
Syn
hronization and Coarsening (without SOC) in a Forest-Fire ModelK. E. Chan, P. L. Krapivsky, and S. RednerCenter for BioDynami
s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, MA 02215We study the long-time dynami
s of a forest-�re model with deterministi
 tree growth and in-stantaneous burning of entire forests by sto
hasti
 lightning strikes. Asymptoti
ally the systemorganizes into a 
oarsening self-similar mosai
 of syn
hronized pat
hes within whi
h trees regrowand burn simultaneously. We show that the average pat
h length hLi grows linearly with time ast!1. The number density of pat
hes of length L, N(L; t), s
ales as hLi�2N (L=hLi), and withina mean-�eld rate equation des
ription we �nd that this s
aling fun
tion de
ays as N (x) � e�1=x forx ! 0, and as e�x for x ! 1. In one dimension, we develop an event-driven 
luster algorithm tostudy the asymptoti
 behavior of large systems. Our numeri
al results are 
onsistent with mean-�eldpredi
tions for pat
h 
oarsening.PACS numbers: 02.50.Ey, 05.40.+j, 64.60.LxI. INTRODUCTIONForest-�re models [1{4℄ are simple ar
hetypi
al ex-amples of driven dissipative systems that exhibit in-triguingly ri
h spatio-temporal stru
tures [4{9℄. Thesemodels provide a simple paradigm for 
ooperative time-dependent phenomena, su
h as epidemi
s, os
illatory
hemi
al rea
tions, ele
tri
al neuron a
tivity, 
ardia
 dy-nami
s, and turbulen
e [2, 10{13℄. As the name indi-
ates, the forest-�re model ostensibly des
ribes the timeevolution of burning trees in a forest. In typi
al mod-els of this genre, trees are lo
ated at regular latti
e sitesand ea
h 
an exist in one of three states: burnt, alive, orburning. The dynami
s involves the following elements:(i) A burnt tree turns into a living tree at some spe
i�edrate; (ii) a living tree 
an be ignited, either by a lightningstrike or by �re spreading from a neighboring burningtree; (iii) after a spe
i�ed time interval a burning tree is
onsumed and the �re at this lo
ation is extinguished.Depending on whi
h of these pro
esses are operative,as well as their relative rates, di�erent dynami
al behav-iors 
an arise, ranging from self-organized 
riti
al behav-ior with �res of all sizes o

urring [2{4℄, to spiral �re-frontwave propagation [2, 14℄. While forest �re models havebeen extensively investigated, there is still un
ertaintyabout their long-time properties even after extensive nu-meri
al simulations in many realizations of the model [9℄.This work is fo
used on a spe
i�
 version of the forest-�re model whi
h exhibits 
oarsening [15℄ rather than self-organized 
riti
ality or 
omplex �re front propagation.Be
ause of this phenomenologi
al simpli
ity, we 
an ap-ply the rate equations in a natural way to determine theevolution of the system. The model itself was �rst in-trodu
ed by Drossel [16℄. Its 
ru
ial feature is that treegrowth is deterministi
; a tree that has just burned re-mains dead for exa
tly one time unit and then a new treereappears. This parti
ular regrowth rule is the me
ha-nism that gives rise to a 
oarsening mosai
 of growingsyn
hronized forests. This is a generi
 feature and doesnot require the tuning of model parameters to 
riti
al

values.Let us de�ne a \pat
h" as a 
oherent region of thesystem that is either o

upied by live trees or by burnttrees. This pat
h evolves by tree regrowth and by theburning of trees due to lightning strikes. The me
ha-nism for 
oarsening is that adja
ent pat
hes must even-tually syn
hronize, after whi
h they evolve in phase [16℄.While neighboring pat
hes begin their existen
e as dis-tin
t, eventually the burnt trees in one pat
h will regen-erate while the adja
ent pat
h is still forested. When thiso

urs, all the trees in these two pat
hes be
ome in
or-porated into an augmented pat
h whi
h then evolves asa single unit. (Fig. 1).In Ref. [16℄, the pro
ess was investigated numeri
allyand the total number of pat
hes N(t) was found to de-
ay with time. However, more quantitative observationswere not reported. We will show that N(t) / t�1 andwe will investigate the pat
h length distribution, bothanalyti
ally and numeri
ally. For our analyti
 study, wewill employ the 
lassi
al rate equation of aggregation ki-neti
s [17℄. This approa
h is ideally suited to treat the
oarsening behavior of the system under investigation.Another important feature of our approa
h is that wetreat the dynami
s at a mesos
opi
 level in whi
h thebasi
 units are syn
hronized pat
hes rather than indi-vidual trees. In the long-time limit, we will argue thatthe lifetime of su
h pat
hes 
an be viewed as determin-isti
. By tra
king only the merging events of adja
entpat
hes we are able to investigate systems of e�e
tivelymu
h larger size and to mu
h longer times than that a
-
essible by tree-based simulations. In addition to obtain-ing a power-law growth of the average pat
h length, ourmethod yields 
lean results for the probability distribu-tion of pat
h lengths. This distribution is found to obeys
aling, with no memory of the initial state retained andwith the asymptotes of the distribution in good agree-ment with rate equation predi
tions. While we fo
us onthe parti
ular 
ase of one dimension, our approa
h shouldalso apply in higher dimensions.In the next se
tion, we de�ne the model and outline thee�e
tive mesos
opi
 pi
ture for the evolution of pat
hes.



2In Se
. III, a rate equation des
ription for this evolutionis presented and basi
 results about the pat
h length dis-tribution are obtained. We explain our simulational ap-proa
h and des
ribe the results that follow in Se
. IV.Our basi
 
on
lusions are given in the last se
tion.II. FOREST EVOLUTION IN ONE DIMENSIONThe evolution of the system is governed by the 
om-petition between two fundamental time s
ales. Supposethat ea
h tree in the system may be stru
k by lightningat a rate �. Then a forest of length L has a 
hara
teris-ti
 lifetime to

 � (�L)�1 before one of its trees is stru
kby lightning. We assume that the time to burn the for-est 
ompletely is mu
h less than any other time s
ale inthe problem, so that we view the burning of a forest asinstantaneous. There is also the deterministi
 time in-terval temp between the instant that a forest burns downand the reappearan
e of trees in this burnt pat
h. Weassume that this refra
tory time is the same for all trees,so that regrowth of trees in a single burnt pat
h o

urssimultaneously. Without loss of generality, we take thisrefra
tory time to be temp = 1.At early times, where temp � to

, the sto
hasti
 natureof lightning events is important. However, as we shallsoon show, pat
hes naturally grow with time. Thus tempeventually be
omes mu
h larger than to

 and the �redynami
s be
omes nearly deterministi
 in the long-timelimit. To des
ribe this late-stage dynami
s, we ignoreindividual trees and treat the system mesos
opi
ally as a
ontiguous array of pat
hes, ea
h with length Lj . Ea
hpat
h 
an either be forested or burnt. If two distin
t butadjoining forested pat
hes arise by the regrowth of onepat
h next to a forested pat
h, they immediately join toform a larger pat
h (Fig. 1).At long times, pat
hes have a small lifetime and theyare almost always in the burnt state. Without loss ofgenerality we initialize the system so that it is e�e
tivelyin this long-time state. That is, at t = 0, we 
onsider allpat
hes to be burnt, and we de�ne �j (with 0 < �j < 1) tobe the time at whi
h the jth burnt pat
h �rst be
omes aforest. Consider now two adja
ent pat
hes, and let �j =�j+1��j be the time di�eren
e between the appearan
e offorest j and forest j+1. After these two forests undergoone 
y
le of regrowth and subsequent burning, �j 
hangesby �tj+1 ��tj , where �tj = (�Lj)�1 is the lifetime ofthe jth forest. This shift in the di�eren
e of burningtimes 
ontinues until �j rea
hes either �j = 0 or �j = 1.When this o

urs, the forests ne
essarily join and aresubsequently syn
hronized (Fig. 1).Sin
e lightning strikes a forest of length Lj at rate �Lj ,the lifetime �tj of ea
h forest is a sto
hasti
 variablewhose average value is h�tji = (�Lj)�1. In the long timelimit, these lifetimes be
ome very small. Therefore wemay repla
e the sum of a large number of these lifetimesby the average lifetime times the number of 
y
les. Thusfor two adja
ent pat
hes j and j + 1 that satisfy Lj <
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FIG. 1: Illustration of the merging of two adja
ent pat
hesof lengths L1 and L2 > L1. White spa
e indi
ates a burnedpat
h while the shaded region indi
ates a forested pat
h. Thetimes until the �rst regrowth events are �1 and �2. Ea
hforested pat
h survives for a time �tj / L�1j until lightningstrikes and instantaneous burning o

urs. The pat
h thenregrows after exa
tly one time unit elapses. Be
ause �t1 and�t2 are di�erent, the two pat
hes will eventually syn
hronizeat the joining time T1;2.Lj+1 and �j < �j+1, the joining time Tj;j+1 isTj;j+1 =8><>: �j+1 � �jh�tj+1i � h�tji ; �j < �j+1;1� �j + �j+1h�tji � h�tj+1i ; �j > �j+1: (1)An analogous result holds when Lj > Lj+1. Fromthese joining times between adja
ent pat
hes, we 
on-
lude that the typi
al joining time s
ales with the aver-age pat
h length as T � h�ti�1 � �hLi. Thus in a timeinterval dt � T , a typi
al pat
h grows by an amountdl � L. Consequently ddt hLi � T�1hLi, and we obtainhLi � ��1t: (2)In previous forest-�re models that are driven bysto
hasti
 tree growth and by sto
hasti
 lightning strikes[3, 4℄, the latter rate needs to be very small to ensurenon-trivial dynami
s. There is no need for su
h param-eter tuning in the present model, as the magnitude of �determines only the overall s
aling of the typi
al forestlength. Therefore, we set � = 1 hen
eforth.III. RATE EQUATION DESCRIPTIONA natural approa
h to determine the evolution of thepat
h length distribution is the rate equations. LetN(L; t) be the number density of pat
hes of length Lat time t, and let N(t) = R10 N(L; t) dL be the totalnumber of pat
hes of any length. In the rate equationdes
ription of these quantities, we make the mean-�eldassumption that there are no 
orrelations between adja-
ent pat
hes. In a similar spirit, we also ignore the initial



3phase di�eren
e between two pat
hes in Eqs. (1), so thatthe joining rate of two pat
hes is simply proportional toh�tji � h�tj+1i / jL�1j �L�1j+1j. With these approxima-tions, the pat
h length distribution evolves a

ording tothe rate equation�N(L; t)�t = 12N(t) Z L0 dlK(l; L� l)N(l; t)N(L� l; t)� N(L; t)N(t) Z 10 dlK(L; l)N(l; t): (3)Here K(x; y) = jx�1 � y�1j is the rate at whi
h a pat
hof length x joins with a pat
h of length y.This rate equation is nearly identi
al in form to the 
or-responding equation for the kineti
s of aggregation [17℄,ex
ept for the overall fa
tor of 1=N(t). This di�eren
earises be
ause we 
onsider a �nite system and we tra
kthe number of forests of a given length rather than the
orresponding probability. However, this fa
tor 
an beabsorbed into a res
aled time variable de�ned byT = Z t0 dt0N(t0) ; (4)to redu
e Eq. (3) to the standard form of the rate equa-tion for aggregation. This 
an then be analyzed by well-established methods [17℄.While the rate equation with rea
tion rate K(x; y) =jx�1 � y�1j has not been solved, basi
 features aboutthe long-time solution 
an be inferred from a s
aling ap-proa
h. In general, the long-time behavior of the rateequations with homogeneous rea
tion rates that satisfy:(i) K(ax; ay) = a�K(x; y), and (ii) K(x; y) � x�y� forx � y (� = � + �), have been generi
ally 
lassi�ed a
-
ording to whether � > 0, � < 0, or � = 0 [17, 18℄. Inall 
ases, the asymptoti
 length distribution approa
hesa s
aling formN(L; t) ' hL(t)i�2N (L=hL(t)i); (5)in whi
h the average pat
h length grows algebrai
allywith time, hLi � T 1=(1��), when � < 1. However,the s
aling fun
tion N exhibits di�erent behaviors in thethree 
ases.The rea
tion rate for our forest-�re model, K(x; y) =jx�1� y�1j, is homogeneous with homogeneity exponent� = �1, while � = �1 and thus � = 0. Therefore, thes
aling theory predi
tion for the average pat
h lengthbe
omes hLi � T 1=2. Consequently, N(T ) � hLi�1 �T �1=2, and from Eq. (4), we re
over hLi � t, in agree-ment with the qualitative argument pre
eding Eq. (2).A

ording to the general 
lassi�
ation s
heme of vanDongen and Ernst [17, 18℄, sin
e � = �1, the s
alingfun
tion N (x) should vanish exponentially in the limitsof small and large x:N (x) � � e�1=x; x! 0;e�x; x!1: (6)

For short pat
hes, this result therefore predi
tsN(L; t) � e�t=L. This behavior 
an also be establisheddire
tly from Eq. (3). When L � t, the gain termin the rate equation 
an generally be ignored. Addi-tionally, in this limit the rea
tion rate K(L; l) simpli-�es to L�1. Hen
e the density of short pat
hes satis�es�N�t = �L�1N , whi
h indeed implies the above exponen-tial de
ay. IV. SIMULATION RESULTSIn our simulations, we start the system with a randomarray of pat
hes of lengths fLj(t = 0)g. As dis
ussed inSe
. II, it is asymptoti
ally exa
t to repla
e the sto
hasti
forest lifetime �tj by its average value h�tji = (Lj)�1.The time for regrowth of a tree is always equal to one.Thus the dynami
al steps be
ome deterministi
 and ran-domness enters only through the initial 
onditions.For 
onvenien
e, we assume that ea
h pat
h is initiallyin the burned state. From these regrowth and burningpro
esses, a simulation of forest �res should be based onthe following steps:1. Initialize the line with pat
hes of random lengthsLj and with random times �j , for j = 1; 2; : : : ; N atwhi
h the jth pat
h �rst turns into a forest. Assigna lifetime (Lj)�1 to a forest of length Lj .2. Use Eq. (1), 
ompute the joining times Tj;j+1 forall neighboring pairs of pat
hes.3. Sort the list of joining times fTj;j+1g in as
endingorder. A standard sort algorithm [19℄ requires atime of the order of N lnN for a set of N elements.4. Join the pair of pat
hes (j; j +1) with the minimaljoining time and in
rement the time a

ordingly.Re
ompute the joining times Tj�1;j and Tj;j+2 ofthe pat
hes adja
ent to the newly-joined forest.5. De
rement the total number of pat
hes by 1 andreturn to step 3.Su
h an algorithm is perfor
e ineÆ
ient be
ause of there-sorting of joining times after ea
h event. However,this step is typi
ally unne
essary for two reasons. Firstwe \
a
he" only a small subset of the joining times withTj;j+1 less than a judi
iously-
hosen 
uto� time T
 andsort only this subset in step 3. We need not 
onsiderjoining times Tj;j+1 > T
 be
ause these events in thefar future will never be 
onsidered before the 
urrent listof joining times needs to be re-sorted. This restri
tionsigni�
antly redu
es the time needed to sort the joiningtime list for large N .Se
ond, it is unne
essary to re-sort this redu
ed join-ing time list after ea
h joining event be
ause only the twojoining times Tj�1;j and Tj;j+2 are modi�ed. If these up-dated joining times are greater than the elements in thealready-sorted list, there is no need for re-sorting. One



4
an simply 
ontinue to use the joining times from thepre-sorted list to de�ne joining events until one of thenewly-
reated joining times be
omes less than the nextjoining time in the pre-sorted list. Only when su
h amis-ordering o

urs is it ne
essary to return to step 3and re-sort the joining time list. These steps are 
om-pletely analogous to those employed in Ref. [20℄ to simu-late the kineti
s of one-dimensional ballisti
 annihilationrea
tions eÆ
iently.

10
0

10
2

10
4

10
6

time

10
0

10
2

10
4

10
6

〈L
(t

)〉

FIG. 2: Average pat
h length hL(t)i versus time t for ini-tial length distribution N(L; t = 0) = L�10 exp (�L=L0), withL0 = 0:1. A straight line of slope 1 is shown for 
omparison.
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FIG. 3: Dependen
e of the normalized 
orrelation fun
tion(hLiLi+ki � hLi2)=�2, where �2 = hL2i � hLi2, on pat
h sep-aration k at t = 2:259 � 1478.We initialize the system with N = 5 � 106 pat
heswhose lengths are randomly drawn from the distributionN(L; t = 0) = L�10 exp (�L=L0), with L0 = 0:1. Thisinitial length should be viewed as mu
h larger than thelatti
e spa
ing between individual trees. We are inter-ested in the intermediate asymptoti
 regime, where theaverage pat
h length is growing systemati
ally with timeand before �nite-size e�e
ts begin to play a role. Fig. 2
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FIG. 4: Number of pat
hes N(L; t) of length L at t = 1478,3325, 7482, and 16384 (t = 2:25n with n = 9 � 12) plottedin s
aled form. The main plot shows the data on a semi-logarithmi
 s
ale to illustrate the exponential de
ay of thelarge-length tail. The inset shows the same data in the small-length limit on a linear s
ale to highlight the essentially sin-gular form.indi
ates that this intermediate asymptoti
 regime be-gins when t > t� � 10. An important feature of the sys-tem at long times is that there is only a very short-rangespatial 
orrelation in the lengths of neighboring pat
hes(Fig. 3). In parti
ular, the normalized 
orrelation fun
-tion (hLiLi+ki�hLi2)=�2, with �2 = hL2i�hLi2, qui
klyapproa
hes zero for k � 2. This provides empiri
al justi-�
ation for the validity of the mean-�eld approximationof the rate equations. It is worth remarking that su
hla
k of spatial 
orrelations appear ubiquitously in manyone-dimensional 
oarsening pro
esses [15, 21℄.We now examine the behavior of N(L; t) for represen-tative values of t > t� (Fig. 4). The di�erent sets exhibitdata 
ollapse a

ording to the s
aling ansatz of Eq. (5).The large-length tail of this distribution appears to be
onsistent with a simple exponential de
ay. However,there is a very small but apparently systemati
 downward
urvature to the data for whi
h we do not have an expla-nation. The small-length tail de
ays extremely rapidlynear the origin and there are essentially no pat
hes withs
aled length less than 0.2. This is 
onsistent with theessential singularity predi
ted by Eq. (6). Again, it isworth remarking that in almost all 
oarsening pro
essesthat are 
ontrolled by an underlying di�usion pro
ess, thesmall-length tail of the pat
h-length distribution is a lin-ear fun
tion. The one well-known example of an essentialsingularity in the small-size tail of a 
luster distributionis the aggregation of Brownian parti
les [17℄.V. CONCLUSIONSWe have developed a mesos
opi
 des
ription for aforest-�re model with sto
hasti
 lightning strikes and de-



5terministi
 tree growth. Instead of treating the system atthe level of single trees, the basi
 element in our des
rip-tion are pat
hes of syn
hronized trees. Ea
h pat
h un-dergoes periodi
 
y
les of burning and regrowth, and inthe long-time limit, the lifetime of pat
hes 
an be viewedas deterministi
. Whenever two adjoining pat
hes are si-multaneously in the forested state, the pat
hes join andremain syn
hronized forever. The number of distin
tpat
hes de
reases while their typi
al length grows 
on-tinuously with time as in 
lassi
al 
oarsening pro
esses[15℄.This mesos
opi
 des
ription is well-suited to a rateequation approa
h for the evolution of the pat
h-lengthdistribution, as well as eÆ
ient simulations. Numeri
ally,we �nd that the average pat
h length grows linearly withtime, while the number of pat
hes 
orrespondingly de-
reases as 1=t. The pat
h length distribution is sharplypeaked, with an exponential large-length tail and an es-sential singularity in the small-length tail. These fea-tures are 
onsistent with the rate equation predi
tions.Even though the system has nearest-neighbor intera
-tions only, there are essentially no spatial 
orrelations inthe lengths of neighboring pat
hes. Be
ause of this la
k ofspatial 
orrelation, we 
an anti
ipate that the rate equa-tion predi
tions, whi
h are based on no 
orrelations be-tween pat
h lengths, should provide an a

urate a

ountof the one-dimensional simulations.Most aspe
ts of our approa
h 
an be extended tohigher spatial dimensions d. A 
ompli
ating fa
tor in

developing numeri
al simulations is that the number ofneighbors for a given pat
h is variable. Nevertheless, thesame updating rule given by Eqs. (1) will still apply, withpat
h length being repla
ed by pat
h volume. As a result,we expe
t that the average pat
h volume should growlinearly with time. Under the assumption that pat
hesremain 
ompa
t, this would imply that the typi
al lengths
ale of a growing pat
h would grow in time as L � t1=d.It is of 
ourse far from obvious that pat
hes remain 
om-pa
t. Understanding of the forest-�re model in higherdimensions appears to be an interesting 
hallenge.Finally, we want to stress that the seemingly inno
ent
hange of the tree growth rule from sto
hasti
 to deter-ministi
 drasti
ally a�e
ts the dynami
s. Almost all ear-lier work fo
used on sto
hasti
 tree growth. A

ordingto the literature on su
h model, self-organized 
riti
al be-havior should o

ur in the limit of in�nitesimal rate oflightning. However, after 
onsiderable e�ort, the under-standing of the s
aling laws is still in
omplete, and eventheir very existen
e has re
ently been questioned [9℄. In
ontrast, when the tree growth is deterministi
, there isno need to tune the rate of lightning strikes to zero, andthe model exhibits simple 
oarsening rather than 
om-plex time-dependent phenomena. It is of 
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