�1 ;
3 = (2 + 2� 
os�1 D3p(D1 +D3)(D2 +D3))�1 :An amusing spe
ial 
ase is the 
ase of a stationary lag-gard, for whi
h 
3 = 1=3.Finally, it is also worth mentioning a promising de-velopment to solve the di�usion equation in the domainsde�ned by the ordering of one-dimensional random walks.This is the re
ent dis
overy of deep 
onne
tions betweenvi
ious walkers and randommatrix theory [6, 7, 8℄. Theseallow one to not only re-derive the exponent �N of theoriginal vi
ious random walk problem, but also lead tomany new results. It would be extremely useful if thesete
hniques 
ould be extended to the leader and laggardproblems. A
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