
In�ltration through porous mediaW. Hwang and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA 02215We study the kineti
s of in�ltration in whi
h 
ontaminant parti
les, whi
h are suspended in a
owing 
arrier 
uid, penetrate a porous medium. The progress of the \invader" parti
les is impededby their trapping on a
tive \defender" sites whi
h are on the surfa
es of the medium. As thedefenders are used up, the invader penetrates further and ultimately breaks through. We study thispro
ess in the regime where the parti
les are mu
h smaller than the pores so that the permeability
hange due to trapping is negligible. We develop a family of mi
ros
opi
 models of in
reasingrealism to determine the propagation velo
ity of the invasion front, as well as the shapes of theinvader and defender pro�les. The predi
tions of our model agree qualitatively with experimentalresults on breakthrough times and the time dependen
e of the invader 
on
entration at the output.Our results also provide pra
ti
al guidelines for improving the design of deep bed �lters in whi
hin�ltration is the primary separation me
hanism.I. INTRODUCTIONIn depth �ltration, suspended parti
les in a 
uid areremoved during their passage through a porous medium[1,2℄. The basi
 dynami
s of depth �ltration is deter-mined primarily by the pore stru
ture of the �lter, theparti
le size distribution, and by various physi
o
hemi
aland hydrodynami
 details. If the parti
le size is largerthan the typi
al pore size, parti
les get stu
k relativelyqui
kly. The permeability of the �lter de
reases steadilyduring this pro
ess and drops to zero when 
logging isrea
hed. This pro
ess is often referred to as sieving, orstraining [3℄. Conversely, if parti
les are mu
h smallerthan the pore size and if parti
les are trapped only atthe interfa
es of the porous medium, the 
ow �eld is onlyslightly a�e
ted by the trapping. The goal of this paper isto provide a general understanding of this latter pro
essof in�ltration by mi
ros
opi
 network modeling.
FIG. 1. Idealized pi
ture of in�ltration. Suspended parti-
les are trapped at \defender" sites on pore surfa
es. On
edefenders are o

upied, subsequent parti
les pass by freely.In�ltration underlies many pra
ti
al situations, su
has underground waste disposal [4℄, gas mask design, ordrinking water �lters [5℄. Typi
ally, sub-mi
ron size 
on-taminant parti
les are suspended in a 
arrier 
uid and
ow through a porous material, su
h as a sand �lterwhose typi
al grain size is mu
h larger than the 
on-taminant parti
les, or an ion ex
hange �lter [5℄ wherethe 
ontaminant size is mole
ular in s
ale. In su
h 
ases,one 
an negle
t the 
hange of the 
ow �eld due to par-ti
le trapping [4℄, an approximation whi
h 
onsiderablysimpli�es theoreti
al analysis.

The kineti
s of in�ltration is 
ontrolled by the mi
ro-s
opi
 me
hanisms for the trapping of the invader par-ti
les. Typi
ally ea
h pore 
an hold a limited numberof parti
les due to a �nite surfa
e area or a �nite rangeof the surfa
e potential. When all the available surfa
earea is 
overed by parti
les, subsequent invaders 
ow pas-sively through the �lter without being trapped. Our ba-si
 goal is to understand the kineti
s of this in�ltrationand the ultimate breakthrough of the invader, as well asthe evolution of the invader and defender density pro�lesas fun
tions of downstream position and time.Previous work on in�ltration in porous media has oftenbeen based on a ma
ros
opi
 
onve
tion-di�usion equa-tion des
ription, with rea
tion terms introdu
ed to a
-
ount for parti
le trapping [4,6,7℄. Another approa
hhas been to use a single absorbing sphere to 
al
ulatethe 
olle
tion eÆ
ien
y at the initial stage of �ltration[8℄. While numeri
al simulations of these models havesome predi
tive power, it is hard to develop a 
onne
tionbetween this ma
ros
opi
 approa
h and basi
 features ofthe mi
ros
opi
 pro
ess, su
h as the 
on
entration pro-�les of the trapped and 
owing parti
les.For �ltration by straining, models based on a dis
retenetwork des
ription of the �lter medium are relativelywell developed [9{13℄. To our knowledge, however, therehas been no mi
ros
opi
 network modeling work on in�l-tration. As in the 
ase of straining, a spatial density gra-dient naturally arises in in�ltration, sin
e parti
les beginto deposit at the upstream end of the �lter and advan
edownstream as the �lter gets used up. The density gra-dient is experimentally observed as the time-dependentoutput 
on
entration [6℄. In this paper, we will a

ountfor this basi
 experimental observation by using a dis-
rete network approa
h.Pra
ti
al questions raised by in�ltration are the break-through time, whi
h is de�ned as the time for the output
on
entration to rea
h a spe
i�ed threshold level, and the�lter eÆ
ien
y, whi
h is related to the fra
tion of the �l-ter material a
tually used before breakthrough. Clearly,it is desirable to use as mu
h of the �lter material aspossible before breakthrough o

urs.1



This paper is organized as follows. In Se
. II, we intro-du
e the basi
 parameters that govern parti
le trappingand provide a qualitative pi
ture of in�ltration. In thefollowing se
tions, we 
onstru
t a sequen
e of dis
retemodels with in
reasing 
omplexity and realism to ulti-mately provide a latti
e network des
ription. In Se
. III,we dis
uss the 
ase of a one-dimensional (1D) 
hain oftrapping sites and in Se
. IV, we analyze in�ltration inthe bubble model to provide a mean-�eld-like des
rip-tion. Building on these results, we then turn to simu-lations of in�ltration on tube latti
e networks in Se
. V.We summarize and 
ompare our results with experimentsin Se
. VI. II. BASIC PICTUREThe two basi
 
hara
teristi
s of parti
le trapping arethe eÆ
ien
y of an uno

upied trapping site and thenumber of trapping sites in a pore. We introdu
e thetrapping probability 
 as the probability that a parti
leis trapped upon en
ountering an open 
olle
tor site. Theparameter 
 thus represents the strength of the parti
le-
olle
tor intera
tion and a

ounts for the possibility that
onta
t between parti
les and the �lter grains may notne
essarily lead to deposition [14℄. While this simpli�esthe 
ompli
ated adsorption me
hanism, later we showthat the basi
 feature su
h as the invasion front propa-gation velo
ity (Fig.2) is independent of the intera
tiondetails.Next we introdu
e the 
apa
ity 
x(t) as the numberof parti
les a pore at position x 
an hold at time t. Inthe 
ase of non-
oagulating parti
les whi
h 
annot gettrapped on top of an already adsorbed parti
le, the ini-tial 
apa
ity is proportional to the inner surfa
e area ofthe pore and then de
reases as the pore surfa
e is 
overedby parti
les. For simpli
ity, we ignore multiple trappingon an already o

upied 
olle
tor site as well as parti
lere-laun
hing. The key fa
tors whi
h determine the dy-nami
 behavior of the system are geometri
, su
h as the
apa
ity of a 
lean �lter and the pore size distribution,and kinemati
, su
h as the parti
le 
on
entration and the
ow rate. More re�ned models for parti
le trapping 
anbe in
orporated within our basi
 modeling.Consider a generi
 in�ltration pro
ess based on theabove 
on
epts. Initially a layer in the 
lean �lter hasa total 
apa
ity 
tot independent of the downstream po-sition. At t = 0, a 
uid whi
h 
ontains a mixture ofinvader and non-rea
ting tra
er parti
les enters the �lterwhose 
ow rate is determined by the steady-state solu-tion of d'Ar
y's law. Tra
er parti
les passively follow the
uid motion and advan
e with the average 
ow velo
ityv0. The width of the tra
er density pro�le spreads as t1=2due to hydrodynami
 dispersion (Fig. 2). Invader parti-
les �rst en
ounter 
lean 
olle
tor sites. Be
ause ea
hsu
h en
ounter leads to deposition with probability 
,the survival probability of the parti
les in this leading

invaded region de
reases exponentially with downstreamposition as illustrated in Fig. 2. As parti
les advan
eand get trapped, the pore 
apa
ity de
reases and subse-quent parti
les are more likely to survive, giving rise toan advan
ing invasion front with a velo
ity v < v0. Inprin
iple, the propagation velo
ity and shape of the frontare fun
tions of time. However, at long times these fea-tures approa
h steady-state values. Another importantfeature is that the trailing edge of the 
apa
ity pro�lede
ays as a power of the distan
e j�j (� < 0) from theinvasion front whose lo
ation is de�ned, e.g., as the po-sition where 
 = 
tot=2. For large j�j, any reasonablede�nition for the front lo
ation 
an be used.The existen
e of di�erent propagation velo
ities, v0 forthe pure 
uid and v < v0 for the 
ontaminant, leads topuri�
ation of the liquid. The �lter 
an be used untilthe invaded region rea
hes the outlet end. For a �lter oflength L, the breakthrough time will be of the order ofL=v, so the amount of throughput will be approximatelyproportional to Lv0=v.
t1/2

v0

Tracer

v

invadedtail

|ξ|

c/ctot

InvaderFIG. 2. In�ltration pro�les. Horizontal dire
tion is down-stream. The invader density pro�le (shaded) is exponentialin the invaded region, while the 
apa
ity pro�le has a powerlaw tail, 
 � j�j��.III. ONE-DIMENSIONAL MODELAs a preliminary, we study in�ltration in a one-dimensional 
hain of identi
al pores at k = 0; 1; 2; : : :.First we 
onsider the 
ase where ea
h pore 
an a

ommo-date only one parti
le and then we generalize to multiple
apa
ity pores.A. Single 
apa
ity poresWe 
hoose a time unit su
h that one parti
le is in-je
ted at ea
h dis
rete time step. Multiple parti
le inje
-tion leads to a di�erent parti
le density and will a�e
tonly the overall s
ale fa
tor and not 
hange qualitativefeatures of the system. The 
arrier 
uid advan
es byone pore distan
e at ea
h time step; that is, its velo
-ity is unity. When parti
le trapping o

urs in a poreat k, the 
apa
ity 
k(t) 
hanges permanently from 1 to0. At time t, a parti
le at pore k gets trapped in thatpore with probability 
 if 
k(t) = 1. A parti
le advan
esto the next pore in one time step with probability 1 if2




k(t) = 0. Based on these elemental steps, we introdu
ethe following two probability densities:� pk(t): The probability that a freely-moving parti
leis in pore k at time t.� qk(t): The probability that the pore at site k isuno

upied; that is 
k(t) = 1.The 
orresponding master equations for pk(t) and qk(t)are pk(t+ 1) = pk�1�1� 
qk�1 �; (1)qk(t+ 1) = qk�1� 
pk �; (2)where we drop the argument t on the right hand side forsimpli
ity. Unless there is a possibility for 
onfusion, wewill not write the argument t in related formulae. Sin
ea parti
le advan
es to the next pore in one time step,pk(t + 1) depends on pk�1(t). The term (1 � 
qk�1) inEq. (1) is the probability that the parti
le at k � 1 doesnot get trapped by an uno

upied pore also at k � 1.Similarly, the term (1�
pk) in Eq. (2) is the probabilitythat pore k does not trap a free parti
le at time t. Theinitial and boundary 
onditions for these equations are:pk�1(0) = 0 qk(0) = 1; p0(t) = 1 q1(t) = 1 (3)If the trapping probability 
 is small, a parti
le 
an ad-van
e many pores without being trapped, so that pk(t)and qk(t) vary slowly in spa
e and time and a 
ontinuumapproximation 
an be applied. Letting k + 1 ! x + Æxand t + 1 ! t + Æt, Eqs. (1) and (2) be
ome, to lowestorder, �tp+ v0�xp = �
pq;�tq = �
pq; (4)where v0 � Æx=Æt = 1, and 
 ! 
=Æt is a rede�nition ofthe trapping probability in units of the in�nitesimal timein
rement.In a 
o-moving referen
e frame, � � x � vt, with vthe invasion front propagation velo
ity shown in Fig. 2(whi
h is yet to be determined), Eqs. (4) be
ome(v0 � v)��p+ �tp = �
pq (5)�v��q + �tq = �
pq: (6)Let us �rst examine the steady state solution ofEqs. (5) and (6). Setting the time derivatives to zero,subtra
ting Eq. (6) from Eq. (5), and integrating withrespe
t to � gives(v0 � v)p(�) + vq(�) = 
onst: (7)The integration 
onstant 
an be determined by applyingEqs. (3) in the 
o-moving frame. As � ! �1, p ! 1,q ! 0, and as � !1, p! 0, q ! 1. These immediatelygive v = v0=2 = 0:5. Note that v is determined entirelyfrom the boundary 
ondition (and v0) in the 
o-moving

frame, and not from the intera
tion strength 
. Thisfeature 
ontinues to hold for all the models in this paper.Using Eq. (7) with v = v0=2, Eqs. (5) and (6) 
an besolved to givep(�) = 11 + e�=�0 ; q(�) = 11 + e��=�0 ; (8)(Fig. 3). Thus �0 � v0=2
 is the 
hara
teristi
 width wof the pro�le. Noti
e also that the pro�les of p and q aresymmetri
 about their interse
tion. We veri�ed both thedependen
e of the width on 
 and the pro�le shape pre-di
ted by Eq. (8) by numeri
al integration of the masterequations (1) and (2).
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0−ξ1 ξ2FIG. 3. Steady state pro�le in the single 
apa
ity model.One subtle point is the rate of approa
h to the steadystate. First, we �nd that the asymptoti
 propagation ve-lo
ity v = v0=2 is rea
hed before the asymptoti
 pro�leis established. This arises be
ause v is determined bythe boundary 
onditions, and not by intera
tion details.We also veri�ed this feature numeri
ally. Adopted thisasymptoti
 velo
ity, Eqs. (5) and (6) are then symmetri
in p and q. In fa
t, the system is identi
al to two-spe
iesannihilation, A + B ! 0, where ea
h spe
ies is ballisti-
ally inje
ted from opposite sides with velo
ity +v0=2 forthe As and �v0=2 for the Bs.Thus most of the the time variation in Fig. 3 o

ursin the rea
tive region of width w, where w = 0 at t = 0.Integrating Eq. (5) from ��1 � 0 to �2 � 0 gives,�v02 + �t Z �2��1 p d� = �
 Z �2��1 pq d�: (9)The integral on the left hand side is the area under the
urve p(�) between ��1 and �2, whose time dependen
emainly 
omes from the 
hange in w. On the right handside, the integral is approximately proportional to w,sin
e pq is signi�
antly di�erent from zero only in therea
tive region. We 
an then rewrite Eq. (9) as�v02 + 
1�tw ' �

2w; (10)where 
1 and 
2 are 
onstants. Integrating Eq. (10) andapplying the 
ondition w(1) � v02
 gives an exponentialde
ay to the steady state w(t) � v02
 (1� e�
2
t).It is worth emphasizing that the symmetry betweenthe invader and defender is generally responsible for the3



relation v = v0=2. At the inlet, invaders are inje
ted withvelo
ity v0, and the invasion front advan
es with velo
ityv, with one invader parti
le annihilating with one de-fender site. In the referen
e frame moving with velo
ityv0, the situation is reversed. The invaders are at rest anddefenders are inje
ted with velo
ity v0 from the oppositedire
tion. Therefore the invasion front advan
es with ve-lo
ity v0 � v. Sin
e these two referen
e frames des
ribethe system in the same way, the front velo
ities shouldbe the same; that is, v = v0 � v, or v = v0=2.B. Multiple 
apa
ity poresNow we 
onsider the 
ase where ea
h pore 
an trap Mparti
les, that is, the initial pore 
apa
ity is 
k(0) = M .We again follow the previous rules of inje
ting a singleparti
le and advan
ing a parti
le by one pore (v0 = 1)at ea
h time step. Multiple parti
le inje
tion or di�er-ent inje
tion intervals again simply 
hanges the overall
on
entration and time s
ale.In a multiple 
apa
ity pore, the probability of en
oun-tering an open trap in a pore needs be 
onsidered, inaddition to the trapping probability 
 upon en
ounterwith an open trap. Generally, the en
ounter probabilityde
reases as more parti
les get trapped, sin
e the innerpore surfa
e area available for trapping shrinks. When
uid mixing within a pore is weak, a parti
le 
an en-
ounter only one trap, either open or o

upied. Thenthe en
ounter probability is approximately proportionalto the fra
tion of the open surfa
e area. On the otherhand, if the mixing is perfe
t, a parti
le en
ounters allthe available traps in a pore before exiting.For pra
ti
ally relevant situations, pores are suÆ-
iently short so that a parti
le in a pore follows stream-lines without transverse di�usive mixing [15℄. In whatfollows, we 
onsider this limit of weak mixing. For a porewith n out of M traps available, the en
ounter probabil-ity is n=M , and the overall trapping probability of thispore is Tn � 
n=M . In writing this expression, we ignorethe possibility that a parti
le far from the pore wall doesnot en
ounter any traps. In Se
. VI, we argue that thisvolumetri
 e�e
t does not 
hange the basi
 behavior ofin�ltration.To des
ribe the evolution of the system, we use thesame single-parti
le probability density pk(t) as in thesingle-
apa
ity pore system, but modify the probabilitydensity for the 
apa
ity as follows:� qnk (t): The probability that a pore at position k
ontains n open traps. This is the same as theprobability that 
k(t) = n, for 0 � n �M .Following similar reasoning as that applied to dedu
eEqs. (1) and (2), the master equations for pk(t) and qnk (t)are pk(t+ 1) = pk�1�q0k�1 + MXn=1 qnk�1(1� Tn)� (11)

qnk (t+ 1) = qnk (1� pkTn) + pkqn+1k Tn+1: (12)In Eq. (11), q0k�1(t) a

ounts for the 
ase that the porek � 1 has zero 
apa
ity. Other terms in Eq. (11) 
or-respond to 
ases when the 
apa
ity is di�erent from 0,with (1 � Tn) the survival probability for ea
h 
ase. InEq. (12) qnk (1�pkTn) is the probability that the pore with
apa
ity n does not trap a parti
le, and pkqn+1k Tn+1 isthe probability that the 
apa
ity de
reases from n+1 ton by a parti
le trapping event. Hen
e the last term isabsent when n =M .We simplify Eqs. (11) and (12) by introdu
ing the av-erage 
apa
ity of a pore at position k,Qk(t) � MXn=1nqnk (t): (13)This gives the average number of sites still available fortrapping in the pore. Now by multiplying Eq. (12) by n,summing from 1 toM , and usingPMn=1 qnk (t) = 1�q0k(t),we obtain pk(t+ 1) = pk�1�1� 
MQk�1� (14)Qk(t+ 1) = Qk�1� 
M pk�: (15)These are identi
al in form to Eqs. (1) and (2), so thesame steady state analysis applies. We transform to a
o-moving frame and take the 
ontinuum approximationto redu
e the rate equations to Eqs. (5) and (6) with
 ! 
=M and q ! Q. The boundary 
onditions are alsothe same as in the 
ase of single-
apa
ity pores, ex
eptQ(� !1) =M . Combining these results givev = v01 +M ; w(1) � v0M
(1 +M) : (16)Noti
e that for M = 1, Eq. (16) redu
es to the single 
a-pa
ity 
ase, while for M ! 1, v ! 0. This means thatthere is no steady state for the 
ase of in�nite 
apa
itypores.We 
an generalize the symmetry argument given in thesingle 
apa
ity 
ase to �nd the propagation velo
ity inEq. (16). At the input, the 
ux of invaders moving withthe 
arrier 
uid is equal to 1� v0. Similarly, in the refer-en
e frame moving with velo
ity v0, the 
ux of defendersis M � v0, while the invaders are at rest. Be
ause oneinvader annihilates with one defender, the two parti
lesare kineti
ally indistinguishable. Therefore, if a parti
le
ux of 1 � v0 results in a front moving with velo
ity v,the front velo
ity produ
ed by a 
ux of M � v0 shouldbe Mv, whi
h, in turn, equals v0 � v in the moving ref-eren
e frame. By this equivalen
e, Eq. (16) immediatelyfollows.In the limit of perfe
t mixing, a parti
le en
ounters alltraps in the pore. The overall trapping probability with4



n open traps is then Tn = 1 � (1 � 
)n. In the limit ofsmall 
, Tn ' 
n, thus the analysis is exa
tly the same asin the poor mixing 
ase ex
ept without the fa
tor 1=M inTn. The propagation velo
ity of the front is the same asin Eq. (16), sin
e this velo
ity is independent of trappingme
hanism, while the width varies as w � v0=
(1 +M).Noti
e that w is a de
reasing fun
tion of M . This arisesbe
ause a parti
le must survive all the traps in a porebefore advan
ing to the next pore. Finally, for a mix-ing me
hanism whi
h is intermediate between the twolimits of perfe
t and poor mixing, the propagation ve-lo
ity will be v0=(1 +M), while the width of the frontwill lie between the limiting values of v0=
(1 +M) andv0M=
(1 +M).IV. THE BUBBLE MODELWe now study the bubble model as a logi
al next steptowards understanding in�ltration in porous media. Thebubble model was introdu
ed to a

ount for the breakingof �bers [16℄, extremal voltages in resistor networks [17℄,and later to �ltration kineti
s [11℄. The bubble model
onsists of L \bubbles" in series, ea
h of whi
h is a paral-lel bundle of w tubes, with ea
h tube representing a pore(Fig. 4). A bubble 
an be viewed as a single layer of par-allel bonds in a latti
e with all the ends \shorted". Thismodel has multiple paths, as in real porous media, andis suÆ
iently simple to be amenable to analyti
 study. Auseful feature of the bubble model is that for strainingdominated �ltration, this model predi
ts similar behaviorto that of latti
e networks [11℄.
L

wFIG. 4. The Bubble model 
onsists of L bubbles 
onne
tedin series, ea
h bubble with w tubes.We 
hoose the tube radii in the bubble model from theHertz distributionf(r) = 2�re��r2 ; (17)where ��1=2 is the 
hara
teristi
 pore radius. This formis often seen in experimental pore size measurements [18℄and has been used for modeling the pore size distribu-tion in �lters [3,11℄. For simpli
ity we assume identi
altube lengths and measure downstream distan
e in unitsof the tube length, whi
h is set equal to 1. We alsoassume that the 
ow rate in a tube of radius r is pro-portional to �r�rP , where rP is the pressure gradientalong the tube and � depends on the nature of the 
ow,with � = 4 
orresponding to Poiseuille 
ow and � = 2 toEuler 
ow. Perfe
t mixing is assumed at ea
h node. A

parti
le 
hooses a tube in the next downstream bubblea

ording to 
ow indu
ed probability �(r),�(r) = r�R dr0 f(r0) r0� ; (18)in whi
h the probability of 
hoosing an outgoing tube ofradius r is proportional to the 
ow rate into the tube, r�[11,13℄.Sin
e tubes of di�erent 
ow velo
ities give the domi-nant me
hanism for dispersion, the radial dependen
e ofthe lo
al 
ow velo
ity in a tube (Taylor dispersion) is ig-nored. Thus we assume that a parti
le moves with theaverage 
ow velo
ity v(r) along the tube. We now inves-tigate the hydrodynami
 dispersion of passive Brownianparti
les whi
h are 
arried by the ba
kground 
uid in thebubble model, in the absen
e of any trapping. This willprovide the 
on
epts and tools ne
essary to understandin�ltration in the bubble model.A. Hydrodynami
 dispersion in the bubble modelIn the largew limit, ea
h bubble is nearly identi
al, andwe 
an regard the parti
le motion as a dire
ted randomwalk in whi
h the average residen
e time �k in bubble k(k = 0; 1; 2; : : :) is a random variable whose distributionR(�) is related to the 
ow indu
ed entran
e probability�(r) and the radius distribution f(r). This random walkdes
ription of the 
ontinuous parti
le motion introdu
esan additional sto
hasti
ity into the system. However, wewill show below that this only modi�es the hydrodynami
dispersion 
oeÆ
ient by an overall multipli
ative fa
tor.The master equations for pk(t), the probability thatthere is a parti
le in the kth bubble at time t, aredp0dt = ��� p0�0 ; dpkdt = pk�1�k�1 � pk�k : (19)Here � is the initial parti
le number 
on
entration, �is the (
onstant) 
ow rate, and the initial 
ondition ispk(0) = 0 for all k. Sin
e the 
ow rate does not 
hangein in�ltration, 
onstant pressure drop and 
onstant 
owrate 
onditions are equivalent.The parti
le transport properties 
an be obtained interms of the residen
e time distribution R(�), namely, theprobability that a parti
le spends a time � in a bubble.This residen
e time distribution is related to mi
ros
opi
distributions byR(�) = Z 10 dr�(r) f(r) Æ(� � 1v(r) ); (20)where Æ(x) is the Dira
 delta fun
tion. Sin
e the 
ow rateinto a tube of radius r is ��(r), the average 
ow velo
ityv(r) = ��(r)=�r2 . Using this together with Eq. (17) forf(r), we obtain the �rst two moments of �h�i = Z 10 � 0R(� 0)d� 0 = ��� � V� (21)h�2i = h�i2�(1 + �2 )�(3� �2 ); (22)5



where V = h�r2i is the average tube volume (re
all thatthe tube length is �xed to be 1) and �(x) is the gammafun
tion.We solve Eq. (19) in the Appendix by the Lapla
etransform te
hnique. From this solution, the averagepropagation velo
ity and the width of the front arev0 ' 1h�i (23)w ' � th�i h2�(1 + �2 )�(3� �2 )� 1i� 12 � (Dkt) 12 : (24)Thus we see that the dispersion 
oeÆ
ient is propor-tional to the average 
ow velo
ity h�i�1. When � = 2(Euler 
ow), the 
ow velo
ities in all the tubes are identi-
al and there should be no dispersion. However, Eq. (24)gives a nonzero dispersion 
oeÆ
ient. As mentionedabove, this arises from the sto
hasti
ity of the randomwalk pi
ture for the parti
le motion. For the pra
ti
allyrelevant 
ase of � ' 4, the e�e
t of this sto
hasti
ity isonly to 
hange the dispersion 
oeÆ
ient by a fa
tor oforder unity.B. In�ltration in the bubble modelTo des
ribe in�ltration in the bubble model, we needto spe
ify the parti
le motion, the tube 
apa
ities, andparti
le trapping in a tube. For the parti
le motion weagain assume that a parti
le 
hooses a tube a

ordingto 
ow indu
ed probability and then advan
es with theaverage 
ow velo
ity v(r) of this tube. The 
apa
ity ofa tube is proportional to its inner surfa
e area, whi
his proportional to the tube radius, sin
e all tubes havethe same length. Last, the overall trapping probabilityof a tube is equal to the mi
ros
opi
 trapping probabil-ity 
 multiplied by the fra
tion of open traps in a tube(Se
. III B).To simulate this pro
ess eÆ
iently we propagate theprobability distribution fun
tion (PDF) of the suspendedparti
les rather than simulating the motion of individualparti
les [19,20℄. The PDF propagation therefore pro-vides the exa
t distribution of parti
le positions and tube
apa
ities for a single realization of tube radii. Con
ep-tually, the PDF algorithm is equivalent to an exa
t inte-gration of the master equations.To implement the PDF propagation, we de�ne� p�k(t): The probability that there is a parti
le atthe entran
e of tube � in bubble k (� = 1; 2; : : : ; w,k = 0; 1; 2; : : :).� 
�k(t): The 
apa
ity of tube � in bubble k.Sin
e parti
les generally have di�erent velo
ities, theirpositions 
ould be anywhere within a tube. We simplifythis by for
ing parti
les to always be at the tube entran
eby adjusting the time unit and the PDF propagation so

that the average parti
le position is at the 
orre
t lo
a-tion along the tube, as illustrated in Fig. 5.To 
onstru
t the parti
le motion, let us temporar-ily disregard parti
le trapping. We set the time in
re-ment to be Æt = 1=vmax, where vmax is the maximum
ow velo
ity among all tubes. In a time Æt, a parti-
le at the entran
e of the fastest tube should traversethe entire tube length whi
h is equal to 1. We then leta parti
le in a slower tube, with velo
ity v�k < vmax,travel a distan
e 1 with probability u�k � v�k =vmax, or re-main �xed with probability 1 � u�k . One 
an regard u�kas a normalized 
ow velo
ity. By 
onstru
tion, su
h aparti
le travels the 
orre
t average distan
e in time Æt,1 � u�k + 0 � (1� u�k) = v�k =vmax = v�k Æt.Let us now re
ast this random walk into a probabilitypropagation algorithm. Consider an element of the PDFwhi
h is at the jun
tion before the kth bubble. Before anyparti
le motion o

urs, we split this probability elementamong the downstream bonds in this bubble a

ordingto the 
ow indu
ed probability at the tube entran
e. We
an view the probability element as advan
ing in�nites-imally into ea
h bond, as indi
ated on the left side ofFig. 5. On
e this initial tube assignment is made, theprobability element remains within its assigned tube un-til it rea
hes the next jun
tion.Now 
onsider the motion of a probability elementwhi
h has just entered a parti
ular bond. After a time Æt,a fra
tion u�k of the PDF is advan
ed to the next bubble,while a fra
tion 1 � u�k remains �xed at the entran
e tobond �.
t t+dt

(1) (2) (3) (4)FIG. 5. Propagation of the PDF in tube � at bubble k. (1)Initial probability element p�k(t). (2) Fra
tion remaining. (3)Fra
tion trapped. (4) Fra
tion advan
ing. This last elemententers the next bubble and is then immediately split amongthe tubes a

ording to the 
ow indu
ed probabilities.Due to the �ltration, a fra
tion of the 
owing PDFbe
omes trapped in tube � in the kth bubble at a ratewhi
h is proportional to the tube 
apa
ity 
�k (t). Theoverall trapping probability of this tube is thereforeT �k = 

�k(t)=
�k (0). After trapping has o

urred, thetube 
apa
ity is de
remented a

ording to the followingpres
ription. When one unit of PDF (equivalent to oneparti
le) gets trapped, we de�ne the bond 
apa
ity tobe de
reased by �. Therefore � is just the surfa
e area
overed by one parti
le. Correspondingly, 
�k (0)=� equalsthe number of parti
les the tube 
an a

ommodate.Our algorithm for propagating an element of probabil-6



ity at the entran
e to bond � in the kth bubble over atime Æt therefore 
onsists of the following steps (Fig. 5):� Fra
tion of PDF remaining at the start: p�k (1�u�k).� Fra
tion trapped in tube �: p�ku�kT �k .� Fra
tion advan
ing to the next jun
tion:p�ku�k(1� T �k )� Capa
ity 
hange of the tube by trapping:��� [p�ku�kT �k ℄.The rate equations whi
h a

ount for these steps are:p�k (t+ Æt) = p�k(1� u�k )+��k wX�0=1 p�0k�1u�0k�1(1� T �0k�1) (25)
�k (t+ Æt) = 
�k ��p�ku�kT �k ; (26)The �rst term on the right hand side of Eq. (25) is thefra
tion of probability that does not move, and the se
ondterm is 
ontribution from elements of probability whi
hhas moved from the previous site. The 
ow indu
ed prob-ability ��k in Eq. (25) a

ounts for the fra
tion of PDFwhi
h enters into tube �.To test this approa
h, we set 
 = 0 (no trapping) inthe above rate equations and simulate the PDF propa-gation. By this method, we �nd a traveling front whosebasi
 properties 
oin
ide with the hydrodynami
 disper-sion results given by Eqs. (23) and (24).It is also worth mentioning that our PDF algorithm
an be generalized to allow for hopping a distan
e whi
his a fra
tion of the tube length. In this manner one 
ana

ount for di�erent longitudinal 
ow velo
ities at di�er-ent radial positions within a tube (Taylor dispersion [7℄).In the limit of an in�nitesimal hopping distan
e, 
ontinu-ous parti
le motion is reprodu
ed by the PDF algorithm.Unfortunately, the gain in having a more a

urate de-s
ription of the motion is o�set by the 
omplexity of thealgorithm and large in
rease in the 
omputation time.C. Asymptoti
 behaviorTo obtain the average invasion front pro�le over thetubes in ea
h bubble, we de�ne the bubble-average quan-tities Pk(t) � 1w P� p�k(t) and Qk(t) � 1w P� 
�k(t). We�rst derive the invasion front velo
ity via the symmetryargument of Se
. III B. A rigorous derivation of the frontvelo
ity from the master equations for Pk(t) and Qk(t)is given in [21℄.The 
arrier 
uid is moving with velo
ity v0 (Eq. (23))and the input 
ux of invaders per tube is equal to v0�V ,sin
e �V is equal to the number of invader parti
les pertube volume in the input 
uid. On the other hand, in a

referen
e frame moving with velo
ity v0, the input 
uxof defenders is equal to v0M where M � hri=� is theaverage initial number of invaders a tube 
an a

ommo-date. Following the argument in Se
. III B, we �nd thefront velo
ities v and v0 � v in the two referen
e framesare related by Mv = �V (v0 � v), yieldingvv0 = �1 + M�V ��1 : (27)Good �lter performan
e means that the breakthroughtime is long or, equivalently, that the propagation velo
-ity is slow. Eq. (27) implies that the propagation ve-lo
ity 
an be made small by in
reasing the 
apa
ity ofa pore, or by de
reasing either the �lter grain size orthe input parti
le 
on
entration. Noti
e that neither therea
tion strength 
 nor the nature of the 
ow (throughv(r) � r��2) a�e
t this propagation velo
ity.We now study the asymptoti
 density pro�les. Insteadof working dire
tly with the averaged quantities Pk(t)and Qk(t), we �rst fo
us on the behavior of a single tubeof radius r, sin
e tubes with the same radius in a bubblehave identi
al time dependen
e. The asymptoti
 pro-�les 
an be obtained after averaging over the distribu-tion of tube radii. Therefore, we label tubes a

ordingto their radii instead of the index �. We denote pk(t; r)and 
k(t; r) as the PDF and 
apa
ity of a tube of radiusr in the kth bubble.Let us �rst fo
us on the PDF pro�le in the invadedregion. Here, traps are mostly uno

upied, so that thetube 
apa
ity 
k(t; r) is approximately equal to its initialvalue 
k(0; r), whi
h is proportional to the tube radiusand we set it equal to r. The arbitrariness in the unitof 
apa
ity 
an be 
ontrolled by the magnitude of theparameter �. Then Eq. (25) be
omes,pk(t+ Æt; r) ' pk(t; r) (1� u(r))+ (1� 
)�(r) Z dr0f(r0)pk�1(t; r0)u(r0); (28)where the integration over r0 repla
es the summation overthe tube index, The 
ow indu
ed probability �(r) andnormalized velo
ity u(r) are independent of the down-stream position k be
ause these only depend on the ra-dius of a tube.The equation for P (x; t) 
an be obtained by multiply-ing Eq. (28) by f(r) and integrating over r. As in Se
. III,we take 
 � 1 and 
onsider the 
ontinuum limit. If werede�ne the length of the bubble from 1 to Æx, Æt be
omesÆx=vmax. Integrating Eq. (28) and expanding in Æt andÆx yieldsÆt�tP (x; t) = � Z drf(r)u(r)[Æx�xp(x; t; r) + 
p(x; t; r)℄(29)Here, we use R drf(r)�(r) = 1. Dividing Eq. (29) by Æt
hanges u(r) ba
k to v(r). After rede�ning 
 ! 
=Æx asbefore, we obtain7



�tP ' � Z drf(r)v(r) [�xp(x; t; r) + 
p(x; t; r)℄ : (30)In the steady state 
o-moving frame, Eq. (30) be
omesv��P ' Z drf(r)v(r) [��p(�; r) + 
p(�; r)℄ : (31)Sin
e only a small number of parti
les have enteredthe invaded region, the density of moving parti
les isapproximately proportional to r�, and we introdu
e theansatz p(�; r) = r�g(�) to fa
torize the PDF. In order to
al
ulate the dominant 
ontribution from the integral inEq. (31), we substitute v(r) = v0 + Æv(r), where Æv(r) isthe deviation from the average 
arrier 
uid velo
ity v0.Sin
e Æv(r) has zero mean, the dominant 
ontribution tothe integral over v(r) in Eq. (31) 
omes from the 
on-stant part v0. Using these approximations in Eq. (31),and using P (�) = hr�ig(�), we �ndvg0 ' v0(g0 + 
g): (32)Sin
e v < v0, we �nd g(�) � exp [�v0
�=(v0 � v)℄. Hen
ethe pro�le of free parti
les in the invaded region P (�) de-
ays exponentially in �, with a 
hara
teristi
 de
ay lengthwhi
h has the same 1=
 dependen
e as in the 1D model.Let us now turn to the analysis of the 
apa
ity pro-�le in the tail region. In terms of p(x; t; r) and 
(x; t; r),Eq. (26) be
omes�t
(x; t; r) = ��
p(x; t; r)v(r)
(x; t; r)r : (33)Sin
e there is negligible trapping in the tail region, theparti
le motion follows that of the 
arrier 
uid. Thusp(�; r) ' �r2�, where �r2 is the tube volume, and the
ow velo
ity is v(r) = ��(r)=�r2 = �r��2=�hr�i. Sub-stituting these in Eq. (33) and transforming into the 
o-moving frame gives��
(�; r) ' sr��1
(�; r); (34)where s � �
��=vhr�i denotes the strength of the parti-
le trapping rea
tion. We now integrate Eq. (34) from��1 � 0 to �2 � 0 and use the boundary 
ondition
(�2; r) ' r to obtain
(�; r) ' re�sr��1j�j; (35)where we drop the subs
ript of �1.Finally, the average bond 
apa
ity as a fun
tion of po-sition with respe
t to the front, Q(�), isQ(�) = Z dr f(r)
(�; r) ' 2� Z dr r2e�sr��1j�j��r2 : (36)For large j�j, the integral is dominated by the smallesttubes and the initial distribution of tube radii is irrel-evant in the tail region. Hen
e the fa
tor �r2 in theexponential 
an be ignored. Performing the resulting in-tegration gives

Q(�) � (sj�j)� 3��1(�� 1) �( 3�� 1) / (
j�j)��; (37)where the last relation serves to de�ne the pro�le expo-nent �. This is one of our primary results. Correspond-ingly, the PDF in the tail region will approa
h its initialvalue with the same power law.The existen
e of the power law tail in the 
apa
ity pro-�le stems from the fa
t that the 
ow rate is not a�e
tedby trapping. Thus when large pores are \used up", the
uid still predominantly 
ows through these pores, lead-ing to a substantial unused 
apa
ity in the smaller tubes.It is these unused smaller tubes whi
h 
ontribute sub-stantially to the 
apa
ity pro�le in the tail region. Thisme
hanism is quite general and only depends weakly onthe form of the radius distribution. For example, for auniform distribution in the range r = (0; 1), we obtain� = 2=(��1). However, if there is a �nite lower 
uto� inthe radius distribution, the PDF will have an asymptoti
exponential tail.It is interesting to note that the density pro�le has dif-ferent dependen
e on 
 in the invaded and tail regions.From Eq. (37), the density pro�le 
ontains an overall fa
-tor 
��. Thus 
 typi
ally does not appear as an overalls
ale fa
tor of the entire pro�le, as in the invaded region.However, for the pra
ti
ally relevant 
ase of � = 4, theexponent in Eq. (37) is equal to 1, and 
 be
omes theoverall s
ale fa
tor of the pro�le.D. Numeri
al resultsIn our numeri
al simulations, we set the input parti
le
ux per tube �� equal to 1, whi
h means that w unitsof PDF are inje
ted into the system at every time step.This 
an be a
hieved by 
hoosing � = 1=� and � = �,whi
h also makes v0 = � (Eqs. (21) and (23)).

0 200 400 600 800 1000
k

0

0.2

0.4

0.6

0.8

1

1.2

1.4

Pk(t) Qk(t)

FIG. 6. Normalized pro�les for a single realization. Pa-rameters used are � = 4, � = 1, 
 = 0:1, and � = 0:4. Graylines are raw data, bla
k lines are smoothed.8



We applied the PDF propagation of Eqs. (25) and (26)to a system of size w�L = 200� 1024. Due to the exa
tnature of the PDF algorithm, a single realization providesgood quality data for w = 200 tubes. A system lengthof L = 1024 is suÆ
iently long to give the 
ontinuumfun
tional form of the pro�les. All the data shown be-low are results of single realization of tubes in
luding thenetwork simulation in the next se
tion. The simulationis stopped before the front exits the system.Density Pro�les. Fig. 6 shows typi
al parti
le and tube
apa
ity pro�les. There are strong bubble-to-bubble 
u
-tuations and some type of smoothing pro
edure is ne
-essary. We use the Savitzky-Golay smoothing te
hnique,whi
h approximates su

essive windows of data points toa 4th order polynomial (solid lines in the �gure) [22℄. Thiste
hnique is superior to lo
al averaging be
ause Savitzky-Golay smoothing 
an faithfully follow rapid 
hanges inthe pro�le, as 
an be seen in Fig. 6. This smoothing isalso useful in estimating the exponents. Sin
e logarithmof the pro�le in the tail region ampli�es the 
u
tuation innonlinear way, slopes of the raw data in Fig. 8 are largerthan those from the smoothed data, and di�ers from thepredi
ted value of the pro�le exponent �.
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α=0.25FIG. 7. Front position vs. time for di�erent mi
ros
opi
parameters for (a) the bubble model and (b) the square lat-ti
e. Filled 
ir
les are for the same parameters as those inFig. 6. Other data modify these parameters as indi
ated inthe legend. The straight lines are linear �ts to the data withslopes as (a) 0.33, 0.32, 0.31, 0.19, 0.12, and (b) 0.32, 0.32,0.31, 0.19, 0.12, from top to bottom. The 
orresponding ve-lo
ities predi
ted by Eq. (38) are 0.311, 0.311, 0.311, 0.184,and 0.119.Front Velo
ity. Fig. 7(a) shows the front position, de-�ned as the point where Pk(t) is half of its saturationvalue, versus time. Noti
e that a 
onstant front propaga-tion velo
ity sets in almost immediately. With � = 1=�and � = �, Eq. (27) givesvv0 = 11 +p��=2� : (38)The slopes in Fig. 7(a) agree well with Eq. (38). No-ti
e that the propagation velo
ity does not depend onthe rea
tion strength 
 nor the exponent � in the radiusdependen
e of the velo
ity.

Tail Pro�le. Fig. 8(a) shows the tube 
apa
ity pro�leQ(�) in the tail region as a fun
tion of the distan
e j�j(� < 0) from the front on a double logarithmi
 s
ale. Theplot be
omes straight for large j�j and the slope in thisregion 
orresponds to the exponent � = 3=(� � 1) pre-di
ted by Eq. (37). For the uniform distribution on (0; 1),we predi
ted the pro�le exponent to be � = 2=(� � 1).For � = 4, the exponent value of 2/3 agrees well with oursimulations (Fig. 9). However, for a radius distributionwith a lower size 
uto�, we expe
t an exponential densitypro�le (inset to Fig. 9).
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apa
ity pro�le in the tail region on a doublelogarithmi
 s
ale for � = 4, 3, and 2 (top to bottom). Otherparameters are the same as in Fig. 6. (a) Bubble model: theslopes of the data in straight region are 0.97 (1), 1.49 (1.5),and 3.17 (3). The numbers in parenthesis are the predi
tion3=(� � 1). (b) Square latti
e: Solid lines are smoothed data.The thi
k straight lines are linear �ts, with slopes 0.95, 1.07,and 1.28.
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FIG. 9. Tube 
apa
ity pro�le on a double logarithmi
 s
alefor a uniform radius distribution on (a; b). Parameters otherthan the radius distribution are the same as in Fig. 6. Theslope of the straight region for (a; b) = (0; 1) is 0.63 (predi
tedvalue 2/3). Inset: log-normal plot when (a; b) = (0:3; 1:3).As we also dis
ussed in Se
. IVC, the amplitude of thedensity pro�le in the tail region typi
ally has a power-9



law dependen
e on 
. For a Hertz distribution of parti-
le radii, this amplitude should be proportional to 
��a

ording to Eq. (37). Thus Fig. 10(a) shows Q(�)1=�j�jversus 1=j�j for � = 4 and � = 3. Values of the abs
issashould be proportional to 1=
, whi
h is indeed the 
ase.Invader Pro�le. Fig. 11(a) is a log-normal plot of theinvader pro�le P (�) (raw data) versus �. The slopes ofthe two data sets are in ex
ellent agreement with the pre-di
ted value v0
=(v0 � v) from Eq. (32). In the invadedregion, sin
e there are few parti
les present, the 
orre-sponding PDF monotoni
ally de
reases and its 
u
tua-tion is signi�
antly smaller 
ompared to the tail region.
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FIG. 10. Dependen
e of the 
apa
ity pro�le in the tail re-gion on 
. Only smoothed data are shown. Solid 
urves:� = 4, dashed 
urves: � = 3. Thi
k 
urves: 
 = 0:05, thin
urves: 
 = 0:1. Other parameters are the same as in Fig. 6.(a) Bubble model: The value � = 3=(��1) is used. (b) Squarelatti
e: From Fig. 8(b), � = 0:95 for � = 4 and 1.07 for � = 3are used. Noti
e that the values of abs
issa are proportionalto 1=
 from Eq. (37). Arrows are guides to the eye.
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e: 0.152, 0.155,0.0756, 0.0773. The 
orresponding values of the slope fromv0
=(v0 � v) are 0.145 and 0.0726.V. SQUARE LATTICE NETWORKWe now 
onsider in�ltration on a square latti
e net-work of tubes. Here, lo
al mixing at tube jun
tions o
-


urs as opposed to the mean-�eld-like mixing in the bub-ble model. Nevertheless, many of our predi
tions fromthe bubble model 
ontinue to be valid for the latti
e net-work. For example, we expe
t that the propagation ve-lo
ity given by Eq. (27) will 
ontinue to hold in the lat-ti
e network be
ause it is determined only by the bound-ary 
onditions of the parti
le 
ux and initial �lter 
apa
-ity. We also �nd numeri
ally that the network model hasboth the same exponential invader pro�le and the powerlaw 
apa
ity pro�le as in the bubble model, although thevalues of the amplitudes and de
ay exponents are di�er-ent. Overall, it appears that the bubble model providesan ex
ellent a

ount of the numeri
al results from thelatti
e network. A. The modelWe study a square latti
e of size w � L = 200� 1024whi
h is tilted at 45Æ. A periodi
 boundary 
ondition isimposed in the transverse dire
tion. The tube radii aredrawn from the Hertz distribution of Eq. (17). Noti
ethat the bubble model would arise from this system bymerging together all sites at the same longitudinal posi-tion. The overall 
ow rate � is set to � and the parti
ledensity to � = 1=�, just as in the bubble model.For a given set of tube radii, the 
ow �eld is 
al
ulatedby using the 
onjugate gradient method [22℄ to solve theset of linear algebrai
 equations for 
uid 
onservation atea
h node. The toleran
e of the 
omputation is set sothat the measured average PDF and the tube 
apa
ityin the kth layer are a

urate to within 0.01%. After the
ow �eld is solved, we use the same PDF algorithm as inthe bubble model to tra
k the motion of the suspendedparti
les. The new features due to the latti
e nature ofthe network are that tubes are only lo
ally 
onne
ted andthat the lo
al 
ow dire
tion is not always downstream.B. Numeri
al resultsTo fa
ilitate 
omparisons, all our numeri
al results forthe bubble model and the square latti
e are presentedside-by-side. Fig. 7 shows the front position versus timefor both the bubble model and the square latti
e. Thesquare latti
e results are in ex
ellent agreement with thebubble model predi
tion for the front velo
ity, Eq. (38).Similarly, the tube 
apa
ity pro�le exhibits a power lawtail (Fig. 8(b)). However, the dependen
e of the de
ayexponent � on � is mu
h weaker 
ompared to the bubblemodel. As � de
reases from 4 to 2, � in
reases slowlyfrom 0.95 to 1.28.To isolate the dependen
e of the 
apa
ity pro�le on thetrapping probability 
, Fig. 10(b) shows Q(�)1=�j�j ver-sus 1=j�j in the tail region. Here, the values of � used areobtained from Fig. 8(b). Unlike the bubble model, theoverall amplitude has a relatively stronger dependen
e10



on �. However, the dependen
e on 1=
 still holds evenin the network 
ase. It seems that in the square latti
enetwork, � has more e�e
t on the amplitude of the tailthan on the de
ay exponent.Lastly, Fig. 11(b) shows the density pro�le of invadersin the invaded region. The slopes of these parti
les arealmost identi
al to those of the bubble model. Currentlywe do not have 
lear explanation of this fa
t. It seemsthat the network geometry does not a�e
t the pro�le. Infa
t, the 
hara
teristi
 de
ay length, (v0 � v)=v0
, of thepro�les in Fig. 11 is the same as that of the 
orrespond-ing 1D model in Se
. III B where �V invaders are inje
tedwith velo
ity v0 into the 
hain of defenders of 
apa
ityM . VI. SUMMARY AND DISCUSSIONIn this paper, we studied in�ltration, in whi
h sus-pended parti
les are removed from a 
arrier 
uid as thesuspension passes through a porous medium. The trap-ping me
hanism has a built-in saturation so that on
e allavailable trapping sites are used up, subsequent parti
les
an pass through the medium freely. The parti
les areassumed to be suÆ
iently small that their trapping doesnot 
hange the 
ow rate. The basi
 dynami
al proper-ties of this in�ltration pro
ess are the density pro�le ofthe invader parti
les and the 
apa
ity pro�le of the re-maining a
tive pores. When the invader pro�le rea
hesthe end of the system, the output 
on
entration of parti-
les qui
kly in
reases to a saturation level and the �ltershould be dis
arded. Thus the features of this pro�le areimportant to understand the operating 
hara
teristi
s ofin�ltration.We have developed a series of dis
rete network mod-els to des
ribe the basi
 
hara
teristi
s of in�ltration,starting with a one-dimensional model and building upto the bubble model, whi
h is a series array of parallel,multiple-
apa
ity tubes. The advantage of these quasi-one-dimensional models is that they remain relativelysimple, even after in
orporating lo
al spatial heterogene-ity. The bubble model, in parti
ular, appears to 
apturemany of the quantitative features that we observed in nu-meri
al simulations of in�ltration on a square latti
e tubenetwork. Our modeling is also 
exible, so that variations
an be easily implemented for 
ase-spe
i�
 situations.Our main qualitative result is that basi
 dynami
alfeatures of the system, in
luding the value of the frontpropagation velo
ity, the exponential pro�le of 
owingparti
les in the invaded region, and the power law 
a-pa
ity pro�le of pores in the tail region, are relativelyinsensitive to mi
ros
opi
 details of the model. We havealso identi�ed the basi
 parameters whi
h do a�e
t quan-titative features of the pro�les. It is useful to summarizethese results and to 
ompare with experimental data, aswell as with predi
tions from previous studies based onthe rea
tion-di�usion equation approa
h [4,6,23℄.
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FIG. 12. Qualitative dependen
e of the output 
on
entra-tion 
urve (a) on the propagation velo
ity, and (b) on therea
tion strength.Invader Con
entration at the Output. In typi
al exper-iments, the invader 
on
entration at the output is mea-sured as a fun
tion of time. A slower propagation velo
ityshifts this output 
on
entration 
urve to a later time, asindi
ated in Fig. 12(a). Typi
ally, the time unit is nor-malized by the time for passive parti
les to pass throughthe system [4,6℄. Hen
e, the amount of the time shift isdetermined by the ratio v=v0 rather than by v itself.A ni
e set of in�ltration experiments, as well as ana

ompanying numeri
al study of the rea
tion-di�usionequation were performed in [6℄. In these experiments,
ontaminant solutions with di�erent values of the invaderparti
le diameter d, but with �xed mass 
on
entrationwere used. This makes the 
orresponding number density� of invaders in ea
h solution proportional to d�3. Also,sin
e the 
ross-se
tional area of ea
h parti
le is propor-tional to d2, the average initial tube 
apa
ityM varies asd�2. From Eq. (27), we then have v=v0 � (1+d)�1. Thusthe output 
on
entration 
urve shifts to a later time fora solution with a larger value of d, whi
h is 
onsistentwith the experiment and numeri
al predi
tions in [6℄.In another set of experiments, di�erent ele
trolyte 
on-
entrations of the 
arrier 
uid were used. This mainlya�e
ts the trapping rate 
. For a larger trapping rate,the width of the output 
on
entration 
urve, namely, thetime range over whi
h the output 
on
entration 
hangesfrom zero to its saturation value be
omes narrower. How-ever, there is no shift in the breakthrough time be
ausethe propagation velo
ity is independent of 
. These twofeatures are illustrated in Fig. 12(b). This behavior againqualitatively agrees with the experiment in [6℄.It would also be interesting to study the e�e
t of dif-ferent �lter grain sizes. In our model this would be a
-
omplished by 
hanging the 
hara
teristi
 parameter �of the pore size distribution. In turn, this a�e
ts the in-vader propagation velo
ity, and the output 
on
entration
urve will shift in time a

ordingly. However, sin
e themi
ros
opi
 parameters we use in our modeling may be11




oupled with ea
h other in experimental situations, dif-ferent sizes of �lter grains or invader parti
les may alsoa�e
t, e. g., the rea
tion strength 
. We 
an in
orporatesu
h a 
oupling e�e
t by extending our model to dealwith these e�e
ts expli
itly. For example, we 
an adaptthe mi
ros
opi
 models of parti
le trapping on a singlesphere or on a plane [2,8℄, to the tube geometry. Fromsu
h an approa
h, we 
an express the rea
tion strength
 as a fun
tion of the invader or defender diameter.Tail of the Output Con
entration Curve. A slowly de-
aying tail in the deviation of the output 
on
entrationfrom its asymptoti
 value is generally observed in exper-iments [4,6,23℄. This observation is in 
ontrast to theempiri
al approa
hes, su
h as that given in [6℄, whi
hgives an exponential pro�le for the whole time range.Their predi
tion agrees with experimental observationsat early times but then deviates at later times, implyingthat the output pro�le at later times is not exponential.A 
losely related approa
h, based on the study of area
tion-di�usion equation, is presented in [4℄, along withexperiments whi
h measure the output 
on
entration.Unlike [6℄, here the adsorption rate depends on the lo-
al 
on
entration of 
ontaminants and thus is spatiallyinhomogeneous. A 
rossover from a rapid in
rease to aslowly de
aying tail of the output 
on
entration was nu-meri
ally predi
ted. However, the fun
tional forms ofthese two regimes { in parti
ular, whether they are ex-ponential or power law in time { were not investigatedquantitatively. However, the data presented in this workseem 
onsistent with a slower than exponential de
ay ofthe density pro�le.In [23℄, an exponential output 
on
entration pro�le,
(x) � exp(��x), is assumed from the outset, wherex is the downstream distan
e and � is the experimen-tally measured �lter 
oeÆ
ient. The 
orresponding ex-perimental data show that � is 
onstant at early times,and then sharply de
reases at later times. Thus the ini-tial stage of the experiment is 
onsistent with an expo-nential pro�le, but later the pro�le de
ays more slowly.In [23℄, this is attributed to a \blo
king e�e
t" in whi
hpreviously-deposited parti
les 
an blo
k the further de-position of parti
les onto nearby available trapping sites.Probability of En
ountering an Open Trap. As a lastremark, let us examine the assumption that the prob-ability of en
ountering an open trap is proportional tothe fra
tion of open traps in a pore (Se
. III B). Sup-pose instead that one takes into a

ount the volumetri
e�e
t that parti
les far from the surfa
e of the pore donot have 
han
e to en
ounter a trap. Then the fra
tionof parti
les in 
onta
t with the inner surfa
e of a tube isproportional to 1=r, namely, the ratio between the sur-fa
e area and the volume of the tube. This would leadto the intera
tion terms involving Tk in Eqs. (25) and(26) being multiplied by another fa
tor of 1=r. However,this modi�
ation does not a�e
t the propagation velo
-ity of the front, nor the power law feature of the tail.Only the de
ay exponent 
hanges through the steps ofEqs. (33)-(36) with an additional fa
tor of 1=r.

Our results 
an also provide pra
ti
al guidelines forimproving the design of a �lter in two aspe
ts, namely,the breakthrough time and the amount of �lter materialused before the breakthrough. A longer breakthroughtime 
an be a
hieved by having a smaller �lter grain size,a lower input 
on
entration, or a larger pore 
apa
ity.While these trends may seem intuitively 
lear, we 
anquantitatively estimate the in
rease in the breakthroughtime through the expression for the propagation velo
-ity, Eq. (27). When breakthrough o

urs, the amount ofunused �lter material is determined by the shape of thetail in the density pro�le of the defenders. A

ording toEq. (37), the amplitude of this tail is proportional to 
��.From this, we 
an quantitatively estimate the amount of�lter material left unused at the breakthrough time as afun
tion of the rea
tion strength.A
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i. 46, 967(1991).APPENDIX A: SOLUTION OF THEHYDRODYNAMIC DISPERSION EQUATIONWe solve the master equations, Eq. (19), bythe Lapla
e transform method. De�ne ~pk(s) �R10 dt pk(t)e�st, and take Lapla
e transform of Eq. (19)to �nd s~p0 = ��s � ~p0�0 ; s~pk = ~pk�1�k�1 � ~pk�k : (A1)Rearranging yields~p0�0 (1 + �0s) = ��s ; ~pk�k (1 + �ks) = ~pk�1�k�1 : (A2)We multiply the above equations for indi
es 0, 1, 2; � � � ktogether and rearrange terms yet again to obtain~pk�k kYm=0(1 + �ms) = ��s : (A3)Before taking averages, we use �k = 1s [1� 1=(1 + �ks)℄ (1+�ks) on the left hand side of Eq. (A3) to get~pk kYm=0(1 + �ms) = ��s2 �1� 11 + �ks� (1 + �ks): (A4)Averaging over the residen
e time distribution R(�) de-�ned by Eq. (20), we obtain

h~pki = ��s2 (1�B)Bk: B � � 11 + �s� ; (A5)where h�i denotes an average over R(�). Note that Bdoes not depend on m be
ause all the �m's are indepen-dent and identi
ally distributed in the large w limit. Forthe long-time limit, we need the small-s behavior of B.A

ordingly, we expand B = 1�sh�i+s2h�2i : : : in termsof the moments h�mi.The pro�le of the 
arrier 
uid (dashed line in Fig. 2)is monotoni
ally de
reasing near the front, thus 
an be
hara
terized by its �rst derivative, whi
h gives a bellshaped distribution 
entered at the front. We divide thederivative by the total sum of derivatives Pm(hpmi �hpm�1i) = �hp0i to obtain the normalized probabilitydistribution of the frontP(k) = 1hp0i [hpk�1i � hpki℄: (A6)The average position of the front is, using Eq. (A5),and the steady state solution of Eq. (19), hp0i = ��h�i,�hki = 1hp0iXk k[hpk�1i � hpki℄= 1hp0iL�1�Xk k[h~pk�1i � h~pki℄�= 1h�iL�1�1�Bs2 Xk k[Bk�1 �Bk℄�' th�i ; (A7)where the over-bar means averaging over P(k), and L�1is the inverse Lapla
e transform. We use the identityL�1(s��) = t��1=�(�) for the last step. We assume suf-�
iently long 
hain of bubbles in the summations aboveto prevent �nite length e�e
t. From above, we �nd thepropagation velo
ity as v = h�i�1 (Eq. (23)).Similarly, �hk2i = hp0i�1Pk k2[hpk�1i � hpki℄, and thewidth of the front is[ �hk2i � �hki2℄ 12 ' � th�i h2�(1 + �2 )�(3� �2 )� 1i� 12 ;(A8)whi
h gives Eq. (24)
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