
Freezing in Ising FerromagnetsV. Spirin, P. L. Krapivsky, and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215We investigate the �nal state of zero-temperature Ising ferromagnets whi
h are endowed withsingle-spin 
ip Glauber dynami
s. Surprisingly, the ground state is generally not rea
hed for zeroinitial magnetization. In two dimensions, the system either rea
hes a frozen stripe state with prob-ability � 1=3 or the ground state with probability � 2=3. In greater than two dimensions, theprobability to rea
h the ground state or a frozen state rapidly vanishes as the system size in
reasesand the system wanders forever in an iso-energy set of metastable states. An external magneti
 �eld
hanges the situation drasti
ally { in two dimensions the favorable ground state is always rea
hed,while in three dimensions the �eld must ex
eed a threshold value to rea
h the ground state. Forsmall but non-zero temperature, relaxation to the �nal state �rst pro
eeds by the formation of verylong-lived metastable states, similar to the zero-temperature 
ase, before equilibrium is rea
hed.PACS Numbers: 64.60.My, 05.40.-a, 05.50.+q, 75.40.GbI. INTRODUCTIONA. Ba
kgroundDespite extensive study [1,2℄, several fundamentalquestions about the kineti
 Ising model with Glauber dy-nami
s still remain unanswered [3℄. In this paper, we in-vestigate the following basi
 issue: What is the �nal stateof a �nite Ising-Glauber spin system when it is suddenlyquen
hed from in�nite temperature to zero temperature[4℄? An in�nite system undergoes 
oarsening, that is,the spins organize into a 
oarsening domain mosai
 of upand down spins, with the 
hara
teristi
 domain lengths
ale growing as t1=2. For a �nite system, this 
oarsen-ing is interrupted when the typi
al domain size rea
hesthe system size L. Rather unexpe
tedly, this interrup-tion 
an 
ause the system to get stu
k in an in�nitelylong-lived metastable state. In two dimensions, it ap-pears that, as L ! 1, this probability of getting stu
kis approximately 1=3, while for d � 3 the ground state isnever rea
hed.To provide 
ontext for the question of the ultimatefate of the Ising-Glauber system, 
onsider the limiting
ases of d = 1 [4,5℄ and d = 1. For a linear 
hain oflength L whi
h initially 
ontains pL up spins and (1�p)Ldown spins, the �nal state of the system follows from twofa
ts. First, the average magnetization is 
onserved un-der Glauber dynami
s [1,5℄ and se
ond, the only possible�nal states are all spins up or all spins down; there areno metastable states in one dimension. To a
hieve a �nalmagnetization whi
h equals the initial magnetization, afra
tion p of all realizations must end with all spins upand the 
omplementary fra
tion must end with all spinsdown. Thus the probability P (p) to ultimately have allspins up as a fun
tion of the initial 
on
entration of upspins p is simply P (p) = p. A very di�erent result holdsin the mean-�eld limit. A simple realization of this limitis the 
omplete graph, in whi
h ea
h spin intera
ts withevery other spin in the system. Here, a non-zero magne-

tization makes it energeti
ally favorable for any minorityspin to 
ip, so that the majority phase qui
kly �lls thesystem for all p 6= 1=2. Therefore on the 
omplete graph,P (p) is simply the step fun
tion P (p) = �(p� 1=2).We argue that in two and higher dimensions the prob-ability that one phase eventually wins also 
onverges to astep fun
tion in p�1=2 but with strange anomalies whenp = 1=2. As mentioned above, the system has a non-zeroprobability of getting stu
k in a metastable state whi
h
onsists of two or more straight stripes in two dimen-sions. In greater than two dimensions, the probabilitythat the ground state is rea
hed qui
kly vanishes withsystem size. Intriguingly, the �nal state is not stati
,but rather 
onsists of sto
hasti
 \blinkers". These arelo
alized sets of spins whi
h 
an 
ip ad in�nitum with-out any energy 
ost. Thus the system wanders forever ona 
onne
ted set of equal-energy states de�ned by theseblinkers. In the 
ategorization proposed by Newman andStein [3℄, the Ising system in high spatial dimension is oftype M (\mixed") in that a fra
tion of the spins 
ip a�nite number of times, while the 
omplementary fra
tion
ip in�nitely often.We also study the fate of the Ising system in the pres-en
e of an external magneti
 �eld. The imposition ofa �eld leads to bootstrap per
olation phenomena [6,7℄.In two dimensions, an in�nitesimal �eld is suÆ
ient todrive the system to the energeti
ally favorable groundstate; this is the analog of the per
olation threshold be-ing equal to 1 in n = 3 bootstrap per
olation on thesquare latti
e. In three dimensions, the energeti
ally fa-vorable ground state is rea
hed only if the �eld ex
eeds athreshold value, while for weaker �elds, a transition be-tween phase 
oexisten
e and �eld alignment o

urs as afun
tion of the initial 
on
entration of �eld-aligned spins.This transition again 
an be des
ribed in terms of boot-strap per
olation.Finally, we examine the relaxation at non-zero temper-atures. While the system eventually rea
hes equilibrium,the aforementioned metastable states 
ontinue to play a1



signi�
ant role in the relaxation. For example in d = 2and temperatures up to approximately 0:2T
, there isa large time range for whi
h the relaxation is 
lose tothat of the zero-temperature system. If a metastablestripe 
on�guration happens to form, a time of the or-der of L3 e4J=kT , where J is the intera
tion strength be-tween spins, must elapse before the system 
an es
apethis metastable state and rea
h equilibrium. We expe
tthat analogous metastable states will in
uen
e the long-time relaxation even more strongly in higher dimensions.B. The ModelWe study the homogeneous ferromagneti
 Ising modelwith Hamiltonian H = �JPhiji �i�j , where �i = �1and the sum is over all nearest-neighbor pairs of siteshiji. The spins are initially un
orrelated, 
orrespondingto an initial temperature T = 1. The T = 1 limit im-plies that the fra
tion of up and down spins are equal.Be
ause we are interested in subtle e�e
ts asso
iated withzero initial magnetization, we prepare our systems with�xed magnetization, rather than �xed probability for theorientation of ea
h spin. Thus every initial 
on�gurationhas Ld=2 up spins and Ld=2 down spins. We also 
onsiderthe straightforward generalization to non-zero magneti-zation by having p�Ld up spins and (1� p)�Ld downspins, where p is the initial fra
tion of up spins.The spins evolve by zero-temperature Glauber dynam-i
s [1℄, i. e., we view the system as being suddenlyquen
hed from T = 1 to T = 0. (In Se
t. IV, wewill also 
onsider the T > 0 
ase.) For ea
h initial spin
on�guration, one realization of the dynami
s was per-formed until the �nal state was rea
hed. We fo
us ond-dimensional hyper
ubi
 latti
es with linear size L andperiodi
 boundary 
onditions. We 
hoose these latti
esto avoid the pathologies asso
iated with odd-
oordinatedlatti
es, where stable 
onvex islands of minority spinsreadily form and the system always freezes into a dis-ordered state [3,4℄. Most of our results 
ontinue tohold for free boundary 
onditions and on arbitrary even-
oordinated latti
es.Glauber dynami
s at zero temperature is implementedby pi
king a spin at random and 
omputing the energy
hange �E if this spin were to 
ip. If �E is greater than,equal to, or less than zero, the spin 
ip is a

epted withprobability 1, 1=2 and 0, respe
tively. After ea
h su
hevent, the time is in
remented by 1=Ld. At long timesthis pro
edure is prohibitively slow be
ause there are rel-atively few 
ippable spins { those with �E � 0. Thus wetra
k and randomly pi
k only 
ippable spins, and thenupdate the time by 1=(number of 
ippable spins). Thisimplementation guarantees that in one time unit, ea
hspin attempts one 
ip on average.The rest of this paper is organized as follows. InSe
t. II we des
ribe geometri
 properties of the �nal statein various spatial dimensions in
luding the distribution

of magnetization and energy in the �nal state, as well asthe in
uen
e of an external magneti
 �eld in determin-ing the �nal state. The number of metastable states as afun
tion of the spatial dimension is estimated in Se
t. III.In Se
t. IV, we dis
uss the �nite-temperature evolutionin two and three dimensions. We 
on
lude in Se
t. Vwith a summary and some open questions.II. FINAL STATE GEOMETRYWe �rst address the following basi
 question: what isthe probability P (p) that the Ising system with p�Ld upspins in the initial state whi
h is then suddenly quen
hedto T = 0 will ultimately have all spins up? One 
ouldimagine three possible out
omes:1. P (p) is a monotoni
ally in
reasing fun
tion of p.2. P (p) = 0 for suÆ
iently small initial 
on
entrationof up spins 0 � p � p
; P (p) in
reases monotoni-
ally for p
 < p < 1� p
; P (p) = 1 for p � 1� p
.3. P (p) is the step fun
tion P (p) = �(p� 1=2).In one dimension P (p) = p, i. e., the �rst s
enario ap-plies. In this se
tion we shall argue that in higher dimen-sions the third s
enario is realized.If the third s
enario applies, then additional 
onsid-erations are needed to determine P (1=2). The behaviorat p = 1=2 is of paramount interest be
ause in a gen-uine T = 1 initial state the 
on
entrations of up anddown spins are equal (when initial temperature ex
eedsT
, these 
on
entrations are also equal as long as thereis no external magneti
 �eld). A general belief is thatin the thermodynami
 limit the system always rea
hesone of the ground states. The symmetry between up anddown phases then implies P (1=2) = 1=2. This assertionturns out to be wrong for all d � 2; the two-dimensionalsystem does not always rea
h the ground state while inhigher dimensions the system never rea
hes the groundstate as L!1.
FIG. 1. Four-stripe metastable state in two dimensions.The 
ru
ial di�eren
e between one and higher dimen-sions is that no metastable states exist in one dimensionwhile there are numerous metastable states in higher di-mensions. The existen
e of su
h states [8{10℄ is easy tovisualize in two dimensions, where any stripe of width2



� 2 whi
h traverses the entire system is obviously sta-ble at zero temperature (Fig. 1). However, it is nota priori 
lear what is the basin of attra
tion of thesemetastable states and the relative size of this basin 
om-pared to the basin of attra
tion to the ground states.We now turn to numeri
al results whi
h indi
ate thatmetastable states profoundly a�e
t the fate of arbitrarilylarge higher-dimensional zero-temperature Ising systems.A. Two Dimensions1. Stripe state in zero magneti
 �eldOur simulations indi
ate that the system with zero ini-tial magnetization rea
hes a stripe state with a non-zeroprobability as L ! 1 (Fig. 2). Linear extrapolation ofthe last 4 data points for the probability of rea
hing thestripe state, Pstr(L), versus L gives Pstr(1) � 0:315 and0:344 on the square and triangular latti
es, respe
tively.
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FIG. 2. Probability that an L � L system (� square lat-ti
e, � triangular latti
e) eventually rea
hes a stripe state,Pstr(L), as a fun
tion of 1= log2 L for L up to 512. Ea
h datapoint, with error bars smaller than the size of the symbol, isbased on � 105 initial spin 
on�gurations.The stripe state 
an 
ontain an arbitrary even num-ber of stripes. For the square system, we typi
ally ob-tain two stripes of similar widths. Metastable states withmore than two stripes appear very rarely. For example,the probability of rea
hing the four-stripe state growsvery slowly with L and is less than 0:07% for L = 200.We 
an gain a qualitative understanding for the depen-den
e of the probability of obtaining k verti
al stripes inthe �nal state, P (k;A), by analyzing a general re
tan-gular system of size AL � L with �xed aspe
t ratio A(and taking the L ! 1 limit as usual). For example,for A = 9 and L = 32 the �nal probabilities P (k;A)are approximately 0.0028, 0.101, 0.35, 0.36, and 0.15, fork = 0; 2; : : : ; 8. There is also a probability approximately0.034 that a horizontal stripe forms. In general, the prob-

ability P (k;A) appears to be peaked around kmax / A.Invoking the natural assumption of analyti
ity in A thenimplies that the probabilities P (k;A) of k-stripe statesare positive for all (even) k and arbitrary aspe
t ratio A.Our data are insuÆ
ient to probe the k-dependen
e ofP (k;A) but qualitatively P (k;A) de
ays faster than ex-ponentially. This behavior seems to be similar to that ofthe number of spanning 
lusters on the re
tangles of �xedshape at the per
olation threshold. In that problem, awide 
onsensus that only one spanning 
luster exists hasbeen re
ently disproved by numeri
al [11℄ and theoreti-
al [12℄ eviden
e. We now employ an argument similar tothe one of Ref. [12℄ in the 
ontext of spanning 
lusters toestimate the large-k behavior of P (k;A). Spe
i�
ally, we
onsider the probability Ph(k;A) to rea
h a state withk horizontal stripes (all k stripes in the dire
tion of thelength AL). Imagine now dividing the re
tangle into twoequal re
tangles of size AL � L=2 ea
h. In the large-klimit, the dominant 
ontribution to Ph(k;A) 
omes fromsituations where approximately k=2 stripes traverse ea
hof the re
tangles. This impliesPh(k;A) � [Ph(k=2; 2A)℄2; (1)whi
h may be iterated to givePh(k;A) � [Ph(2; Ak=2)℄k=2: (2)The quantity on the right-hand side P (2; Ak=2) is theprobability to have a stripe whi
h traverses a re
tangle ofdimension AL�2L=k in the long dire
tion. Here we haveassumed that the probabilities Ph(k;A) depend weaklyon the system size L and do not vanish in the thermo-dynami
 limit. If we take L � k as the width of theoriginal re
tangle, then the re
tangle AL � 2L=k has asmall �nite width and a length of order Ak. This re
t-angle is so narrow that a stripe 
an o

ur only if existedin the initial state. This 
learly o

urs with probability2�2�length � e�Ak. By substituting P (2; Ak=2) � e�Akinto Eq. (2) we dedu
e thatPh(k;A) � e�
onst:�Ak2 : (3)Thus P (k;A) has a Gaussian tail. This explains whyfour and higher-stripe states are almost never seen in oursimulations for the square system. In the following, wealways 
onsider square (or hyper
ubi
) systems.Consider now an Ising system with a small di�eren
ebetween the number of up and down spins. We studytwo basi
 quantities: (i) the probability M(p; L) thatthe minority phase wins, that is, the sign of the mag-netization in the �nal (ground) state is opposite to thatin the initial state, and (ii) the probability S(p; L) thatthe system rea
hes a stripe state. Both these quanti-ties exhibit s
aling when L diverges and the the initialmagnetization m0 = 2p� 1 vanishes su
h that the 
om-bination z � Lj2p � 1j� is kept 
onstant. For M(p; L),the best data 
ollapse is a
hieved with � � 1:5 while forS(p; L) the best data 
ollapse is a
hieved with � � 1:35.3



Further, M(z) appears to be an exponentially de
ayingfun
tion of z while S(z) appears to de
ay even morequi
kly (Fig. 3). The exponential behavior is not sur-prising in view of the analogy to the spanning probabil-ity in per
olation. Indeed, 
onsider the extreme 
ase 
aseof per
olation with p ! 0. Then a spanning 
luster ofthe minority phase exists with probability / pL, i. e.,it de
ays exponentially with system size. This argumentmakes it plausible thatM(z) and S(z) also de
ay at leastas fast as exponentially with L and then
e with z.
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FIG. 3. Probability that the minority phase wins (lower) ora stripe state is rea
hed (upper) as a fun
tion of Ljp� 1=2j� ,with � = 1:5 and � = 1:35 respe
tively. Data are based onsystems with L � 200 and � 5� 104 initial 
on�gurations.Overall we 
on
lude that in two dimensions, the initialmajority phase always wins in the limit L ! 1. ThusP (p) = �(p�1=2) in two dimensions, just as in the mean-�eld limit. This suggests that P (p) may well be a stepfun
tion for all spatial dimensions d � 2 when L =1.2. Finite magneti
 �eldIt is also instru
tive to investigate the e�e
t of a �niteexternal magneti
 �eld h on the fate of the system. Intwo dimensions there are two distin
t �eld ranges: (i)weak �elds 0 < h < 2J , and (ii) strong �elds 2J < h. Aweak �eld modi�es the dynami
s of spins whi
h have twomisaligned neighbors. In zero �eld su
h spins 
ip withrate 1/2, while in a weak �eld they 
an only 
ip parallelto the �eld. This means, for example, that kinks on in-terfa
es move in only one dire
tion rather than di�using(Fig. 4). For strong �elds, down spins whi
h have 3 mis-aligned neighbors 
an now 
ip parallel to the �eld andthe system ends up in the �eld-aligned ground state.
+ ++ _ _ _ _+FIG. 4. In a weak positive �eld an interfa
e kink 
an moveonly to the right, while in zero �eld this kink di�uses.

The most interesting 
ase is that of weak �eld and asmall initial 
on
entration of up spins, where the system
onsists of small 
lusters of up spins in a ba
kground ofdown spins. Due to the unidire
tional kink motion on in-terfa
es, 
lusters of up spins 
an grow until ea
h �lls outits 
onvex hull (Fig. 5). If the 
onvex hull of one 
lus-ter overlaps with either another up 
luster (or its 
onvexhull), then the resulting aggregate 
an expand furtherto �ll out this enlarged 
onvex hull. If there is yet an-other 
luster (or 
onvex hull) within this expansion zone,growth 
ontinues.
FIG. 5. Expansion of a 
luster of up spins (dark shaded) ina weak magneti
 �eld h < 2J . The 
onvex hull (union of darkand light shaded regions) overlaps with the 
luster on the up-per right. The 
onvex hull of this aggregate (outer re
tangle)then overlaps with yet another 
luster, leading to 
ontinuedexpansion.This growth pro
ess is essentially the same as boot-strap per
olation [6℄, in whi
h a latti
e is randomly o
-
upied, say with initial density �0, and then all sites thatdo not have at least n o

upied neighbors are removed.This deletion step is then repeated until no more sites
an be removed. The 
ase n = 3 is essentially identi
alto our weak-�eld system, with spins antiparallel to the�eld playing the role of o

upied sites in bootstrap per-
olation. In n = 3 bootstrap per
olation, all o

upiedsites will eventually be removed for L!1, even if �0 isarbitrarily 
lose to 1. Translating this to the Ising sys-tem, we 
on
lude that for any non-zero 
on
entration ofup spins, the system will evolve to the ground state withm = 1 in the thermodynami
 limit.B. Three Dimensions1. \Blinkers" in zero magneti
 �eldOn the simple 
ubi
 latti
e, the probability to rea
h theground state, Pgs(L), de
reases rapidly with the systemsize (Fig. 6). For example, Pgs(L) � 0:001 for L = 30.Perhaps even more surprising is that the �nal state ofthe system for large L is not geometri
ally stati
! In-stead, the system 
ontains blinkers { lo
alized sets ofspins whi
h 
an 
ip inde�nitely with no energy 
ost.4
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FIG. 6. Probability that the system rea
hes the groundstate (dots), a frozen metastable state (
ir
les), or a blinkerstate (triangles) as a fun
tion of the linear dimension. Thenumber of realization is � 104 for ea
h system size. The linesare a guide for the eye.To appre
iate the nature of blinkers, we �rst des
ribethe geometry of the frozen metastable states. For initial
on
entration of up and down spins p = 1=2 (whi
h ismu
h greater than the per
olation threshold p
 � 0:3116[7℄), both the up and down spins per
olate in all three
oordinate dire
tions in the �nal state. For example, for
ubes with L = 20, 30 and 40, the probability that bothphases per
olate in all three dire
tions equals 0.83, 0.92and 0.97 respe
tively. Numeri
ally the number of dis-tin
t spin 
lusters almost always equals 2 { there are nosmall 
lusters of spins.
FIG. 7. A 3-arm star whi
h per
olates in all 
oordinatedire
tions. This 
luster 
ontains four 
ubi
 blo
ks of lineardimension L=2 in an L� L� L system with periodi
 bound-ary 
onditions. The other phase o

upies the remaining halfof the 
ube volume. A 
onvex 
orner (for free boundary 
on-ditions) is shown shaded.To visualize these per
olating spin 
lusters, 
onsiderea
h spin as o

upying a unit 
ube. A 
luster must thenhave no 
onvex 
orners to be stable (Fig. 7); a spin atsu
h a 
orner 
an 
ip freely and generate additional 
on-vex 
orners. The generi
 
on�guration whi
h permitstwo 
lusters of oppositely-oriented spins, ea
h devoid of
onvex 
orners, to per
olate in all three dire
tions hasthe form of two interpenetrating 3-arm stars (Fig. 7).Ea
h arm is oriented along one 
oordinate dire
tion andjoins onto itself be
ause of the periodi
 boundary 
on-dition, so that there are no 
onvex 
orners. This is the3-dimensional analog of stripes on the square latti
e.
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FIG. 8. Sto
hasti
 blinker on the 
ubi
 latti
e. The shadedregion of size x� y� (n�m) 
ontains a 
u
tuating interfa
ewhi
h 
an range between all spins up and all spins down.From the 3-arm star, a blinker arises when the armshave di�erent 
ross-se
tional areas, as sket
hed in Fig. 8.Here we view the per
olating 
luster of up spins as abuilding with an m-storey se
tion (marked m), an ad-ja
ent n-storey se
tion (with n > m), and a se
tion(marked 1) whi
h wraps around the torus in the verti-
al dire
tion and rejoins the building on the ground 
oor.The wiggly lines indi
ate wrapping around the torus inthe x- and y-dire
tions. This 3-arm star stru
ture hasno 
onvex 
orners and thus 
annot shrink under Glauberkineti
s. The shaded portion of Fig. 8 supports a blinker.This blinker starts at the upper left 
orner of the shadedregion of height m, where it 
osts zero energy to 
ip theheavy shaded spin. On
e this spin 
ips, its three nearestneighbors (two light shaded and one just above the dark-shaded spin in Fig. 8) 
an also 
ip with no energy 
ost.Continuing this pro
ess gives rise to a 
u
tuating inter-fa
e in the shaded parallelepiped that is bounded by thestates of all spins up and all spins down. Thus a blinkingstate wanders forever by transitions between 
onne
tedmetastable 
on�gurations with the same energy.
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+FIG. 9. Illustration of blinker topology on a 6-
oordinatedCayley tree. The blinker, namely, the bond between the mis-aligned spins (wiggly line) undergoes a random walk.Blinkers 
an be visualized more simply on an even-
oordinated Cayley tree (Fig. 9). Consider, for example,a 6-
oordinated tree in whi
h ea
h spin in a �nite segment(thi
k lines) feels zero ex
hange �eld from the 4 neighbor-ing spins whi
h belong to separate 
hains. The ends ofthis segment are terminated by 5 additional 
hains withat least 4 spins in agreement for these 
hains. This seg-ment is e�e
tively a �nite one-dimensional 
hain with theendpoints �xed to be in opposite states so that a blinkerlives forever.Amusingly, blinkers are mu
h more prominent in the5



Potts model with Glauber kineti
s, where they arise evenin two dimensions. The Hamiltonian of the Q-state Pottsmodel is H = �JPhiji Æ�i�j . Here �i denotes the Pottsvariable at site i whi
h 
an assume Q distin
t values andthe sum is over all nearest-neighbor pairs of sites [13℄.The zero-temperature Glauber kineti
s is analogous tothe Ising 
ase, i. e., a spin 
ips to agree with the major-ity of its neighbors. In 
ases of a \tie", 
ips o

ur withequal rates; for example, if half the neighbors of a givenspin are in one state and the other half are in a di�erentstate then the spin 
ips to one of these two states withequal probability.
A B

B CFIG. 10. Generi
 sto
hasti
 blinker in the kineti
three-state Potts model on the square latti
e. The shadedregion 
an 
ip between all spins in the A and C states, whileall the remaining spins are stable sin
e they have at mostone misaligned neighbor. A representative position of the ACinterfa
e in the shaded region is shown.To appre
iate the existen
e of blinkers, 
onsider thethree-state Potts model in two dimensions and assumethat all three phases have the same initial 
on
entration(this again 
orresponds to a T = 1 initial state). Thissystem 
an rea
h a metastable state whi
h 
ontains blink-ing domains, as illustrated in Fig. 10. Similar to the 
aseof the Ising system on the 
ubi
 latti
e, the shaded re-gion 
an blink between having all spins in the A or theC states. While it was previously argued [9,10℄ that do-mains 
an be
ome pinned for quen
hes to T = 0 whenQ � 3, our simulations of the Q = 3 Potts model indi-
ate that the probabilities to rea
h the ground state anda frozen state de
rease with the system size and appar-ently approa
h to zero as L ! 1. In short, the Pottssystem gets pinned in a blinking state rather than in afrozen state. 2. Finite magneti
 �eldAn external magneti
 �eld again drasti
ally 
hangesthe �nal state of the system. On the 
ubi
 latti
e thereare now two 
riti
al �elds, h1 = 2J and h2 = 4J , whi
hdemar
ate di�erent behaviors. The regime 0 < h < 2J
orresponds to n = 4 bootstrap per
olation for the 
lus-ters of spins antiparallel to the �eld. In the language ofthe Glauber kineti
s, this means that spins with initiallythree misaligned neighbors must align with the �eld.

These spins, when 
ipped, �ll in 
on
avities and even-tually 
omplete 
onvex 
orners, as illustrated in Fig. 11.For 0 < h < 2J , there is a threshold initial 
on
en-tration of up spins, ph, below whi
h �nite droplets ofup spins, with ea
h spin having at least three alignedneighbors, freeze. For p > ph, up spins eventually per-
olate due to the in�lling of 
on
avities, whi
h leads tothe merging of 
lusters of up spins and ultimately theground state is rea
hed. Our simulations give ph signif-i
antly smaller than p
 � 0:3116 for site per
olation onthe 
ubi
 latti
e, in qualitative agreement with Ref. [6℄.
FIG. 11. Cluster of up spins with a 
on
ave trough. This issequentially �lled in, for 0 < h < 2J , by 
ipping spins whi
hea
h have 3 misaligned neighbors. The dashed 
ube representthe spin whi
h is about to 
ip.
FIG. 12. Cluster of up spins with a 
on
ave interfa
e. Theenergy 
ost of 
ipping the indi
ated spin is 4J�2h; thus, thisspin will 
ip when h > 2J .The regime 2J < h < 4J 
orresponds to n = 5 boot-strap per
olation. It is now possible to 
ip a spin adja-
ent to a straight but 
on
ave interfa
e (Fig. 12). This�lling ultimately allows a 
luster of up spins to system-ati
ally expand and �ll its 
onvex hull. This then leadsto a similar pi
ture to n = 3 bootstrap on the square lat-ti
e, in whi
h 
oales
en
e of 
onvex hulls of neighboring
lusters leads to a �nal state where all spins are alignedwith the �eld for any initial magnetization. Finally forh > 4J , even a single up spin nu
leates the growth ofadditional up spins and the system qui
kly rea
hes theground state with all spins pointing up.C. Final Magnetization DistributionIn two dimensions, we have seen that the �nal state iseither the ground state or a stripe state in whi
h there aretypi
ally two stripes of approximately the same width.This qualitative observation 
an be made more pre
iseby studying the magnetization distribution of the �nalstate. Systems whi
h rea
h the ground state givem = +1or �1, while systems whi
h rea
h the stripe state lead to6



a 
ontinuous 
omponent of the �nal magnetization dis-tribution whi
h is peaked about 0. The width of thispeak gradually narrows as the system size in
reases, butappears to 
onverge to a �nite limit as L!1.
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FIG. 13. Final magnetization distribution in (a) d = 2 and(b) d = 3. The number of 
on�gurations is � 105 for everysystem size in d = 2, and � 5 � 104 in d = 3. In d = 2, thedelta-fun
tion peaks at m = �1 have been suppressed.In three and higher dimensions, the probability ofrea
hing the ground state is vanishingly small so thatthere is no longer delta-fun
tion peaks in the �nal magne-tization distribution atm = �1. In three dimensions, themagnetization distribution has a relatively broad peak
ompared to two dimensions.D. Final Energy DistributionIn two dimensions the distribution of the �nal energyof the system is a series of delta-fun
tion peaks whi
h
orrespond to 
on�gurations with 0; 2; 4 : : : stripes. In
ontrast, in three and higher dimensions the energy dis-tribution is 
ontinuously distributed and exhibits s
alingin the variable E=hEi, where E is the energy per spin(with the ground state energy de�ned to be zero), andhEi its average value. (Fig. 14).
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FIG. 14. Distribution of the normalized �nal energy perspin. Number of 
on�gurations is � 5 � 104 for all systemsizes.

For d = 3, the average energy per spin hEi appearsto de
ay as L��, with the exponent � � 1. Thus thetotal energy of the �nal state, whi
h is proportional tothe total interfa
ial area, grows as L2. This is 
onsistentwith the qualitative pi
ture for the geometry of the �nalstate given in Fig. 7.III. NUMBER OF METASTABLE STATESIt is instru
tive to determine the number of metastablestates as a fun
tion of the spatial dimension be
ause thishelps quantify the relative in
uen
e of these states on theevolution of the system. The number of metastable states
an be 
omputed asymptoti
ally on the square latti
e andon a 3-
oordinated Cayley tree, with the latter providingan estimate for the number of metastable states whend =1. For 2 < d <1, we give a simple lower bound forthe number of metastable states whi
h we expe
t givesthe 
orre
t asymptoti
 behavior.1. Two dimensionsThe metastable states of the ferromagneti
 Ising-Glauber model on an L� L square latti
e with periodi
boundary 
onditions 
onsist of purely verti
al or horizon-tal stripe arrays, with the width of ea
h stripe greaterthan or equal to 2. These states are essentially identi
alto the ground states of the axial next-nearest neighbor(ANNNI) Ising 
hain with nearest-neighbor ferromag-neti
 intera
tion J1 and se
ond-neighbor antiferromag-neti
 intera
tion J2 when J2 = �J1=2. For the ANNNI
hain with free boundaries, the number of metastablestates was previously found in terms of the Fibona

inumbers [14℄. For a 
hain of L sites, the number of thesestates grows asymptoti
ally as gL, where g = (1+p5)=2is the golden ratio.To determine the number of metastable states on anL�L square with periodi
 boundary 
onditions, we needto a

ount both for the fa
t that stripes 
an be verti-
al or horizontal as well as the periodi
 boundary 
on-ditions. The former attribute means that the number ofmetastable states on the square is twi
e that on a periodi
one-dimensional 
hain. The periodi
 boundary 
onditionalso means that states whi
h di�er by overall translationare not distin
t. This redu
es the number of metastablestates of a periodi
 system by a fa
tor of 1=L 
omparedto free boundary 
onditions. Asymptoti
ally, then, thenumber of metastable states on a square of N = L2 sitesis given by M2(N ) � eB2pN , where B2 = ln g.2. Dimensions d > 2As already dis
ussed, metastable states are geomet-ri
ally more 
omplex in greater than two dimensions7



and their enumeration appears to be a diÆ
ult prob-lem. However, we 
an give a simple lower bound for thenumber of metastable states by 
onstru
ting a higher-dimensional analog of the stripe states. In three dimen-sions, 
onsider states whi
h 
onsist of an arbitrary arrayof straight �laments su
h that ea
h �lament 
ross-se
tionhas size x � y with x; y � 2, and that the distan
e be-tween any two �laments in either 
oordinate dire
tion isalso � 2. The number of these �lamentary metastablestates s
ales as exp(C3L2), where C3 is a 
onstant. Thusthe existen
e of �lamentary gives the lower bound forthe number of metastable states in three dimensions,M3(N ) > exp(C3N 2=3). The analogous 
onstru
tion ind dimensions yields Md(N ) > exp(CdN 1�1=d).While we have not su

eeded in 
onstru
ting an upperbound for the number of metastable states, it is plausiblethat this bound has the same form as the lower bound.In general, metastable states must 
onsist of long �la-mentary stru
tures to avoid having any 
onvex 
ornerswhi
h serve as the nu
leus for energy-lowering moves.This geometri
 
onstraint suggests that the degenera
yof all metastable states should be similar to that of thelower bound �lamentary states. Thus we expe
t thatMd(N ) � exp �BdN 1�1=d�.3. In�nite spatial dimensionTo probe an in�nite spatial dimension, we estimatethe number of metastable states by 
onsidering the Cay-ley tree. There is already a subtlety whi
h dependson whether the 
oordination number of the tree is evenor odd. While odd-
oordinated latti
e systems exhibitthe pathology of metastable freezing for any initial mag-netization, even-
oordinated trees naturally give rise toblinker states, as mentioned in the previous se
tion.
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0FIG. 15. A typi
al metastable state on a 3-
oordinatedCayley tree. Cir
led spins are those whose state is determinedby its parent one level higher while boxed spins are uniquelydetermined by the states of the daughter spins. Clusters ofnegative spins are joined by dashed lines.For simpli
ity we 
onsider the 3-
oordinated tree withroot at level N (Fig. 15). Two nodes in level N � 1are atta
hed to the root site, then four nodes form levelN�2, et
. To enumerate the total number of metastablestates MN on an N -level tree we �rst note that there aretwo types of spins in any metastable state. For a spin

at level n, if the two daughter spins in level n� 1 agree,then the state of the parent spin is uniquely determined.Conversely, if the daughters disagree, then the state ofthe spin in level n (
ir
led in Fig. 15) is determined bythat of its parent in level n+ 1. (The neighboring spinsat level 0 must agree.)Let DN and UN are the respe
tive number ofmetastable states with the root spin determined and un-determined by its daughters. Then by enumerating allpossible daughter states and the out
ome of the root site,DN and UN obey the re
ursion relationsDN+1 = 12D2N + 12U2N + 2DNUN ; (4)UN+1 = D2N ; (5)subje
t to the initial 
onditions D0 = 0 and U0 = 2.For example, the re
urren
e (5) expresses the fa
t thatthe root spin is undetermined only when two daughterspins are uniquely determined and of opposite sign. ThusUN+1 = 2 � DN � 12DN , where the fa
tor 2 takes intoa

ount that the root spin remains undetermined and thefa
tor 12 ensures that the root spins in the daughter treesare opposite.By 
omputing the �rst few terms in these re
ursion for-mulae, we see that UN and DN grow very rapidly withN . To probe the asymptoti
 behavior of UN and DN ,we divide Eq. (4) by UN+1 and use Eq. (5) to �nd thefollowing re
ursion for �N = DN=UN :�N+1 = 12 + 2�N + 12�2N � R(�N): (6)The re
urren
e (6) for �N iterates the rational fun
tionR(�) whose �xed points, � = R(�), are �1 and (3 �p17)=4. Only the positive �xed point � = (3 +p17)=4is physi
ally a

eptable. This is also an attra
tive �xedpoint as R0(�) = �2��2 � ��3 = (19 � 5p17)=2 =�0:807764 : : : , i. e., jR0(�)j < 1. Thus, �N ! � andhen
e DNUN ! � � 3 +p174 : (7)To determine DN we iterate DN = D2N�1�N to giveDN = (D1)2N�1 NYk=2(�k)2N�k : (8)This equation implies that the following limitÆ = limN!1(DN )2�N (9)exists and equals Æ =pD1 1Yj=2(�j)2�j : (10)8



From Eqs. (4){(5) with initial 
onditions D0 = 0 andU0 = 2, we obtain D1 = 2 and �2 = 1=2. Using thesevalues and the re
urren
e (6) we numeri
ally determineÆ = 1:56581199 : : : .Equation (9) gives DN / Æ2N but we 
an also �nd theoverall amplitude. From Eqs. (8) and (10) we �nd theexa
t expression for the ratioÆ2N=DN = 1Yj=1(�j+N )2�j : (11)Now we re
all that �N ! � and thus the produ
t on theright-hand side of Eq. (11) approa
hes to � as N ! 1.This together with Eq. (7) yieldsDN ! ��1Æ2N ; UN ! Æ2N : (12)These results should be 
ompared to the total numberof the spin states SN = 2N , where N = 2N+1 � 1 isthe total number of sites in the N -level tree of 
oordi-nation number 3. Note also that the \entropy" of thetotal number of metastable states, ln(Un +DN), asymp-toti
ally grows as CN , with C = 12 ln Æ �= 0:224202. Thelinear N -dependen
e �ts with the previous lower bounda

ording to whi
h the metastable state entropy in
reasesas N 1�1=d in d dimensions.IV. FINITE TEMPERATUREFor a system whi
h is quen
hed from in�nite to a lowbut non-zero temperature, the equilibrium state is even-tually rea
hed. However, we �nd that the approa
h toequilibrium pro
eeds in two distin
t stages. In the initial
oarsening stage, the evolution is essentially the same asthat of the zero temperature 
ase. In two dimensions, forexample, the system �rst relaxes to a metastable stripestate with probability � 1=3. At zero temperature, thiswould be the �nal state of the system. However, at �-nite temperature, there is a relatively slow es
ape fromthis metastable state whose rate we now determine by asimple geometri
 approa
h.
FIG. 16. Relaxation of a stripe state in two dimensions atsmall non-zero temperature: (a) Nu
leation of a dent; (b) Dif-fusive growth of the dent; (
) Dent rea
hes the system size andhen
e the domain wall steps to the left. This overall pro
essultimately leads to the disappearan
e of the stripe.

A stripe is formed in a time of order L2 [4℄. At a smallpositive temperature, a stripe 
an disappear by the an-nihilation of the two domain walls (Fig. 16). This an-nihilation o

urs by the following steps: First, a dent is
reated by 
ipping a spin at a domain wall. The timerequired for this event is of the order of e4J=kT , where 4Jis the energy 
ost asso
iated with the spin 
ip. On
e adent is 
reated, the spin in the dent, as well its two ver-ti
al neighbors, are now free to 
ip. Thus the length ofthe dent performs a one-dimensional random walk untilthe horizontal boundaries meet.Now using elementary fa
ts about the �rst passage ofa one-dimensional random walk in the presen
e of anabsorbing boundary [15℄, the dent re
ombines with prob-ability (L�1)=L and the domain wall returns to its orig-inal state, or with probability 1=L the dent expands and
hanges the sign of one 
olumn of spins. Thus we need Ldent 
reation events before the interfa
e of the strip hopsrigidly by �1 in the x-dire
tion. The time needed for thishop is therefore of the order of L exp(4J=kT ). Sin
e thetypi
al width of a stripe is of the order of L, there musttypi
ally be L2 su
h interfa
e hopping events before thetwo interfa
es meet and thus surmount the metastablebarrier. As a result, the time for a stripe state to disap-pear is of the order of L3 exp(4J=kT ).Our simulations are in ex
ellent agreement with thispredi
tion for T=T
 <� 0:2 (Fig. 17). Here the time torea
h the equilibrium is de�ned as the time for the systemto �rst rea
h the equilibrium value of the magnetizationof the Ising model on the square latti
e at temperature T .This stopping time is dominated by 
on�gurations whi
h�rst rea
h a stripe state; 
on�gurations whi
h relax di-re
tly to the equilibrium state rea
h this state qui
kly.
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FIG. 17. Time to rea
h the equilibrium state on the squarelatti
e. The straight line is L3 e4J=kT .We 
an develop a similar argument in three dimen-sions. Sin
e a typi
al metastable state has the form oftwo interpenetrating 3-arm stars, let us estimate the timefor su
h a stru
ture to disappear. The lowest energy ex
i-tation is to 
ip a spin in one of the 
on
ave 
orners of thisstru
ture (see Fig. 12). This spin 
ip requires an energyof 4J and thus takes a time of the order of exp(4J=kT ).By 
ipping of the order of L2 su
h spins it is possible to9




reate a planar barrier of one phase whi
h spans the sys-tem, at whi
h point the other phase 
an disappear withno additional energy 
ost. Sin
e the energy 
ost asso-
iated with the 
reation of this ex
itation is 4JL2, thissuggests that the time to surmount the metastable bar-rier s
ales as exp(4JL2=kT ), a time whi
h is too long toprobe dire
tly by simulations.V. SUMMARYWe have investigated the evolution of a �nite Ising sys-tem with Glauber kineti
s when it is suddenly quen
hedfrom in�nite to zero temperature. In two dimensionsthere appears to be a non-zero probability that the sys-tem ultimately rea
hes a frozen metastable state whi
h
onsists of two or more parallel straight stripes. Whileour simulations suggest that the probability of rea
hinga stripe state is positive even as L! 1, and we have aheuristi
 argument that k-stripe states o

ur with posi-tive probability for every even k, we do not have a rig-orous argument to support this observation. This is afundamental unanswered question.In three and higher spatial dimensions, the probabilitythat system rea
hes either the ground state or a frozenstate is vanishingly small. Essentially all realizationsend up wandering forever on 
onne
ted iso-energy setsof blinker states. It is easy to visualize these blinkerson a even-
oordinated Cayley tree as well as on a small-size 
ubi
 latti
e. However, we do not have a good wayto 
hara
terize these blinkers for large �nite-dimensionalsystems. The existen
e of blinkers means that the kineti
Ising-Glauber system in suÆ
iently large spatial dimen-sions belongs to type M a

ording to the 
lassi�
ationof Newman and Stein [3℄. That is, some fra
tion of thespins 
ip in�nitely often (those on blinkers), while therest of the spins 
ip a �nite number of times.One reason for the system not rea
hing the groundstate is that metastable states be
ome more numerousas the spatial dimension in
reases. The number of thesemetastable states appears to s
ale as exp(N 1�1=d) in ddimensions, where N is the total number of spins. Thismakes it plausible that a spin system is more likely to�rst en
ounter and get trapped in a metastable state be-fore the ground state 
an be rea
hed. Asso
iated withthe metastable states are a variety of interesting geomet-ri
 features of the �nal state, su
h as the distributionof magnetization and the distribution of energy. Manyfeatures of these distributions are still unexplained.At low temperature, the Ising-Glauber system ne
es-sarily rea
hes equilibrium, but via a two-stage relaxationpro
ess. Initially, the kineti
s is nearly identi
al to thatof the zero-temperature 
ase. For the subset of systemswhi
h rea
h a metastable stripe state in two dimensions,there is then a slow approa
h to equilibrium by the nu-
leation of defe
ts whi
h 
ause the stripe boundaries to

di�use, ultimately merge, and thus disappear. Be
ausethis kineti
s is an a
tivated pro
ess, the time to relaxto equilibrium is extremely slow. Surprisingly, this two-stage pi
ture persists for temperatures up to approxi-mately 0:2T
 in two dimensions. A similar two-stage pi
-ture appears to hold in higher dimensions. However, thetime s
ales asso
iated with surmounting metastable bar-riers and ultimately rea
hing the ground state are astro-nomi
ally long.We are grateful to NSF grant No. DMR9978902 forpartial support of this work.
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