Logarithmic Islanding in Submonolayer Epitaxial Growth
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We investigate submonolayer epitaxial growth with a fixed monomer flux and irreversible aggre-
gation of adatom islands due to an effective island diffusion with a diffusivity for an mass k island
proportional to k™*. For 0 < pu < 1, there is a steady state, while for ;1 > 1, continuously evolving
logarithmic islanding occurs in which the island density grows extremely slowly, as (Int)*/2. In
the latter regime, the island size distribution exhibits complex, but universal multiple-scale mass

dependence which we account for theoretically.
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Submonolayer epitaxial thin film growth involves de-
position of atoms onto a substrate and diffusion of these
adatoms, leading to their aggregation into islands of ever-
increasing size [1]. The resulting island morphology and
mass distribution depend intimately on the microscopic
hopping mechanisms of the adatoms. While this connec-
tion has long been recognized [1], its ramifications are still
incompletely understood. Experimentally [2], it has been
demonstrated that arbitrarily large islands diffuse due to
various adatom hopping processes [3,4]. This effective is-
land diffusivity Dy has been found to have a power-law
dependence on mass k, Dy, o< k~#, with p typically in the
range (1/2,3/2) [2-5]. A basic issue is the distribution
of island sizes as a function of this diffusivity.

In this Letter, we provide a comprehensive descrip-
tion for the evolution of this island distribution in the
submonolayer regime. Remarkably, simple and definitive
theoretical predictions emerge which depend only on the
mobility exponent p. For 0 < u < 1, a steady state arises
in which the concentration of islands of mass k is given
by ¢ o« k=7, with 7 = (3 — p)/2. For p > 1, logarith-
mic evolution occurs in which the island density grows
as (Int)#/?, while the island mass distribution exhibits a
complex but universal mass dependence. Our approach
applies generally to any epitaxial system in which the dif-
fusivity of an island vanishes more rapidly than inversely
with its mass.

A classic and simple approach to calculate the island
mass distribution is based on the Smoluchowski rate
equations [6]. This method requires knowledge of the rate
K;; at which an island of mass ¢ and an island of mass j
aggregate to form an island of mass ¢+ 7. In the diffusion-
controlled limit, this aggregation rate is given by the
Smoluchowski formula K;; ~ (D; + D;)(R; + R;)? 2 [6].
Here R; is the linear size of an island of mass i and d is
the spatial dimensionality of the substrate. This Smolu-
chowski formula is applicable in d > 2, while in the phys-
ically relevant case of two dimensions, the reaction rate
depends only logarithmically on the island size [6]. For
both simplicity and because little quantitative informa-
tion is lost [7], we ignore this logarithmic dependence.
Since the form of the reaction rate is then independent

of island size, we may treat islands as point-like through-
out their evolution, a feature which leads to an enormous
simplification in numerical studies.

With Dy o« k~*, an appropriate choice of time units,
and the neglect of logarithmic corrections, the reaction
rate in two dimensions becomes

Kiyj=i"+5", (1)
and the Smoluchowski rate equations are
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where F' is the monomer flux. The rate equations (2)
represent a mean-field approximation in which spatial
fluctuations are neglected, and also a low-coverage ap-
proximation, since only binary interactions are treated.

Let us first consider the behavior in the steady state
regime. To solve the rate equations in this case, we in-
troduce two generating functions

C(z) = chzk, Culz) = Zk*“ckzk. (3)
k=1 k=1

Multiplying Eq. (2) by z¥, and summing over all k, gives
Cu(2)C(2) = Cu(2)N —=C(2)N, + Fz = 0. 4)

Here N = C(z = 1) = ) ¢ is the total island density
and N, =Cpu(z =1) = > k™ #c.

We now assume an algebraic decay of the steady state
concentration, ¢, ~ C/k™ as k — oo. For this power
law to hold, the exponent 7 must be greater than 1, so
that Y k=7 converges; this leads to the condition p < 1
for the mobility exponent, as will be shown below. From
basic Tauberian theorems [8], the asymptotic form for ¢y,
induces the following power-law singularities in the gen-
erating functions as z — 1

C(z) =N+CT(1—7)(1—2)"" +...,
Cuz) =N, +CT(1—7—p)(1—2)" L4 ... (5)



The leading constant factor in each line is finite and coin-
cides with the definition given in Eq. (3) if the exponent
of the second term is positive. Otherwise, the constant
factor vanishes and the generating function has a power-
law divergence as z — 1. Substituting these expansions
into Eq. (4) and matching the leading behavior in (1 — z)
leads to the decay exponent 7 = (3—u)/2. The condition
for a steady state to occur, 7 > 1, thus imposes an upper
bound on the mobility exponent, y < 1. From matching
the leading behavior in (1 — z), the constant C' may also
be determined, from which the island mass distribution
in the steady-state regime 0 < p < 11is

o \/F(l — K iCOS(WM/2) oo (3-m/2
m

(6)

This mass distribution holds only up to a cutoff K (t) ~ t¢
whose value is determined by requiring that the mass in-
jected into the system equals F't. Islands of mass greater
than K (t) have not yet had time to form. Therefore

S K(t)
_ chk(t) ~ Z k=072 o et DE/2 (7)
k=1 k=1

implying ((u) = 2/(p+1).

For p > 1, we shall show that the system continuously
evolves, but at a logarithmic rate. When p > 1, the
density of islands is

/2

N(t) ~VF [w ln(tﬁ)} : (8)

™

while the concentration of islands of size k decays as

w(2k—1)/2

eelt) ~ VE(y (mvE) " )

for k < In(tv/F). In the borderline case of u =
1, nested logarithmic behavior arises with N(t) ~

\/In(VE)/ In(in(tvVF)).

Our argument leading to Egs. (8) and (9) is based on
the physical picture that the system is slowly evolving
because the growth of islands by aggregation is counter-
balanced by the input of monomers. These competing
effects lead to nearly time-independent island concentra-
tions over an “inner” size range, while more strongly-
time-dependent behavior occurs in an “outer” range of
the largest island sizes. In the inner region, this pic-
ture motivates the use of the quasi-static approximation,
where the time derivative in Eq. (2) is initially neglected,
from which relative island concentrations are obtained.
The time dependent absolute island concentrations will
then determined by the condition that the total mass
in the system is proportional to ¢. The validity of this
approach may be verified a posteriori, where the loga-
rithmic dependences in Egs. (8) and (9) imply that the
temporal derivatives in the Smoluchowski rate equations
are asymptotically negligible.

Within this quasi-static framework, Eqgs. (2) become

0=1-c¢ (N+N,),

1 L -
0= > (7" +j ") eic;—cx (K"N+N,). (10)

i+j=k

Further, by summing Eqs. (10) over all &, the total island
density in the quasi-static limit obeys

0=1-NN, (11)

In Eqgs. (10) and (11) we have eliminated the input rate
by the scale transformation ¢, — V/F ¢, and have also
scaled the time variable by t — t/\/ﬁ so that the mass
density obeys M(t) =t

Eq. (11) immediately gives N, = N~!, and then from
the first of Eqgs. (10), ¢4 ~ 1/N. The remainder of
Egs. (10) may then be solved recursively. By writing
the first few of these equations, it is immediately evident
that the dominant contribution to ¢ is the term in the
quadratic product which is proportional to ¢ici_1. If we
keep only this contribution, the resulting recursion may
be straightforwardly solved to yield
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Since Bj < 1 for j# < N? and Bj — 1 for j* > N?,
this leads to ¢ being a rapidly decreasing function of k
for k « N?/* = g, and then converging to a finite value
defined to be p for k > x (Fig. 1).

To compute ¢y, first note that for g > 1 the product
IT j b; converges, so that it may treated as constant. We
then write the product over the B; as the exponential of
a sum and take the continuum limit. This leads to

1 T
Crp ~ — exp [—Nz/“/ In(1+w™*) dw} , (13)
N 0

where w = j/N?/* and & = k/N?/*. For p > 1, the
integral in Eq. (13) converges as ¢ — oo and p may be
determined by taking the upper limit of the integral as
infinite. This gives

pr~ %exp [_Au N2/”] , (14)

with A, = [ In(14+w™") dw = 7/ sin(w/p). Within the
quasi-static approximation this constancy in ¢ should
persist over the range, K S k < K.

However, this quasi- statlc approximation is inadequate
in the outer region k > k, because the temporal decay of
the densities becomes important in this size range. We
therefore separately account for the distribution of these



“raw” (evolving) islands and then perform a matched
asymptotic expansion [9], to join the inner (k <« K)
quasi-static solution of “ripe” islands to the outer so-
lution of raw islands in the overlap region k¥ € k <« K.
These two regions are well separated, since we shall see
that x ~ Int and K ~ t/(Int)"/?, so that the matched
asymptotic expansion is valid.

In the outer region, the asymptotically dominant terms
in the rate equations are [10]

d
% =c1 (Cp—1 — Ck) - (15)
Since raw islands are large, we employ the continuum
limit of Eq. (15),

0 o 1 09°
<8—T+% —§@> Ck(T) —0, (16)

where T' = fot dt' ¢, (t'). If we neglect the diffusive term,
the solution of the resulting wave equation is ¢ (1) =
f(T — k). Matching with the inner solution, we get

c(T) = p(T = k), (17)

where 7" has to be determined self-consistently. Thus
the density of relatively large islands, &k ~ T', equals the
density of the smallest islands. This is the mechanism
that leads to the peak in ¢4 (t) (Fig. 1). Also, the above
formula provides the estimate K ~ T for the cutoff size.

To close the solution, we need to determine the time
dependence of the total island density N and hence the
absolute island concentrations. To accomplish this, we
use the sum rules for the mass and island densities,
ke, =M =t and Y ¢ = N. These imply

T T
t:/o du (T — u)p(u), N:/0 du p(u). (18)

In both integrals, the subdominant contribution due to
small islands has been neglected; further, the second term
in the first integral is negligible. The second sum rule also
gives 4% = p(T'). Combining this with Eq. (14), we find

n T)#/2=1
p(T) ~ % (19)

and we also obtain Eq. (8). The raw island size distribu-
tion, given by Egs. (17) and (19) is,

[In(T — k)21

)~ =

(20)
which is singular at £k = K = T. Near the mass cutoff,
T —k ~ /T, this singularity is smoothed out by the dif-
fusive term in Eq. (16). Thus instead of the singularity,
the density of raw islands reaches a peak value of the
order of t~1/2 and then rapidly vanishes.

To check our prediction for ¢, we simulated the mean
field limit of submonolayer epitaxial growth. In the sim-
ulation, a point-like island of mass k moves equiprobably
to any site with a probability proportional to k™%, as
mandated by the power-law mass-dependent island dif-
fusivity. There is also a steady monomer flux entering
the system. We observe that N (t) grows extremely slowly
with time and that ¢, (t) has a complex mass dependence.
As shown in Fig. 1, ¢, (¢) first decreases extremely quickly
with k, then increases at a slower rate over a substantial
range in k, and finally exhibits a peak when k ~ K, in
agreement with our theory.
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FIG. 1. Plot of Inck(t) versus k at t = 22000 for u = 1.5.
The data is based on 5000 realizations of an initially empty
system of 2000 sites with F' = 0.05. This figure shows the
existence of an inner scale k < & ~ 100 (inset) and an outer
scale for k =~ K = 4000.

In the borderline case p = 1, subtler nested logarithmic
behavior arises, as reflected by the additional singularity
in Eq. (8) as 4 — 1. Through a more careful analysis
of the rate equations (Egs. (10)) in which the contribu-
tion of the next leading term cacy,_o is included, we find
that for k¥ < N2, ¢;, has similar qualitative behavior as
in the case p > 1, but the analog of Eq. (14) is now
p ~ exp [—~N?In N?]. Paralleling the analysis of the case
i > 1, the total island concentration is (compare with
Egs. (8) and (9))

N(t) ~ v/Int/In(Int), (21)
while the concentration of islands of mass k < N2 is
¢k ~ (k+1)! [Int/In(lng)] k=172 (22)

Then the density is approximately constant, cg(7) =~
p(T), over the range k S k < K with

p(T) ~T*(InT) *In(ln T)] . (23)



Finally, the raw island density given by Eq. (17) and
Eq. (23) holds up to a mass cutoff which is now K(t) ~
t+/In(lnt)/Int.

We emphasize that our results apply to real submono-
layer epitaxial systems. In the submonolayer regime, the
coverage must be small, that is, M = Ft < 1. On the
other hand, the asymptotic predictions of our theory ap-
ply when tV/F > 1. Consequently, our results should be
valid in the time range F~'/? « t < F~'. Since the
(dimensionless) flux F' is small in epitaxy experiments,
the time range over which our theory will apply is corre-
spondingly large. At the end of the submonolayer regime,
tmax ~ F 1, our theory also predicts that the island den-
sity reaches the maximum value

Nuax ~ FY?[In(1/F)]"/2. (24)

On the other hand a variety of investigations find that
Nuax has a power-law dependence, Ny ax ~ F'X, with the
flux exponent typically in the range % <x< % [11,12]. In
particular, for the class of models where only islands of up
to a given size diffuse and larger islands are immobile, the
flux exponent depends on this cutoff [12]. Fortunately,
the generic situation of power law mass-dependent island
diffusivity is simpler, and the flux exponent does not even
depend on the mobility exponent. However, the subdom-
inant logarithmic factor does depend on the mobility ex-
ponent. This leads to a corresponding p dependence for
the effective flux exponent Xeg = % 1-— % ,
feature which may be useful for interpreting experimental
and numerical data.

Finally, our approach can be applied to any mass-
dependent island diffusivity which decays faster than its
inverse mass. For this general situation, the analog of
Eq. (12) is ¢ ~ NLT[*(1 + D;)(1 + N2D;)"'. For
example, if the diffusivity decays exponentially in island
mass, Dy ~ e 2% a case investigated numerically in
Ref. [13], we obtain N(t) ~ exp(valnt). This unusual
growth — faster than any power of logarithm but slower
than any power law — would be difficult to deduce by nu-
merical methods alone. Correspondingly, the maximum
island density is

a

Niax ~ Fexp[ gln(l/F)], (25)

so again x = 1/2. Numerically, the exponent y was found
to be a decreasing function of a [13]. Our analysis sug-
gests that for all epitaxial systems with the diffusivity
of an island decaying more rapidly than its inverse mass,
Niax is universally proportional to F1/2 times a subdom-
inant model-dependent factor, as in (24) or (25).

In summary, we determined the kinetics of islanding in
submonolayer epitaxial growth, for which adatom hop-
ping induces a power-law mass-dependent island diffu-
sion, with Dy oc k7#. For mobility exponent 0 < p < 1,
a steady state island concentration arises, with ¢ ~
k~(G=#/2 For y > 1, logarithmic time dependence arises

in which the total island density N(t) oc (In#)#/2. Tt is
remarkable that such a logarithmic dependence, a fea-
ture which generally signals marginal behavior, occurs
in the entire regime 1 < p < co. The island mass dis-
tribution exhibits a rich dependence, with a precipitous
decay in a “boundary layer” k < k (with k ~ Int); a
gradual growth in the main part of the mass distribution
k < k < K (with K ~ t(Int)~#/?); followed by an in-
ternal layer |k — K| ~ \/t where the density of islands
reaches a peak and then sharply vanishes.

JFFM gratefully acknowledges support from FLAD
and JNICT/PRAXIS XXI: grant /BPD/6084/95 and
project PRAXIS/2/2.1/Fis/299/94. PLK and SR grate-
fully acknowledge support from NSF grant DMR9632059
and ARO grant DAAH04-96-1-0114.

[1] J. J. Métois, K. Heinemann and H. Poppa, Philos. Mag.
35, 1413 (1977); J. A. Venables, G. D. T. Spiller, and
M. Hanbiicken, Rep. Prog. Phys. 47, 399 (1984).

[2] K. Morgenstern, G. Rosenfeld, B. Poelsema, and
G. Comsa, Phys. Rev. Lett. 74, 2058 (1995); J. M. Wen,
J. W. Evans, M. C. Bartelt, J. W. Burnett, and
P. A. Thiel, Phys. Rev. Lett. 76, 652 (1996); W. W. Pai,
A. K. Swan, Z. Zhang, and J. F. Wendelken, Phys. Rev.
Lett. 79, 3210 (1997).

[3] S. V. Khare, N. C. Bartelt, and T. L. Einstein, Phys.
Rev. Lett. 75, 2148 (1995).

[4] J. M. Soler, Phys. Rev. B 53, 10540 (1996).

[5] A. F. Voter, Phys. Rev. B 34, 6819 (1986); D. S. Sholl
and R. T. Skodje, Phys. Rev. Lett. 75, 3158 (1995).

[6] M. H. Ernst, in Fractals in Physics, ed. L. Pietronero and
E. Tosatti (Amsterdam: Elsiever, 1986) p. 289.

[7] The inclusion of this logarithmic factor ultimately leads
to the flux rescaling F' — F'In(1/F) in our primary re-
sults, Eqgs.(8) and (9) (P. L. Krapivsky, J. F. F. Mendes,
and S. Redner, in preparation).

[8] G. H. Hardy, Divergent Series (Clarendon Press, Oxford,
1967).

[9] A. H. Nayfeh, Introduction to Perturbation Techniques
(Wiley, New York, 1981).

[10] Similar rate equations describe the model of mobile
adatoms and immobile islands, leading to somewhat
similar island mass distribution. See e.g., N. V. Bril-
liantov and P. L. Krapivsky, J. Phys. A 24, 4787 (1991);
J. A. Blackman and A. Wielding, Europhys. Lett. 16,
115 (1991); M. C. Bartelt and J. W. Evans, Phys. Rev.
B 46, 12675 (1992).

[11] Y. W. Mo, J. Kleiner, M. B. Webb, and M. G. Lagally,
Phys. Rev. Lett. 66, 1998 (1991); H. J. Ernst, F. Fabre,
and J. Lapujoulade, Phys. Rev. B 46,1929 (1992).

[12] J. Villain, A. Pimpinelli, and D. E. Wolf, Comments
Cond. Mat. Phys. 16, 1 (1992); I. Furman and O. Bi-
ham, Phys. Rev. B 55, 7917 (1997).

[13] L. Kuipers and R. E. Palmer, Phys. Rev. B 53, 7646
(1996).



