
Finiteness and Flu
tuations in Growing NetworksP. L. Krapivsky and S. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215We study the role of �niteness and 
u
tuations about average quantities for basi
 stru
turalproperties of growing networks. We �rst determine the exa
t degree distribution of �nite networksby generating fun
tion approa
hes. The resulting distributions exhibit an unusual �nite-size s
alingbehavior and they are also sensitive to the initial 
onditions. We argue that 
u
tuations in thenumber of nodes of degree k be
ome Gaussian for �xed degree as the size of the network diverges.We also 
hara
terize the 
u
tuations between di�erent realizations of the network in terms of highermoments of the degree distribution.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnI. INTRODUCTIONNetworks su
h as the Internet and the World-WideWeb do not grow in an orderly manner. For example,the Web is 
reated by the un
oordinated e�ort of mil-lions of users and thus la
ks of an engineered ar
hite
ture.Although su
h networks are often 
omplex in stru
ture[1,2℄, basi
 probability theory suggests that their largesize is a
tually a simplifying feature. For in�nitely largenetworks, the rate equation approa
h [3℄ provides analyt-i
al predi
tions for basi
 network 
hara
teristi
s. Never-theless, so
ial and te
hnologi
al networks are not largein a thermodynami
 sense (e.g., the number of mole
ulesin a glass of water vastly ex
eeds the number of routersin the Internet). Thus 
u
tuations in network properties
an be expe
ted to play a more prominent role than inthermodynami
 systems [4℄. Additionally, extreme prop-erties, su
h as the degree the node with the most linksin a network [5,6℄, the website with the most hyperlinks,or the wealth of the ri
hest person in a so
iety, are im-portant 
hara
teristi
s of �nite systems. The size depen-den
e of these properties or their distribution seem notto be readily amenable to a rate equation analysis.In this paper, we examine the role of �niteness and thenature of 
u
tuations about mean values for large, but�nite growing networks. We shall fo
us primarily on thedegree distribution Nk(N), the number of nodes that arelinked to k other nodes in a network of N links, as wellas related lo
al stru
tural 
hara
teristi
s. We shall arguethat self averaging holds for the degree distribution, sothat the random variablesNk(N) be
ome sharply peakedabout their average values in the N ! 1 limit. Weshall also argue that the probability distribution for thenumber of nodes of �xed degree, P (Nk; N), is generallya Gaussian, with 
u
tuations that vanish as N ! 1.On the other hand, higher moments of the degree dis-tribution do not self average. This loss of self-averagingultimately stems from the power-law tail in the degreedistribution itself.In the next se
tion, we de�ne the growing networkmodel and brie
y review the behavior of the average de-gree distribution in the thermodynami
 N ! 1 limit.We also dis
uss how the average degree distribution 
an

naturally be expe
ted to attain a �nite-size s
aling formfor large but �nite N . We then des
ribe our generalstrategy for studying 
u
tuations in these growing net-works. In Se
. III, we outline our simulational approa
hand present data for the average degree distribution. Inthe following two se
tions, we examine the role of �nite-ness on the degree distribution, both within a 
ontinuousformulation based on the rate equations (Se
. IV), andan exa
t dis
rete approa
h (Se
. V). The latter des
rip-tion 
orresponds exa
tly to the network growth pro
essof our simulations. In Se
. VI, we dis
uss the impli
ationsof our results for higher moments of the degree distribu-tion and their asso
iated 
u
tuations. Se
. VII provides
on
lusions and some perspe
tives. Cal
ulational detailsare given in the appendi
es.II. OVERVIEW OF BASIC RESULTSThe growing networks 
onsidered in this work are builtby adding nodes to the network one at a time a

ordingto the rule that ea
h new node atta
hes to a single pre-vious node with a rate proportional to Ak, where k isthe degree of the target node. We investigate the 
lass ofmodels in whi
h Ak = k + �, where � > �1, but is oth-erwise arbitrary. The general situation of �1 < � < 1,
orresponds to linear preferential atta
hment, but withan additive shift � in the rate. This model was origi-nally introdu
ed by Simon to a

ount for the word fre-quen
y distribution [7℄. The 
ase � = 0 
orresponds tothe Barab�asi-Albert model [8℄, while the limit � ! 1
orresponds to random atta
hment in whi
h ea
h nodehas an equal probability of attra
ting a 
onne
tion fromthe new node. Thus by varying �, we 
an tune the rela-tive importan
e of popularity in the atta
hment rate.Previous work on the stru
ture of su
h networks wasprimarily 
on
erned with the 
on�guration-averaged de-gree distribution hNk(N)i. Here Nk(N) is the number ofnodes of degree k for a network of N links, and the an-gle bra
kets denote an average over all realizations of thegrowth pro
ess for an ensemble of networks with the sameinitial 
ondition. Additionally, most studies fo
used onthe tail region where k is mu
h smaller than any other1



s
ale in the system. For atta
hment rate Ak = k+�, thisaverage degree distribution has a power-law tail [7,9℄,hNk(N)i / Nk�(3+�) as N !1; (1)while in the spe
i�
 
ase of Ak = k, the average degreedistribution expli
itly is [7{11℄hNk(N)i = N nk; with nk = 4k(k + 1)(k + 2) ; (2)as N !1.For �nite N , however, the degree distribution musteventually deviate from these predi
tions be
ause themaximal degree 
annot ex
eed N . To establish the rangeof appli
ability of Eqs. (1), we estimate the magnitude ofthe largest degree in the network, kmax by the extremestatisti
s 
riterion Pk�kmax hNk(N)i � 1. This yieldskmax / N1=(2+�). We therefore anti
ipate that the aver-age degree distribution will deviate from Eq. (1) when kbe
omes of the order of kmax. The existen
e of a maximaldegree also suggests that the average degree distributionshould attain a �nite-size s
aling formhNk(N)i ' NnkF (�); � = k=kmax: (3)Some aspe
ts of these �nite-size 
orre
tions were re
entlystudied in Refs. [12{15℄. One basi
 result of our work isthat we 
an 
ompute the s
aling fun
tion expli
itly. We�nd that this fun
tion is peaked for k of the order of kmaxand that it depends substantially on the initial 
ondition.In 
ontrast, the small-degree tail of the distribution { thereason why su
h networks were dubbed s
ale-free { is in-dependent of N and the initial 
ondition.To study �nite networks where 
u
tuations 
an be sig-ni�
ant, we need a sto
hasti
 approa
h rather than a de-terministi
 rate equation formulation. For �nite N , thestate of a network is generally 
hara
terized by the setN = fN1; N2; : : :g, with the set fNk � 0g o

urring withprobability P (N). The network state N evolves by thefollowing pro
esses:(N1; N2)! (N1; N2 + 1);(N1; Nk; Nk+1)! (N1 + 1; Nk � 1; Nk+1 + 1):The �rst pro
ess 
orresponds to the new node atta
hingto an existing node of degree 1; in this 
ase, the numberof nodes of degree 1 does not 
hange while the numberof nodes of degree 2 in
reases by 1. The se
ond line a
-
ounts for the new node atta
hing to a node of degreek > 1.From these pro
esses, it is straightforward, in prin
i-ple, to write the master equation for the joint proba-bility distribution P (N). It turns out that 
orrelationfun
tions of a given order are 
oupled only to 
orrela-tion fun
tions of the same and lower orders. Thus wedo not need to invoke fa
torization (as in kineti
 theory)and we 
ould, in prin
iple, solve for 
orrelation fun
tions

re
ursively. However, this would provide mu
h more in-formation than is of pra
ti
al interest. Typi
ally we areinterested in the degree distribution, or perhaps two-body 
orrelations fun
tions of the form hNiNji. Eventhough straightforward in prin
iple, it is diÆ
ult to 
om-pute even the two-point 
orrelation fun
tions hNiNji forgeneral i and j. In this work, we shall restri
t ourselvesto the spe
i�
 (and simpler) examples of hN21 i, hN1N2i,and hN22 i. We will use these results to help 
hara
terize
u
tuations in �nite networks.III. SIMULATION METHOD AND DATATo simulate a network with atta
hment rate Ak = k+�eÆ
iently, we exploit an equivalen
e to the growing net-work with re-dire
tion (GNR) [9℄. In the GNR, a newly-introdu
ed node n sele
ts an earlier \target" node x uni-formly. With probability 1� r, a link from n to x is 
re-ated. However, with probability r, the link is re-dire
tedto the an
estor node y of node x (Fig. 1). As dis
ussedin [9℄, the GNR is equivalent to a growing network withatta
hment rate Ak = k+�, with � = r�1�2. Thus, forexample, the GNR with r = 1=2 
orresponds to the grow-ing network with linear preferential atta
hment, Ak = k.Simulation of the GNR is extremely simple be
ause thesele
tion of the initial target node is purely random andthe ensuing re-dire
tion step is lo
al.
probability r

n

probability 1-r

y x

FIG. 1. The re-dire
tion pro
ess. The new node n sele
tsa random target node x. With probability 1� r a link is es-tablished to this target node (dashed), while with probabilityr the link is established to y, the an
estor of x (solid).There is, however, an important subtlety about thisequivalen
e that was not dis
ussed previously in Ref. [9℄.Namely, the redire
tion pro
ess does not apply when anode has no an
estor. By 
onstru
tion, every node thatis added to the network does have a single an
estor, butsome primordial nodes may have none. For example, forthe very natural dimer initial 
ondition Æ �Æ, the seednode on the left has no an
estor and the GNR 
onstru
-tion for this node is ambiguous. One way to resolve thisdilemma is to adopt the \triangle" initial 
ondition inwhi
h there are 3 nodes in a triangle with 
y
li
 
on-ne
tions between nodes. This leads to the 
orre
t at-ta
hment rate for ea
h node for any value of �. Wetherefore typi
ally use this initial state to generate de-gree distribution data. On the other hand, theoreti
al2



analysis is simpler for the dimer initial 
ondition. Thisstate 
an also be simulated in a simple manner (for the
ase � = 0) by a slightly modi�ed GNR 
onstru
tion inwhi
h dire
t atta
hment to the seed node is not allowed.It is straightforward to 
he
k that this additional ruleleads to the 
orre
t atta
hment rates for all the nodes inthe network.
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(b)FIG. 2. Normalized degree distributions for the triangleinitial 
ondition for networks of 102; 103; : : : links (upper leftto lower right), with 105 realizations for ea
h N , for (a)Ak = k (up to 106 links) and (b) Ak = k + �, with � = �0:9(up to 105 links). In (a), the dashed line is the asymptoti
result nk = 4=[k(k + 1)(k + 2)℄; the last three data sets wereaveraged over 3, 9, and 27 points, respe
tively. In (b), thelast two data sets were averaged over 10 and 100 points, re-spe
tively.Figure 2 shows the average degree distribution for at-ta
hment rates Ak = k and Ak = k+� with � = �0:9 forthe triangle initial 
ondition. This latter value of � givesresults that are representative for values of � 
lose to �1.The data exhibits a shoulder at k � kmax that is mu
hmore pronoun
ed when � < 0 (Fig. 2(b)). This shoulderis also at odds with the natural expe
tation that the aver-age degree distribution should exhibit a monotoni
 
uto�

when k be
omes of the order of kmax. This shoulder turnsinto a 
learly-resolved peak that exhibits relatively gooddata 
ollapse when the degree distribution is re-expressedin the s
aling form of Eq. (3) (Fig. 3). Conversely, themagnitude of the peak diminishes rapidly when � is pos-itive and be
omes imper
eptible for � >� 0:5.
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FIG. 3. The 
orresponding s
aling fun
tion F (�) in Eq. (3)for the data in Fig. 2(a).In the following two se
tions, we will attempt to under-stand this anomalous feature of the degree distributionby studying the rate equations for the node degrees of�nite networks.IV. CONTINUUM FORMULATIONWe fo
us on the 
ase of the linear atta
hment rateAk = k and brie
y quote 
orresponding results for otheratta
hment rates. In the 
ontinuum approa
h, N istreated as 
ontinuously varying. Then the 
hange in theaverage degree distribution satis�es the rate equationd hNk(N)idN = � (k � 1)Nk�1(N)� kNk(N)2N �+ Æk;1: (4)We assume the dimer initial state { two nodes 
onne
tedby a single link so that Nk(N = 1) = 2Æk;1.Equations (4) are re
ursive and 
an be solved sequen-tially, starting with hN1i. Expli
it results for hNki, k � 4,are given in Appendix A. These expressions show that thedominant 
ontribution in the N !1 limit is linear in Nand this 
orresponds to the solution in Eq. (2). Indeed,if we were to substitute hNk(N)i = nkN into Eqs. (4),we would obtain the re
ursion nk = nk�1(k� 1)=(k+2),whose solution is Eq. (2). From the �rst few hNki, itis easy to see that the �rst 
orre
tion to this leadingbehavior is of the order of N�1=2. Thus substitutinghNk(N)i = nkN + AkN�1=2 into Eqs. (4) and keepingthe �rst two terms in ea
h hNki, we �nd Ak = 4=3. Con-tinuing this pro
edure systemati
ally, we arrive at theexpansion3



hNk(N)i = nkN + 43 1N1=2 � 32 k � 1N+ 45 (k � 1)(k � 2)N3=2� 518 (k � 1)(k � 2)(k � 3)N2+ 114 (k � 1)(k � 2)(k � 3)(k � 4)N5=2 + : : : (5)In general, the right-hand side 
ontains k+1 terms whi
h
an be written more su

in
tly ashNk(N)i = nkN + 1N1=2 k�1Xj=0 �(k)�(k � j) (�1)j�jN j=2 : (6)The 
oeÆ
ients �j = (2j+4)=[j!(j+3)℄ may be obtainedby imposing the initial 
ondition Nk(1) = 2Æk;1 as ea
hhNki is 
omputed; a simpler way of obtaining these 
o-eÆ
ients will be explained below. Note that expansion(5) is asymptoti
 be
ause su

essive terms de
rease onlywhen k � pN .A more 
onvenient way to solve Eqs. (4) is in terms ofthe generating fun
tionN (N; z) = 1Xk=1 hNk(N)i zk: (7)Multiplying Eq. (4) by zk and summing over k, the gen-erating fun
tion satis�es the following partial di�erentialequation�2N ��N + z(1� z) ��z�N (N; z) = 2Nz: (8)The initial 
ondition is N (1; z) = 2z, 
orresponding to astarting point of two nodes and a single 
onne
ting link.We redu
e Eq. (8) to a wave equation with 
on-stant 
oeÆ
ients by 
hanging from the variables (N; z)to (lnpN; ln[z=(1 � z)℄). Then by introdu
ing the ro-tated 
oordinates x; y su
h that x + y = lnpN andx� y = ln[z=(1� z)℄, we re
ast the wave equation into�N (x; y)�x = 2 e3x+2yex + ey ; (9)whose general solution isN (x; y) = e2x+2y � 2ex+3y + 2e4y ln (ex + ey) +G(y):Finally, G(y) is found by imposing the initial 
onditionN (1; z) = 2z. When N = 1, x = �y, so that the initial
ondition be
omes N (�y; y) = 2=(1 + e2y). ThereforeG(y) = 21 + e2y � 1 + 2e2y � 2e4y ln �e�y + ey�and �nally

N (x; y) = e2y �e2x � 2ex+y + 2�+ 1� e2y1 + e2y+ 2e4y ln�ex+y + e2y1 + e2y � : (10)Using e2y = (z�1�1)pN and ex+y = pN , we re-expressthe generating fun
tion in term of the original variablesN (N; z) = (3� 2z�1)N + 2(z�1 � 1)pN+ 1� (z�1 � 1)pN1 + (z�1 � 1)pN� 2(z�1 � 1)2N ln�1� z + zpN � : (11)We are primarily interested in the degree distributionfor nodes whose degree is of the order of kmax � pN .This part of the distribution 
an be extra
ted from thelimiting behavior of the generating fun
tion N (N; z) asz ! 1 from below. Sin
e the interesting range is k � pN ,it is 
onvenient to writez�1 = 1 + spN (12)and keep s �nite while taking N !1 limit. We simplifystill further by eliminating the 
ontribution to the gen-erating fun
tion from the power-law tail of nk in Eq. (2).For this purpose we 
onsider the modi�ed generatingfun
tion�z2 ��z�3N = 1Xk=1(k + 2)(k + 1)k hNki zk+3 (13)whi
h we have 
onstru
ted so that the derivatives mul-tiply the degree distribution by just the right fa
tors toeliminate the power law tail. The leading behavior ofthis modi�ed generating fun
tion will therefore providethe s
aling fun
tion F (�) of Eq. (3).We now substitute Eq. (12) and the anti
ipated s
alingform of Eq. (3) into the right-hand side of Eq. (13) andrepla
e the sum by an integral. This gives the Lapla
etransform of the s
aling fun
tion times a prefa
tor,4N3=2 Z 10 d� F (�) e��s ; (14)with � = k=N1=2. Using Eq. (11), we 
ompute the deriva-tive on the left-hand side of Eq. (13). In the N ! 1limit, this derivative be
omes 4N3=2J(s) withJ(s) = 11 + s + 1(1 + s)2 + 1(1 + s)3 + 3(1 + s)4 : (15)This is just the Lapla
e transform of the s
aling fun
tion.Inverting the Lapla
e transform then yieldsF (�) = (1 + �)�1 + �22 � e�� : (16)4



Noti
e that the 
oeÆ
ients �j in Eq. (6) 
an be obtainedby expanding F in a Taylor series. This is a mu
h simplerapproa
h than solving ea
h hNk(N)i dire
tly.An important feature of the degree distribution is thatit depends signi�
antly on the initial 
ondition. For ex-ample, for the triangle initial 
ondition, solving Eq. (8)subje
t to N�k (N = 3) = 3Æk;2, or N�(3; z) = 3z2, yieldsN�(N; z) = (3� 2z�1)N + 2(z�1 � 1)p3N+ 3�1 + (z�1 � 1)pN=3��2 � 3� 2(z�1 � 1)2N ln 1� z + zr 3N! : (17)Repeating the steps used to dedu
e the s
aling fun
tion(16) from Eq. (11), we now �ndF�(�) = �1 + � + �22 + �44 � e��; � � �p3: (18)Thus small di�eren
es in the initial 
ondition translateto dis
repan
ies of the order of pN in the degree distri-bution of a �nite network of N links. Thus the propertiesof the nodes with the largest degrees are quite sensitiveto the �rst few growth steps of the network, a featurethat will be investigated more fully in Ref. [6℄.While this initial 
ondition dependen
e is real, there isalso a spurious aspe
t to this e�e
t. This may be illus-trated by 
onsidering the linear trimer initial 
onditionÆ|Æ|Æ. This is the unique out
ome of the dimer initial
ondition after one node has been added. These two ini-tial 
onditions should therefore lead to the same degreedistribution. However, for the linear trimer initial state(Nk(N = 2) = 2Æk;1+Æk;2) the 
ontinuum approa
h givesthe s
aling fun
tion,F (�) = �1 + � + �22 + �34 + �48 � e��; � � �p2;whi
h is distin
t from Eq. (16)! This anomaly highlightsone basi
 limitation of the 
ontinuum formulation.Finally, we mention that parallel results 
an be ob-tained for the general 
ase of the shifted linear atta
h-ment rate, Ak = k+�. The rate equation for the averagedegree distribution isd hNk(N)idN = �Ak�1Nk�1(N)�AkNk(N)A �+ Æk;1 ;where A = PAkNk = P(k + �)Nk. To 
ompute A weuse the sum rules P kNk = 2N (every link 
ontributestwi
e to the total degree), as well as PNk = N + 1 (forany tree-like initial 
ondition) and PNk = N , (for any
losed 
y
le initial 
ondition). To simplify �nal formulae,we use the triangle initial 
ondition so that A = (2+�)N .Solving the above rate equations su

essively, we �ndthat the �rst two terms in the asymptoti
 series forhN�k (N)i are


N�k (N)� � nkN + n0k N�(1+�)=(2+�) (19)with nk = (2 + �) �(3 + 2�)�(1 + �) �(k + �)�(k + 3 + 2�) ;n0k = � 2 + �3 + 2� 3(3+2�)=(2+�)�(1 + �) �(k + �)�(k) :The 
orresponding leading behaviors are nk / k�(3+�)and n0k / k�. Thus the two 
ontributions to the de-gree distribution in Eq. (19) are 
omparable when k �N1=(2+�). This value 
oin
ides with maximal degreekmax that is obtained by the extreme value 
onditionPk�kmax N=k3+� � 1. Thus again the degree distribu-tion is des
ribed by a s
aling fun
tion in the dimension-less variable � = k=N1=(2+�).V. DISCRETE APPROACHWe now turn now to the dis
rete approa
h for the net-work evolution. That is, one link is introdu
ed at ea
hdis
rete time step; this 
orresponds exa
tly to what o
-
urs in the simulation. We �rst treat in detail the 
aseof nodes of degree one and then extend our approa
h tonodes of higher degrees. Finally, we give a s
aling de-s
ription for the degree distribution itself.A. Nodes of Degree OneThe number of nodes of degree one, N1(N), is a ran-dom variable that 
hanges a

ording toN1(N + 1) = 8><>:N1(N) prob. N12NN1(N) + 1 prob. 1� N12N (20)after ea
h node addition event. That is, with probabil-ity N1=2N , a newly-introdu
ed node atta
hes to a nodeof degree one; in this 
ase, the number of nodes of de-gree one does not 
hange. Conversely, with probability(1�N1=2N), the new node atta
hes to a node of degreegreater than one and N1 thus in
reases by one. ThereforehN1(N + 1)i = �N21 (N)2N �+ �N1(N) + 1� N21 (N)2N � N1(N)2N � ;from whi
hhN1(N + 1)i = 1 +�1� 12N� hN1(N)i: (21)We take the initial 
ondition hN1(1)i = N1(1) = 2.5



We solve this re
ursion in terms of the generating fun
-tion X1(w) =PN�1hN1(N)iwN�1. We therefore multi-ply Eq. (21) by NwN�1 and sum over N � 1 to 
onvertthis re
ursion into the di�erential equationdX1dw = 1(1� w)2 + 12 X1 + w dX1dw : (22)Solving Eq. (22) subje
t to the initial 
ondition X1(0) = 2gives X1(w) = 23 1(1� w)2 + 43 1(1� w)1=2 : (23)Finally, we expand X1(w) in a Taylor series in w to obtainhN1(N)i = 23 N + 43p� � �N � 12��(N) : (24)The leading term is identi
al to that in the 
ontinuumapproa
h (
f. Appendix A), but the 
oeÆ
ient of the 
or-re
tion term is 4=3p� � 0:7523, 
ompared to 4=3 in the
ontinuum approa
h.The dis
rete approa
h is also suited to analyzing highermoments of the random variable N1(N). The se
ond mo-ment hN21 (N)i plays an espe
ially important role as we
an then obtain the varian
e �21 = hN21 (N)i � hN1(N)i2and thereby quantify 
u
tuations. From Eq. (20) thisse
ond moment hN21 (N)i obeys the following re
ursionformula
N21 (N + 1)� = 1 +�1� 1N � hN21 (N)i+ �2� 12N� hN1(N)i: (25)The solution to this re
ursion is outlined in Appendix Band the �nal result ishN21 (N)i = 49 N(N + 1)� 13 N + 169p� � �N + 12��(N)� 43p� � �N � 12��(N) + 359 ÆN;1: (26)In the large N limit, we use Stirling's formula to give, forthe varian
e,�21 = N9 � 209p� 1N1=2 � 169p� 1N + ::: (27)To obtain the entire probability distribution P (N1; N)one must solveP (N1; N + 1) = N12N P (N1; N)+ �1� N1 � 12N �P (N1 � 1; N): (28)By the Markov nature of the pro
ess, P (N1; N) shouldapproa
h a Gaussian distribution in the large N limit.Numeri
ally, we indeed �nd a Gaussian distribution witha peak at 2N=3 and dispersion 13 pN in agreement withour theoreti
al results for hN1(N)i and hN21 (N)i.

B. Degree Greater Than OneFor k � 2, the random variable Nk � Nk(N) 
hangesa

ording toNk(N + 1) =8>>>>>><>>>>>>:Nk � 1 prob. kNk2NNk + 1 prob. (k � 1)Nk�12NNk prob. 1� (k � 1)Nk�1 + kNk2N (29)at ea
h node addition event. Again, be
ause of theMarkov nature of this pro
ess, we anti
ipate thatP (Nk; N) approa
hes a Gaussian distribution for every�xed degree k; therefore, we only need 
al
ulate hNk(N)iand hN2k (N)i to infer the asymptoti
 distribution. To de-termine the �rst moment, we repeat the steps des
ribedin detail for k = 1 and obtain the re
ursion formulahNk(N + 1)i = hNk(N)i+ � (k � 1)Nk�1(N)� kNk(N)2N � : (30)The solution to this re
ursion is given in Appendix Cand expli
it formulae for hNk(N)i for k � 5 are alsoquoted. Qualitatively, these results 
losely 
orrespondto the asymptoti
 series for hNk(N)i in the 
ontinuumformulation (Eq. (5)) but with somewhat di�erent 
oef-�
ients in the 
orre
tion terms.The determination of the se
ond moment hN2k i is more
ompli
ated be
ause it is 
oupled to hNk�1Nki, whi
hin turn is 
oupled to hNk�2Nki, et
. However, we 
anstill determine hN2k i for small k (Appendix D). From thestru
ture of the rate equations, our general 
on
lusionis that �2k = hN2k (N)i � hNk(N)i2 = �kN , where �k isnot easily 
al
ulable. However, these results are suÆ
ientto 
on
lude that the distribution of Nk(N) approa
hes aGaussian for ea
h k as N !1.C. Generating Fun
tion Approa
hIn 
lose analogy with Se
. III, we now obtain the gener-ating fun
tion for hNk(N)i, from whi
h the exa
t s
alingfun
tion in Eq. (3) 
an be dedu
ed. Sin
e Eq. (30) in-volves two dis
rete variables, k and N , it proves usefulto introdu
e the two-variable generating fun
tionN (w; z) = 1XN=1 1Xk=1hNk(N)iwN�1 zk : (31)6



The governing equation forN (w; z) that is obtained fromEq. (30), is�2(1� w) ��w + z(1� z) ��z � 2�N = 2z(1� w)2 : (32)This is similar to Eq. (8) and 
an be solved a

ordingly.We introdu
e the rotated variables x; y su
h thatx+ y = �12 ln(1� w); x� y = ln z1� z ; (33)to re
ast Eq. (32) into� ��x � 2�N (x; y) = 2 e5x+4yex + ey : (34)The general solution isN (x; y) = e4x+4y � 2e3x+5y+ 2e2x+6y ln (ex + ey) + e2xG(y);and the fun
tion G(y) is found from the initial 
ondi-tion N (w = 0; z) = 2z. When w = 0, we have x =�y = 12 ln[z=(1� z0℄, and hen
e N (�y; y) = 2=(1+ e2y).ThereforeG(y) = 2e2y1 + e2y � e2y + 2e4y � 2e6y ln �e�y + ey� ;and �nallyN (x; y) = e4x+4y � 2e3x+5y � e2x+2y + 2e2x+4y+ 2 e2x+2y1 + e2y + 2e2x+6y ln�ex+y + e2y1 + e2y � : (35)In term of the original w; z variables,N (w; z) = (3� 2z�1)(1� w)2 � 11� w+ 2(z�1 � 1)(1� w)3=2 + 2(1� w)�1=2(z�1 � 1) + (1� w)1=2� 2(z�1 � 1)2(1� w)2 ln h1� z + z(1� w)1=2i : (36)D. S
aling Fun
tionTo extra
t the s
aling fun
tion F (�) from the gener-ating fun
tion N (w; z) we use the same approa
h as inSe
. IV. The details are given in Appendix E and the�nal result isF (�) = erf
� �2�+ 2� + �3p4� e��2=4 ; (37)where erf
(x) is the 
omplementary error fun
tion. Asimilar result for a 
losely related network model was

found previously by Dorogovtsev et al. [14℄. Noti
e thatthe exa
t form for F (�) vanishes mu
h more qui
kly thanpredi
ted by the 
ontinuum approa
h. When k � pN ,the 
ontinuum approa
h giveshNk(N)i
ont: ! 2pN e�k=pN ; (38)while the exa
t average degree distribution has a Gaus-sian large-degree tailhNk(N)iexa
t ! 2p�N e�k2=4N ; (39)The s
aling fun
tion in Eq. (37) quantitatively a
-
ounts for the shoulder in the degree distribution. In
ontrast, while the s
aling fun
tion from the 
ontinuumapproa
h does exhibit a peak, it is both quantitativelyand qualitatively ina

urate (Fig. 4).
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FIG. 4. Comparison between the s
aling fun
tion F (�),with � = k=N1=2, in the 
ontinuum approximation [Eq. (18),dashed℄ and in the dis
rete approa
h [Eq. (37), solid 
urve℄,with simulation data of 106 realizations of a network withN = 104 links for the dimer initial 
ondition.VI. HIGHER MOMENTS AND THEIRFLUCTUATIONWe now fo
us on higher moments of the degree dis-tribution, as well as the 
u
tuation in these quantitiesbetween di�erent realizations of the network. While thezeroth and �rst moments of the degree distribution aresimply related to the total number of links for any net-work topology, the higher moments are not so simply
hara
terized, but instead re
e
t the power-law tail ofthe degree distribution.We �rst 
ompare the moments of the average degreedistribution to appre
iate the di�eren
e between the 
on-tinuum and exa
t des
riptions. For the se
ond moment,we use the identity7



1Xk=1 k(k + 1)hNki � �z2 ��z�2N (N; z)���z=1: (40)Using N (N; z) from Eq. (11), together with the value ofthe �rst moment, we obtain, in the 
ontinuum approxi-mation,hk2i
ont: � 1Xk=1 k2hNki
ont: = 2N lnN + 2N: (41)On the other hand, using the exa
t dis
rete expression(36) we �nd�z2 ��z�2N (w; z)���z=1 = 4� 2 ln(1� w)(1� w)2 ;whi
h we then expand in a series in w to yield, for these
ond moment,hk2iexa
t � 1Xk=1 k2hNkiexa
t = 2NHN : (42)Here HN = P1�j�N j�1 is the harmoni
 number [16℄.In the large N limit, therefore,hk2iexa
t = 2N lnN + 2
N + 1� 16N + : : : ;where 
 �= 0:5772166 is Euler's 
onstant.For higher moments, even the leading term given bythe 
ontinuum approa
h is erroneous. For example,hk3i
ont: = 24N3=2 � 6N lnN � 22N ; (43)while the exa
t value ishk3iexa
t = 32p� � �N + 32��(N) � 6NHN � 16N : (44)More generally, the dependen
e of the moments on Nstems from the power-law tail of the degree distributionhNki / N=k3. From this asymptoti
 distribution, a suit-ably normalized set of measures for the mean degreeMn = � hknihk0i�1=n ; (45)has the following N dependen
e:Mn / ( 
onst: n < 2lnN n = 2N (n�2)=2 n > 2 (46)In a related vein, we also study the 
u
tuations in thesemoments between di�erent realizations of the networkgrowth. That is, we re
ord the value of hk2i for ea
hrealization of the network to obtain the underlying dis-tribution P (hk2i). A typi
al result is shown in Fig. 5.Noti
e that the distribution of hk2i is relatively broad

with an exponential tail. The distributions of higher mo-ments are even broader, with ea
h being dominated bythe realizations with the largest value of the 
orrespond-ing moment.
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FIG. 5. Distribution of hk2i for 105 realizations of a grow-ing network with N = 103 for atta
hment rate Ak = kwith the triangle initial 
ondition. The raw data has beensmoothed over a 100-point range.VII. CONCLUDING REMARKSWe studied the role of �niteness on the degree distribu-tions of growing networks with a node atta
hment rate ofthe form Ak = k+�. For �nite networks, 
u
tuations areno longer negligible and a sto
hasti
 approa
h is neededto analyze these properties. We found the average degreedistribution within an approximate 
ontinuum formula-tion and by an exa
t dis
rete approa
h. The simpler
ontinuum approa
h a

ounts for the non-monotoni
ityof the s
aling fun
tion, but it is quantitatively ina

uratefor large k. While we are able to obtain mu
h quantita-tive information about the degree distribution, we arestill unable to provide intuitive explanation for the exis-ten
e of the shoulder in this distribution.We also argued that the degree distribution Nk(N),when 
onsidered as the random variable in k, exhibits selfaveraging, i.e., the relative 
u
tuations in Nk(N) dimin-ish asN !1. Moreover, the varian
e �2k = hN2k i�hNki2varies linearly with N , and the probability distributionP (Nk; N) approa
hes a Gaussian. To support these as-sertions, we 
omputed �2k for k = 1; 2. These partialresults support our general hypothesis that 
u
tuationsin Nk(N) are Gaussian. Perhaps the Van Kampen 
-expansion [17℄ would prove to be a more appropriateanalysis tool to undertake a systemati
 study of 
u
tua-tions in growing networks.Of 
ourse, the random variables Nk(N) should beGaussian only for suÆ
iently small k, viz., as long ashNki � 1, or equivalently, k � N1=(3+�). On the otherhand, 
u
tuations be
ome large and non-Gaussian when8



k / N1=(3+�). Determining the 
u
tuations in this de-gree range seems to be diÆ
ult as one must study themaster equation for the joint probability distribution.In this work, we limited ourselves to the degree dis-tribution; this is perhaps the most important and alsothe most easily analyzable lo
al stru
tural 
hara
teristi
of a network. However, re
ent investigations of growingnetworks has in
reasingly fo
used on global 
hara
teris-ti
s, su
h as the size distribution of 
onne
ted 
ompo-nents, see e.g., Refs. [18{21℄. The methods des
ribedin this paper should be appli
able to probing 
u
tua-tions of the 
omponent size distribution and other globalnetwork 
hara
teristi
s. This dire
tion seems espe
iallyex
iting sin
e the simplest growing network models thatallow for a multipli
ity of 
lusters exhibit a very unusualin�nite-order per
olation transition [18{21℄. Thus onemight anti
ipate interesting giant 
u
tuations near theper
olation transition of these models.We are grateful to NSF grant DMR9978902 for partial�nan
ial support of this resear
h.APPENDIX A: THE AVERAGE DEGREEDISTRIBUTION IN THE CONTINUUMFORMULATIONWithin the 
ontinuum framework, the average degreedistribution is des
ribed by Eqs. (4). Su

essively solv-ing these equations by elementary methods, we obtainhNk(N)i. For k = 1; 2; 3, and 4 we obtain:hN1(N)i = 23 N + 43 1N1=2 ;hN2(N)i = 16 N + 43 1N1=2 � 32 1N ;hN3(N)i = 115 N + 43 1N1=2 � 3 1N + 85 1N3=2 ;hN4(N)i = 130 N + 43 1N1=2 � 92 1N + 245 1N3=2 � 53 1N2 :APPENDIX B: GENERATING FUNCTION FORhN21 (N)iTo determine hN21 (N)i, we introdu
e the generatingfun
tion Y1(w) = PN�1hN21 (N)iwN�1. This 
onvertsthe re
ursion relation Eq. (25) into the di�erential equa-tion for the generating fun
tion(1� w) dY1dw = 1(1� w)2 + 32 X1 + 2w dX1dw ; (B1)with X1(w) given by Eq. (23). Solving (B1) subje
t tothe initial 
ondition Y1(0) = 4 we obtainY1(w) = 89 1(1� w)3 � 13 1(1� w)2 + 89 1(1� w)3=2� 43 1(1� w)1=2 + 359 ; (B2)

Expanding this generating fun
tion in a Taylor seriesthen yields the result for hN21 (N)i quoted in Eq. (26).APPENDIX C: GENERATING FUNCTION FORFIRST MOMENTHere we solve the re
ursion formula Eq. (30) forhNk(N)i. We �rst introdu
e the generating fun
tionXk(w) = P1N=1hNk(N)iwN�1 to eliminate the variableN and 
onvert Eq. (30) into a di�erential equation thatrelates Xk and Xk�1. This equation is further simpli�edby making the transformationXk(w) = (1� w) k2�1 Uk(u); u = 1p1� w � 1: (C1)The resulting equation isdUkdu = (k � 1)Uk�1; k � 2: (C2)Rewriting our previous solution (23) asU1(u) = 23 u3 + 2u2 + 2u+ 2; (C3)one 
an solve Eqs. (C2) subje
t to the initial 
onditionUk(u = 0) = 0 for k � 2. The �nal result isUk(u) = 4uk+2k(k + 1)(k + 2) + 4uk+1k(k + 1) + 2ukk + 2uk�1 :Using the binomial formula, we transform Xk(z) into theseriesXk(w) = 4k(k + 1)(k + 2) 1(1� w)2 + 43 1(1� w)1=2+ 2 k�1Xa=1(�1)a a+ 2a+ 3 �k � 1a � (1� w)(a�1)=2 :Expanding Xk(w) in a Taylor series in w we obtainhNk(N)i. The analyti
 expressions for hNk(N)i withk � 5 are obtained by expanding Xk(w) in a Taylor se-ries. This giveshN1(N)i = 23 N + 43p� � �N � 12��(N) ;hN2(N)i = 16 N + 43p� � �N � 12��(N) � 32 ÆN;1;hN3(N)i = 115 N + 43p� � �N � 12��(N) � 3 ÆN;1� 45p� � �N � 32��(N) ;9



hN4(N)i = 130 N + 43p� � �N � 12��(N) � 92 ÆN;1� 125p� � �N � 32��(N) � 53 ÆN;1 + 53 ÆN;2hN5(N)i = 2105 N + 43p� � �N � 12��(N) � 6 ÆN;1� 245p� � �N � 32��(N) � 203 ÆN;1 + 203 ÆN;2+ 97p� � �N � 52��(N) :Generally, there are slightly di�erent formulae for evenhN2k(N)i = n2k N + kXj=1Akj ÆNj+ k�1Xi=0 4(i+ 1)2i+ 3 �2k � 12i � � �N � 12 � i�� � 12 � i� �(N)and oddhN2k+1(N)i = n2k+1N + kXj=1Bkj ÆNj+ kXi=0 4(i+ 1)2i+ 3 �2k2i� � �N � 12 � i�� � 12 � i� �(N)indi
es. Here the nk are given by Eqs. (2) and expli
it ex-pressions for the 
oeÆ
ients Akj and Bkj 
ould be foundby expanding the polynomials in the generating fun
tionsX2k(w) and X2k+1(w).APPENDIX D: HIGHER MOMENTSStarting from Eq. (29), a straightforward 
omputationyields 
N2k� = �1� kN �
N2k�+ k � 1N hNk�1Nki+ � (k � 1)Nk�1 + kNk2N � ; (D1)where the 
orrelation fun
tion on the left-hand side isa fun
tion of N + 1 and those on the right-hand sideare fun
tions of N . Obviously, 
N2k� is 
oupled withhNk�1Nki. The re
ursion relation for this 
orrelationfun
tion reads (for k � 3)hNk�1Nki = �1� 2k � 12N � hNk�1Nki+ k � 12N 
N2k�1�+ k � 22N hNk�2Nki � k � 12N hNk�1i: (D2)Fortunately no higher-order 
orrelation fun
tions ap-pear, and additionally the total index de
reases, i.e.,


N2k�, whose total index is 2k, involves the 
orrelationfun
tion hNk�1Nki, whose total index is 2k � 1. Onetherefore 
an determine all 
orrelation fun
tions by start-ing from the smallest total index and then working up tolarger indi
es. For example, the �rst non-trivial 
orre-lation fun
tion hN1N2i whose total index equals threesatis�es an equation slightly di�erent from the generalform of Eq. (D2), viz.,hN1N2i = �1� 32N� hN1N2i+ 12N 
N21 �+�1� 1N � hN2i : (D3)Noti
e here that we already know 
N21 �.We 
an solve for hN1N2i using the generating fun
tionte
hnique. We de�ne the generating fun
tion Z1(w) =PN�1hN1(N)N2(N)iwN�1 whi
h satis�es the di�eren-tial equation2(1� w) dZ1dw = �Z1 + Y1 + 2w dX2dw ; (D4)with solutionZ1(w) = 29 1(1� w)3 � 15 1(1� w)2 + 59 1(1� w)3=2� 43 1(1� w)1=2 � 4715 (1� w)1=2 + 359 : (D5)Expanding Z1(w) in a power series in w we obtainhN1N2i = 19 N(N + 1)� 15 N + 109p� � �N + 12��(N)� 43p� � �N � 12��(N) + 4730p� � �N � 32��(N)+ 359 ÆN;1 :Asymptoti
ally, hN1N2i ! hN1ihN2i as expe
ted.There are two 
orrelation fun
tions, 
N22 � and hN1N3i,whose total index equals four. The former satis�esEq. (D1) with k = 2, i.e.,
N22 � = �1� 2N �
N22 �+�N1 + 2N2 + 2N1N22N � ;from whi
h we determine the generating fun
tionY2(w) = 118 1(1� w)3 + 110 1(1� w)2 + 29 1(1� w)3=2+ 49 1(1� w)1=2 � 9415 (1� w)1=2 + 499 � 5518 w :Expanding Y2(w) we obtain10



hN22 (N)i = 136 N(N + 1) + 110 N + 49p� � �N + 12��(N)+ 49p� � �N � 12��(N) + 4715p� � �N � 32��(N)+ 499 ÆN;1 � 5518 ÆN;2 :In the large N limit, we �nd that varian
e grows linearlywith N a

ording to �22 � 23180 N . It appears that�2k ! �kN as N !1; (D6)for all k, although we solved only the 
ases k = 1 and 2,where �1 = 19 and �2 = 23180 .APPENDIX E: SCALING FUNCTION IN THEDISCRETE APPROACHTo extra
t the s
aling fun
tion from the generatingfun
tion N (w; z) we adapt the te
hnique employed inSe
. IV for dis
rete variables. We �rst writez�1 = 1 + sp1� w (E1)and keep s �nite while taking the w ! 1 limit. We again
onsider the modi�ed generating fun
tion�z2 ��z�3N = 1XN=1 1Xk=1 4NF � kpN� wN�1zk+3 : (E2)On the right-hand side of this equation we have alreadyrepla
ed (k+2)(k+1)khNk(N)i by 4NF (k=pN) as im-plied by Eqs. (2){(3).Substituting the exa
t expression (36) for the gener-ating fun
tion into the left-hand side of Eq. (E2) andkeeping only the dominant 
ontribution gives4(1� w)�5=2J(s); (E3)with J(s) given by Eq. (15). To simplify the right-handside of Eq. (E2) we substitute Eq. (E1) and repla
e thesums by integrals. The dominant 
ontribution in thew ! 1 limit is4(1� w)�5=2 Z 10 d� e��s Z 10 d� � F (���1=2) e�� ; (E4)where � = kp1� w and � = N(1 � w). Therefore thedouble integral in Eq. (E4) is equal to J(s). The dou-ble integral 
an be interpreted as the Lapla
e transform�̂(s) = R10 d� exp(�s�)�(�) of the fun
tion�(�) = Z 10 d� � F (���1=2) e�� : (E5)We already know how to solve �̂(s) = J(s), so

�(�) = (1 + �)�1 + �22 � e�� : (E6)To determine F (�), we must solve the integral equation(E6) with �(�) given by Eq. (E5). To solve this integralequation, noti
e that �(�) is almost a Lapla
e transformof fun
tion F . Indeed, if instead of � and F (���1=2) weuse � and G(�) de�ned a

ording to� = ��2 ; G(�) = � F (��1=2) ; (E7)then we obtain �(�) = p2Ĝ(p), with p = �2 being theLapla
e variable and Ĝ(p) = R10 d� G(�) exp(�p�). Re-writing the integral equation (E6) in terms of p givesĜ(p) = �p�2 + p�3=2 + 12 p�1 + 12 p�1=2� exp(�pp) :Inverting this Lapla
e transform yields [22℄G(�) = � Erf
� 1p4��+ 2� + 1p4�� e�1=4� ; (E8)where erf
(x) = 2p� R1x dt exp(�t2) is the 
omplemen-tary error fun
tion. Sin
e F (�) = �2G(��2), see Eq. (E7),we arrive at the s
aled average degree distribution quotedin Eq. (37).
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