
Fate of Zero-Temperature Ising FerromagnetsV. Spirin, P. L. Krapivsky, and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215We investigate the relaxation of homogeneous Ising ferromagnets on �nite latti
es with zero-temperature spin-
ip dynami
s. On the square latti
e, a frozen two-stripe state is apparently rea
hedapproximately 1/4 of the time, while the ground state is rea
hed otherwise. The asymptoti
 relax-ation is 
hara
terized by two distin
t time s
ales, with the longer stemming from the in
uen
e ofa long-lived diagonal stripe \defe
t". In greater than two dimensions, the probability to rea
h theground state rapidly vanishes as the size in
reases and the system typi
ally ends up wanderingforever within an iso-energy set of sto
hasti
ally \blinking" metastable states.PACS Numbers: 64.60.My, 05.40.-a, 05.50.+q, 75.40.GbWhat happens when an Ising ferromagnet, with spinsendowed with Glauber dynami
s [1℄, is suddenly 
ooledfrom high temperature to zero temperature (T = 0)? A�rst expe
tation is that the system should 
oarsen [2℄and eventually rea
h the ground state. However, eventhe simple Ising ferromagnet admits a large number ofmetastable states with respe
t to Glauber spin-
ip dy-nami
s. Therefore at zero temperature the system 
ouldget stu
k forever in one of these states.In this Letter, we present eviden
e that the behaviorof su
h a kineti
 Ising model is ri
her than either of theses
enarios. While the ground state is always rea
hed inone dimension, there appears to be a non-zero probabil-ity that the square latti
e system freezes into a \stripe"phase, at least for equal initial 
on
entrations of " and# spins [3℄. The relaxation is governed by two distin
ttime s
ales, the larger of whi
h stems from a long-liveddiagonal stripe \defe
t". On hyper
ubi
 latti
es (d � 3),the probability to rea
h the ground state vanishes in thethermodynami
 limit and the system ends up wanderingforever on an iso-energy subset of 
onne
ted metastablestates. Again, the relaxation seems to be 
hara
terizedby at least two time s
ales. It bears emphasizing thatthese long-time anomalies require that the limit T ! 0is taken before the thermodynami
 limit L ! 1; verydi�erent behavior o

urs if L!1 before T ! 0 [4℄.We 
an easily appre
iate the pe
uliarities of zero-temperature dynami
s for odd-
oordinated latti
es, su
has the honey
omb latti
e. Here any 
onne
ted 
luster inwhi
h ea
h spin has at least 2 aligned neighbors is ener-geti
ally stable in a sea of opposite spins. For any ini-tial state, a suÆ
iently large system will have many su
hstable defe
ts. Be
ause the number of su
h metastablestates generally s
ales exponentially with the total num-ber of spins N , the system ne
essarily freezes into one ofthese states. However, on even-
oordinated latti
es thenumber of metastable states grows as a slower, stret
hedexponential fun
tion ofN , and they a�e
t the asymptoti
relaxation in mu
h more subtle way.We therefore study the homogeneous Ising model, withHamiltonian H = �JPhiji �i�j , where �i = �1 and thesum is over all nearest-neighbor pairs of sites hiji. We

assume initially un
orrelated spins, with �j(t = 0) = �1equiprobably, whi
h evolve by zero-temperature Glauberdynami
s [1℄, 
orresponding to a quen
h from T = 1to T = 0. We fo
us on d-dimensional hyper
ubi
 lat-ti
es with linear size L and periodi
 boundary 
onditions.Most of our results 
ontinue to hold for free boundary
onditions and on arbitrary even-
oordinated latti
es.Glauber dynami
s at zero temperature involves pi
k-ing a spin at random and 
onsidering the energy 
hange�E if the spin were 
ipped. If �E < 0 (>0), the 
ip isa

epted (reje
ted), while if �E = 0, the attempt is a
-
epted with probability 1/2. After ea
h event, time is up-dated by 1=Ld, so that ea
h spin undergoes, on average,one update attempt in a single time unit. In pra
ti
e, weupdate only the 
ippable spins (those with �E � 0) andupdate the time by 1=(number of 
ippable spins). Forea
h initial state, one realization of the dynami
s is rununtil the �nal state. At T = 0, metastable states in thisdynami
s have an in�nite lifetime and these 
an preventthe equilibrium ground state from being rea
hed. This isthe basi
 reason why dynami
s at T = 0 is very di�erentfrom that of small positive temperature.In one dimension, it is easy to determine the ultimatefate of the system [5℄. In T = 0 Glauber kineti
s, theexpe
tation value of the ith spin, si � h�ii, obeys thedi�usion equation and therefore the average magnetiza-tion hmi = 1L Pj sj is 
onserved [1℄. Sin
e there are nometastable states in one dimension, the only possible �-nal states are all spins up or all spins down. For initialmagnetizationm(0), a �nal magnetizationm(1) = m(0)
an be a
hieved only if a fra
tion 12 (1 +m(0)) of all re-alizations of the dynami
s ends with all spins up and afra
tion 12 (1�m(0)) with all spins down.On the square latti
e, there exists a huge number ofmetastable states whi
h 
onsist of alternating verti
al (orhorizontal) stripes whose widths are all � 2. These arisebe
ause in zero-temperature Glauber dynami
s a straightboundary between up and down phases is stable; a rever-sal of any spin along the boundary in
reases its lengthand raises the energy. Note that a stripe of width one isnot stable be
ause it 
an be 
ut in two at no energy 
ostby 
ipping one of the spins in the stripe.1
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FIG. 1. Probability that an L�L square eventually rea
hesa stripe state as a fun
tion of 1= log2 L for L up to 1024. Ea
hdata point (with error bars) is based on 105 initial spin 
on-�gurations for L � 256, and then 13,500 and 2,700 
on�gura-tions respe
tively for L = 512 and L = 1024.The mere existen
e of these metastable states impliesthat a �nite sample may not rea
h the ground state.However, one might expe
t that the probability to rea
hthe ground state approa
hes unity as the system sizegrows: limL!1 Pgs = 1. Our numeri
al simulations onL � L squares appear to disagree with this expe
tation(Fig. 1). The probability Pgs grows extremely slowly withL and extrapolates to a value of approximately 3=4 asL ! 1, so that the probability to rea
h a two-stripestate, Pstr = 1 � Pgs would be non-zero. We also �ndthat states with more than two stripes almost never ap-pear.
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FIG. 2. Final magnetization distribution on the (a) square,and (b) 
ubi
 latti
es. On the square latti
e, this distributionnarrows as L in
reases, but appears to rea
h a non-singularlimit. On the 
ubi
 latti
e, data 
ollapse o

urs even at smallsizes. The number of realizations is 105 for the square and� 104 for the 
ubi
 latti
es.When the two-stripe state is rea
hed on the squarelatti
e, both stripes have width typi
ally of the order ofL=2, as seen by a gradual narrowing of the 
ontinuous
omponent C2d(m) of the �nal magnetization distribu-tion, F2d(m) = 12Pgs [Æ(m� 1) + Æ(m+ 1)℄ + PstrC2d(m)(Fig. 2(a)). However, as L in
reases the magnetizationdistribution appears to 
onverge to a �nite-width s
al-

ing limit. On the simple 
ubi
 latti
e, there are manymore metastable state topologies and also relatively morestates with narrow stripes, so that there is a larger prob-ability that the �nal magnetization is 
lose to �1. The�nal magnetization distribution also exhibits good data
ollapse even at relatively small system sizes. Strikingly,the �nal magnetization distribution on the 
ubi
 latti
eis well �t by F3d(m) = 34 (1�m2) (Fig. 2(b)).Intriguing behavior is also exhibited by the survivalprobability S(t) that the system has not yet rea
hed its�nal state by time t. As shown in Fig. 3, S(t) is 
ontrolledby two di�erent time s
ales. On a semi-logarithmi
 plot,S(t) lies on one straight line with large negative slope forintermediate times and 
rosses over to another line withsmaller negative slope at long times. In this intermediatetime regime, the energy de
ays as t�1=2, as expe
ted [2℄The 
rossover in S(t) o

urs when domains, whi
h growa

ording to the 
lassi
al t1=2 law [2℄, rea
h the systemsize. This gives the 
rossover time �
 / L2.Quite surprisingly, the sour
e of the long-time anomalyin S(t) arises from the approximately 4% of the 
on�gu-rations in whi
h a diagonal stripe appears (Fig. 4). Onthe torus, this 
on�guration 
onsists of one stripe of "spins and another of # spins whi
h, by symmetry, havewidth of order L. Ea
h of these stripes winds on
e inboth toroidally and poloidally on the torus; they 
annotevolve into straight stripes by a 
ontinuous deformationof the boundaries. Consequently a diagonal stripe 
on-�guration should ultimately rea
h the ground state.
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FIG. 3. Time dependen
e of the survival probability S(t)on L�L squares. Main graph: S(t) versus t=M10 to highlightthe long-time exponential tail, where Mk � htki1=k is the kthredu
ed moment of the time to rea
h the �nal state. S
alingsets in after S(t) has de
ayed to approximately 0.04. Inset:S(t) versus t=M1=10 to highlight the s
aling and the fasterexponential de
ay in the intermediate-time regime.Diagonal stripes are also extremely long-lived. ForL = 200, for example, the time for su
h a 
on�gurationto rea
h the �nal state is two orders of magnitude largerthan the typi
al time. To understand this long lifetime,2



we view a diagonal boundary as an evolving interfa
e ina referen
e frame rotated by 45Æ [6℄.
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FIG. 4. Diagonal stripe 
on�guration on the square latti
e.The lower portion shows part of one interfa
e rotated by 45Æ.Zero-temperature Glauber dynami
s allows for either parti
ledeposition at the bottom of a valley (light-shaded square) {
orresponding to the spin-
ip even "!# { or parti
le evap-oration from a peak (�lled square) { 
orresponding to #!".In this frame (Fig. 4 lower), a spin 
ip is equivalentto a \parti
le" whi
h either deposits at the bottom ofa valley ("!#) or evaporates from a peak (#!"). In asingle time step ea
h su
h event o

urs with probability1/2. For an interfa
e with transverse dimension of orderL, let us assume that there are of the order of L� su
hheight extrema. Ref. [6℄ predi
ts � = 1, but we temporar-ily keep the value arbitrary for 
larity. A

ordingly, in asingle time step, where all interfa
e update attempts o
-
ur on
e on average, the interfa
e 
enter-of-mass moves adistan
e �y � L�=2=L. This gives an interfa
e di�usivityD � (�y)2 � L��2. We then estimate the lifetime �diagof a diagonal stripe as the time for the interfa
e to movea distan
e of order L to meet another interfa
e. Thisgives �diag � L2=D � L4��. Using the results of Ref. [6℄,we expe
t �diag / L3.The survival probability re
e
ts these two time s
ales(Fig. 3), and their L dependen
e is 
leanly visible in theredu
ed moments Mk � htki1=k of the time until the�nal state is rea
hed. The main 
ontribution to the mo-ments with k < 1 
omes from short-lived 
on�gurations,while for k > 1 the main 
ontribution 
omes from long-lived diagonal-stripe 
on�gurations. Our data for Mkwith k < 1 s
ales approximately as L2, while for k > 1,Mk s
ales roughly as L3:5, somewhat faster growth thanexpe
ted (Fig. 5).In greater than two dimensions, the probability torea
h the ground state rapidly vanishes as the systemsize in
reases. For example, Pgs � 0:04 and 0:003 for


ubi
 latti
es of linear dimension L = 10 and 20. Forlarger latti
es, the ground state has not been rea
hedin any of our simulations. One obvious reason why thesystem \misses" the ground state is the rapid in
reasein the number of metastable states with spatial dimen-sion. This proliferation of metastable states makes itmore likely that a typi
al 
on�guration will eventuallyrea
h one of these states rather than the ground state.Another striking feature is that many metastable statesin three dimensions form 
onne
ted iso-energy sets, whilemetastable states are all isolated in two dimensions. Thusa three-dimensional system 
an end up wandering foreveron one of these 
onne
ted sets.
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FIG. 5. Dependen
e of Mk � htki1=k on L. Shown are the
ases k = 1 (dashed 
urve), k = 1=2 (2), 1/4 (�), and 1/10(Æ), as well as k = 2, 4, and 10 (
orresponding �lled symbols).The thin straight lines have slopes 2 and 3.5.A spe
i�
 example from a simulation on a small 
ube issket
hed in Fig. 6. By viewing the spins as 
ubi
 blo
ks,the 
luster of aligned spins appears as a \building" witha 2-storey se
tion (marked 2), an adja
ent 3-storey se
-tion, and a se
tion (marked 1) whi
h wraps around thetorus in the verti
al dire
tion and rejoins the building onthe ground 
oor. The wiggly lines indi
ate that buildingse
tions also wrap around in the x- and y-dire
tions.
3

28FIG. 6. A sto
hasti
 blinker on the 
ubi
 latti
e.The sites marked by � are \blinkers". Consider theleftmost su
h site. Sin
e there are three dire
tions wherethe nearest neighbors are part of the building, this left-most spin 
an 
ip with zero energy 
ost. If this o

urs,then its right neighbor, whi
h was initially stable, 
an3



now 
ip with no energy 
ost. This sequen
e 
an 
ontinueuntil the right edge of the 1 se
tion of the building butno further. Therefore this third-storey addition performsa random walk, 
onstrained to move forever in the inter-val marked by the � sites. While this 
onstru
tion ap-pears idiosyn
rati
, su
h a stru
ture is the basi
 elementof generi
 blinkers on even-
oordinated Cayley trees.Another feature of the �nal state is that it almost al-ways 
onsists of only two interpenetrating 
lusters whi
hboth per
olate in all three Cartesian dire
tions. Thesetwo per
olating 
lusters must ea
h 
ontain no 
onvex
orners to be stable at T = 0. While there are alsometastable states with many 
omponents and metastablestates with 
omponents per
olating in one or in two di-re
tions, su
h 
on�gurations are generally not rea
hedwhen the system is large enough.The energy de
ay on the 
ubi
 latti
e also suggeststhat there exists more than one relaxational time s
ale.Initially, the energy de
reases systemati
ally in a man-ner 
onsistent with a power-law de
ay. At longer times,however, the energy exhibits plateaux of in
reasing dura-tion, pun
tuated by small energy de
reases. Ultimatelythe �nal energy is rea
hed, after whi
h 
onstant-energysto
hasti
 blinking o

urs ad in�nitum. Our data forthe time until the appearan
e of the �rst energy plateaus
ales roughly as L3, while the time to rea
h the �nalenergy seems to in
rease faster than any power of L.The phase-spa
e stru
ture of the metastable states ap-pears to be a 
ru
ial element in understanding the fateof Ising ferromagnets. The simplest aspe
t is to esti-mate the number of metastable states Md(N) as a fun
-tion of the spatial dimension d and number of spinsN = Ld. In two dimensions, a metastable state 
on-tains alternating horizontal or verti
al stripes of up anddown spins, with ea
h stripe of width � 2. This isidenti
al to the number of ground states of a periodi
Ising 
hain with nearest-neighbor ferromagneti
 inter-a
tion J1 and se
ond-neighbor antiferromagneti
 inter-a
tion J2 (axial next-nearest neighbor Ising (ANNNI)model), when J2 = �J1=2. For the 
hain with openboundaries, the number of metastable state was previ-ously found in terms of the Fibona

i numbers [7℄. Forthe periodi
 system the number of metastable states isM2 = gL�1 � (�g)�L+1p5 � 2p3 sin �3 (L� 1) + 2; (1)where g = 12 (1+p5) is the golden ratio, and the �rst termis just the ANNNI model degenera
y. Eq. (1) thereforegives M2(V ) � eA2pN with A2 = ln g.For d = 3, we give a lower bound for the number ofmetastable states by generalizing the stripe states of thesquare latti
e. Consider states whi
h 
onsist of an array

of straight �laments su
h that ea
h �lament 
ross-se
tionis re
tangular and the \Manhattan" distan
e betweenany two re
tangles is � 2. The number of pa
kings ofsu
h �laments is of the order of exp(
L2), where 
 is a
onstant. This gives the lower bound for the number ofmetastable states,M3(N) > exp(
N2=3). This same 
on-stru
tion in d dimensions givesMd(N) > exp(
N (d�1)=d).While we have not su

eeded in 
onstru
ting an upperbound, it seems plausible that this bound has the samefun
tional form as the lower bound; hen
e Md(N) �exp �AdN (d�1)=d�. In addition, it 
an be veri�ed that thenumber of metastable states on the Cayley tree grows ex-ponentially with the number of spins. Thus metastablestates be
ome relatively more numerous as the dimensionin
reases and their in
uen
e on long-time kineti
s should
orrespondingly in
rease.In summary, the homogeneous Ising ferromagnet ex-hibits surprisingly ri
h behavior following a quen
h fromin�nite to zero temperature. On the square latti
e, thereappears to be a non-zero probability of rea
hing a stati
two-stripe state. Evolution via a diagonal stripe 
on-�guration is responsible for a two-time-s
ale relaxationkineti
s. On the 
ubi
 latti
e, the probability of rea
hingboth the ground state or a frozen metastable state van-ishes rapidly as the system size in
reases. The systeminstead rea
hes a �nite iso-energy attra
tor of metastablestates upon whi
h it wanders sto
hasti
ally forever.We thank C. Godr�e
he, M. Grant, J. Krug, T. Liggett,C. Newman, Z. R�a
z, J. Sethna, and D. Stein for help-ful dis
ussions, and NSF grant DMR9978902 for �nan
ialsupport.
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