
Gradient and Percolative Clogging in Depth FiltrationSomalee Datta and Sidney RednerCenter for Polymer Studies and Department of Physics, Boston University, Boston, MA, 02215The phenomenon of clogging in depth �ltration is investigated, in which a dirty 
uid is \cleaned"by the trapping of dirt particles within the pore space during 
ow through a porous medium. Thisgives rise to a self-generated gradient percolation process which exhibits a power law distributionfor the density of trapped particles at downstream distance x from the input, both in idealized andlattice networks. Implications for e�cient �lter design are also mentioned.I. INTRODUCTIONDepth �ltration is a process for cleaning a dirty 
uid bypassing it through a porous medium. The medium pro-motes e�cient �ltering by increasing the area availablefor trapping suspended particles and the exposure time ofthe suspension to the absorbing surfaces. While �ltrationis a ubiquitous biological, chemical, and engineering sep-aration processes and has been extensively studied [1{3],many results are empirical or numerical and a clear re-lation between microscopic mechanisms and macroscopicbehavior has not yet emerged.There are two salient features of depth �ltration whichcontribute to its unusual phenomenology. First, is thefeedback between �lter evolution by particle trapping andsubsequent 
ow �eld modi�cation. Second, clogging oc-curs preferentially upstream in the �lter because parti-cles are injected at one end of the system and proceeddownstream until trapping. Thus particles rarely reachdownstream pores before clogging occurs. These featureslead to a basic dichotomy for �lter design: a depth �l-ter should be long for e�ective trapping; on the otherhand, an active �lter should be short, as many particlespenetrate only a short distance before clogging occurs.In this contribution, a microscopic description for clog-ging in depth �ltration is presented [4] which leads tophenomenology outside classical percolation and relatedbreakdown processes. Our approach is complementaryto other microscopic modeling work which has focusedprimarily on drawing analogies with conventional perco-lation [6,5,7]. We �rst introduce a quasi-one-dimensional\bubble" model for which basic aspects of depth �ltra-tion can be found analytically. We also study depth �l-tration on the square lattice and discuss the relation tothe bubble model description, as well as the connectionto direction percolation. Implications for e�cient �ltersare also discussed.II. MICROSCOPIC MODELThere are several basic elements in building a micro-scopic description of depth �ltration. These include: (a)the network geometry, (b) 
uid and particle transportproperties of the network, (b) the trapping mechanism,

and (d) particle and bond size distribution characteris-tics. We discuss each in turn.A. Network GeometryWe consider �ltration both on a square lattice as wellas on the idealized \bubble" model. The latter providesan especially convenient way to describe �lter evolutionduring the clogging process. The bubble model consistsof L series links, in which each link is a parallel bundle ofw bonds and each bond represents a pore (Fig. 1). Thismodel usefully describes the breaking of �bers [8], ex-tremal voltages in resistor networks [9], and percolationitself.
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FIG. 1. The bubble model. Each line represents a separate
uid-carrying pore and 
uid mixes completely at each node.B. Fluid and Suspended Particle FlowFor �ltration, we posit that each network bond has aradius r which is drawn from a speci�ed distribution,with volumetric 
ow rate: (i) proportional to r4rp,whererp is the local pressure gradient in the bond, or (ii)proportional to r2. The former corresponds to Poiseuille
ow in each bond which is driven by an external pres-sure gradient { the 
uid analog of electrical current 
owin a resistor network. The latter can be viewed as \dry"
ow, in which there is a constant downstream bias ineach bond. More generally, we consider the 
ow rate ina bond of radius r to be proportional to r�.Dynamically neutral suspended particles move throughthe medium according to the local 
ow. We assume per-fect mixing at each node, in which a suspended particlehas a probability proportional to r�i to enter an unblockedbond of radius ri among the \downstream" bonds. Par-ticles are injected singly (at in�nite dilution) and trackeduntil each is trapped or escapes the system. After each1



trapping event, the new 
ow �eld is computed (if neces-sary) to determine the trajectory of the next suspendedparticle. C. Trapping MechanismOf the many microscopic interactions that underlie �l-tration, we consider size exclusion [5,7,4], where a particleof radius rparticle is trapped within the �rst bond encoun-tered with rbond < rparticle. Upon trapping, the particleis de�ned to block the bond completely so that there isno further 
uid 
ow in this bond. This size exclusion isthe dominant e�ect in gel permeation in porous mediaand liquid chromatography. More realistically, trappingof a too-large particle should only partially block a bond.Additionally, Van der Waals and other electrostatic in-teractions lead to the attachment of relatively small par-ticles onto pore walls.Each trapping event reduces the �lter permeability andultimately a clogging threshold is reached where the per-meability vanishes. For appropriate particle and bondsize distributions, this clogging is gradient driven, as thefraction of blocked bonds may have a power-law depen-dence on longitudinal co-ordinate. Due to this gradient,�lter clogging is fundamentally di�erent than homoge-neous breakdown processes [10] and the �lter permeabil-ity vanishes near the clogging threshold in an unusualmanner [5,6].D. Particle and Bond CharacteristicsWe consider distributed radii of both particles andbonds. For bonds typically smaller than particles, par-ticles get trapped almost immediately { this is \cake"�ltration. The situation of bonds typically larger thanparticles is more subtle. If there exist particles which aresmaller than the smallest bond, then a steady state iseventually reached for a �nite system in which the small-est bonds are blocked and the suspension 
ows freelythrough the remaining unblockable bonds. If the lowerlimits of the bond and bond radius distributions coin-cide, but particles are typically still smaller than bonds,a percolation-like clogging process arises. Finally, if theparticle and bond radius distributions overlap substan-tially, \gradient" trapping occurs, with power law pene-tration of the medium before clogging is reached.For simplicity and concreteness, we consider uniformdistributions of particle and bond radii in the ranges [0; b](with b � 1) and [0; 1], respectively. More general contin-uous distributions can also be straightforwardly treated.

III. BUBBLE MODEL CLOGGINGWe discuss the spatial distribution of the trapped par-ticles, the properties of \escapee" particles as a func-tion of distance traveled, and the nature of the cloggingthreshold. The second attribute is of practical interest,since a goal of many �ltration processes is to remove par-ticles beyond a speci�ed size from a suspension.A. Distribution of trapped particlesTo determine the spatial distribution of trapped par-ticles during �ltration, notice that the gradient nature ofthe trapping process implies that the number of blockedbonds in downstream bubbles remains small, even atpercolation (see Fig. 2). We therefore employ an \un-perturbed" approximation in which the initial bond ra-dius distribution is used throughout the clogging process.Within this approximation and assuming a 
ow rate pro-portional to r�i , where ri is the radius of the ith bond,the probability that a particle of radius r gets trapped ina bubble of w bonds is,P< = w Z r0 dr1 Z 10 dr2 : : :Z 10 drw r�1r�1 + r�2 + : : :+ r�w :(1)This gives the probability that the particle enters a bondof radius r1 < r among w bonds. Introducing zi = ri=r1and writing the integrand in spherical co-ordinates, theasymptotic large-z behavior is given byP< � w Z r0 rw�11 dr1 Z 1=r10 zw�2��dz: (2)Evaluating the z integral shows that there is a changein behavior when w = � + 1 and the �nal result for thetrapping probability isP< / ( rw; w < �+ 1;r� ln r; w = �+ 1;r�+1; w > �+ 1. (3)Thus for small co-ordination number w (appropriate fora lattice), the entrance probability is w dependent, whilefor large w (appropriate for the bubble model), the en-trance probability depends only on �.For the bubble model, the last trapping probability inEq. (3) can also be obtained from the (mean-�eld) prob-ability of picking a bond whose radius is less than r. Thisis given by the integralP< = R r0 x�dxR 10 x�dx = r�+1: (4)The probability that this particle gets trapped in the nthbubble is therefore Pn = P<(1 � P<)n�1, which decaysexponentially in n. Averaging over the distribution ofparticle radii gives,2



hPni / b�1 Z b0 (1� r� )n�1 r� dr;/ b�1n�(�+1)=� Z bn1=�0 y�e�y�dy; (5)where � = �+1 and y = rn1=� . When the upper limit ofthe integral is large, the integral approaches a constant.When the upper limit is small, the exponential factor canbe ignored and evaluating the resulting integral leads tothe asymptotic behaviors for the trapping probabilityhPni / �n�(�+1)=�=b bn1=� > 1;b� ; bn1=� < 1. (6)The crossover between these limiting behaviors occurs ata correlation length n� � b�� , at which point the twoasymptotes join smoothly.
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(b)FIG. 2. Trapping probability hPni versus n at percolationfor uniform bond and particle radius distributions [0; 1] and[0; b], respectively, for (a): 104 con�gurations of the bubblemodel of width w = 10 with Poiseuille 
ow, and (b) 103con�gurations of a 50 � 1000 square lattice with \dry" 
ow(� = 2). Shown are: (a) b = 1 (�), 0.8 (�), 0.7 (r) and 0.6(+) (the straight line has slope �6=5); (b) b = 1 (�), 0.5 (�),and 0.4 (r) (the straight line has slope �3=2).B. Escapee size distributionThe radius distribution of particles which reach down-stream distance n is determined by Eq. (5). Here weconsider uniform particle and bond radius distributionson [0; 1]. Particles which are trapped in bubble n0 > ncan be viewed as \escapees" for the nth bubble. Theprobability that a particle of radius r escapes the nthbubble is 1Xn0>nPn = 1Xn0>n r�(1� r�)n�1;� exp(�nr�): (7)Normalizing, this can be recast as the radius distributionof escapees from the nth bubble, Qn

Qn / n1=� exp(�nr�): (8)From this distribution, the average radius of an escapeefrom bubble n decays as n�1=� . Thus the escapee size de-creases relatively slowly with n; this e�ect would be evenmore pronounced if the particle radius distribution wereuniform on [0; b]. This means that a depth �lter with sizeexclusion as the only trapping mechanism should be rela-tively long if substantial reduction in the escapee particlesize is desired.
0.0 0.5 1.0

rn
1/ν

0.0

0.5

1.0

1.5

n
−

1
/ν
Q

n

(a)

0.1 0.2 0.3 0.4 0.5
rn

1/ν

0

2

4

6

8

(b)FIG. 3. Escapee size distribution as a function of down-stream distance at percolation for uniform bond and particleradius distributions [0; 1] for (a): 104 con�gurations of thebubble model of width w = 10 with Poiseuille 
ow, and (b)103 con�gurations of a 50 � 1000 square lattice with \dry"
ow (� = 2). Shown are the scaled distributions n�1=�Qnversus scaled radius rn1=� for n = 50 (�), n = 200 (�), andn = 800 (r) C. The percolation thresholdPercolation means that all bonds in a single bubble areblocked. There are two di�erent behaviors depending onwhether the largest particle radius b = 1 or b < 1.1. The case b = 1For b = 1, clogging is controlled by the spatial gradientin the trapping probability and the probability that allw bonds are blocked in the nth bubble is non-zero onlyfor small n. Within the approximation that it is only the�rst bubble that clogs, there is a logarithmic anomaly inthe w dependence of the number of particles needed toblock the system. This ultimately stems from extremestatistics.To appreciate this feature, let us �rst compute thenumber of particles that must be injected into a bondof radius 0 < r < 1 before it is blocked. This is a ba-sic extreme statistics exercise [11]. For N particles, theprobability that all have their radii in the range [0; r] isrN . This can be re-interpreted as the probability that3



the maximum radius among N particles lies between 0and r. Hence rN = R r0 PN (r0) dr0, with PN (r) = NrN�1the probability density that the maximum radius equalsr. The average radius of the largest particle in an ensem-ble of N is hriN = R 10 r PN (r) dr = N=(N +1). Invertingthis relation shows that of the order of (1 � r)�1 parti-cles must be injected before a particle of su�ciently largeradius enters to block a bond of radius r.For a single (the �rst) bubble of w � 1 bonds, thenumber of particles needed to block bonds whose radiiare in the range [r; r + dr] is w dr1�r . Consequently, thetotal number of particles needed to block the bubble isNc � Z rmaxrmin w dr1� r ; (9)where the above extreme value considerations give, forthe largest and smallest bond radii in the bubble, rmax �1 � 1=w and rmin � 1=w, respectively. The integral isdominated by the upper limit and givesNc / w lnw: (10)The logarithm arises from the widest bonds in the �rstbubble for which many particles need to be injected be-fore blocking occurs. For a large isotropic system, thepercolation threshold therefore is pc = 1�Nc=Lw, withLw the total number of bonds in the system. This givesa value pc which is very close to 1. To obtain a thresholdless than unity requires exponential anisotropy in whichL � lnw. 2. The case b < 1Since the trapping probability is constant (2nd line ofEq. (6)), blockage should equally likely occur in any bub-ble within the correlation length. Correspondingly, thenumber of removed bonds at the percolation threshold isproportional to the correlation length times the systemwidth, i.e., Nc / wb�� : (11)However, for b < 1 percolation can occur only if all thebonds in a single bubble have radii less than b. Sincethis occurs with probability bw, this means that a singleblockable bubble will arise in a system whose length Lsatis�es Lbw >� 1. If percolation is to occur, this systemlength should be less than the correlation length. Thisgives the pathologically stringent constraint � < w. Thispathology stems from the mean-�eld transverse characterof the bubble model.IV. SQUARE LATTICE CLOGGINGConsider a square lattice whose axes are oriented at45� with respect to the external bias. Similar to the

bubble model, if a particle penetrates to large distance,it e�ectively encounters an unperturbed bubble model ofwidth w = 2 at each node. Using Eq. (3) for a systemof co-ordination number 2 and following the derivationof Eq. (5), gives hPni decaying as n�3=2 for the case ofcoincident particle and bond radius distributions. Forthe case where b < 1, a crossover behavior similar tothat in the bubble model is observed (Fig. 2(b)). Whilethis result is most applicable to the �rst particle injectedinto the network, later-injected particles appear to ex-hibit nearly the same spatial distribution of trapping lo-cation. Qualitatively similar behavior for hPni occurs infor the square lattice in which there is Poiseuille 
ow ineach bond and in which there is a hydrodynamic bias inthe network. The network simulation with Poiseuille 
owis a relatively time-consuming simulation since the net-work permeability must be recalculated after each trap-ping event.The location of the clogging (percolation) threshold onthe square lattice now re
ects features of directed perco-lation. For coincident uniform particle and bond radiusdistributions on [0; 1], of the order of 2w particles needto be injected to clog the �lter. If, however, the parti-cle radius distribution is uniform on [0; b], then there issubstantial penetration of particles within the correlationlength, just as in the bubble model. As b ! 0:35 whichcorresponds to 1� pc for directed percolation on the 45�square lattice, clogging is never achieved. This arises sim-ply because a fraction of bonds which is greater than pccan never be blocked. Finally, the radius distribution ofparticles which reach a downstream distance n exhibitsthe same qualitative scaling behavior as in the bubblemodel, although a somewhat di�erent shape (Fig. 3(b)).V. CONCLUSIONS AND OUTLOOKIn depth �ltration a porous medium is graduallyclogged by the trapping of particles as a suspensionpasses through the pore space. The bubble model pro-vides a convenient description for this gradient-controlleddynamical process. For coincident bond and particle ra-dius distributions, the number of particles trapped a dis-tance n downstream varies as n��, where � depends onthe particle and bond radius distributions, but is invari-ably between 1 and 2. Corresponding to this upstreambias, clogging is achieved when relatively few particleshave been injected. For particles smaller than bonds onaverage, the �lter can hold many more particles and isthus substantially penetrated before clogging is reached.These features should have rami�cations for e�cient �l-ter design. In principle, the slow reduction in the size ofescaped particles means that a good �lter should be long.On the other hand, in a long �lter the downstream endwill be relatively inactive. Reconciling these two compet-ing features may best be accomplished by a �lter with4



a longitudinally varying local permeability which e�ec-tively cancels the gradient in particle trapping.There are many interesting directions for further study.Perhaps the most important is to extend the in�nite-dilution modeling presented here to the case of a �nite-density suspension. This would allow a determination ofthe time to clogging, as well as quantify the amount of
uid which can be clari�ed before clogging. It should alsoprove worthwhile to consider more realistic microscopicparticle trapping mechanisms. As mentioned previously,these include the partial blockage of pores when a parti-cle gets trapped, as well as the trapping of �ne particleon pore walls by electro-chemical forces.We thank J. Koplik and P. L. Krapivsky for helpfuldiscussions. We also gratefully acknowledge NSF grantDMR-9632059 and ARO grant DAAH04-96-1-0114 for �-nancial support.
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