
Logarithmic Islanding in Submonolayer Epitaxial GrowthP. L. Krapivsky1, J. F. F. Mendes2, and S. Redner11Center for Polymer Studies and Department of Physics, Boston University, Boston, MA 022152Centro de F��sica do Porto and Departamento de F��sica, Universidade do Porto, 4150 Porto, PortugalWe investigate submonolayer epitaxial growth with a �xed monomer 
ux and irreversible aggre-gation of adatom islands due to an e�ective island di�usion with a di�usivity for an mass k islandproportional to k��. For 0 � � < 1, there is a steady state, while for � � 1, continuously evolvinglogarithmic islanding occurs in which the island density grows extremely slowly, as (ln t)�=2. Inthe latter regime, the island size distribution exhibits complex, but universal multiple-scale massdependence which we account for theoretically.PACS numbers: 68.35.Fx, 36.40.Sx, 66.30.Fq, 82.20.Wt, 05.40.+jSubmonolayer epitaxial thin �lm growth involves de-position of atoms onto a substrate and di�usion of theseadatoms, leading to their aggregation into islands of ever-increasing size [1]. The resulting island morphology andmass distribution depend intimately on the microscopichopping mechanisms of the adatoms. While this connec-tion has long been recognized [1], its rami�cations are stillincompletely understood. Experimentally [2], it has beendemonstrated that arbitrarily large islands di�use due tovarious adatom hopping processes [3,4]. This e�ective is-land di�usivity Dk has been found to have a power-lawdependence on mass k, Dk / k��, with � typically in therange (1=2; 3=2) [2{5]. A basic issue is the distributionof island sizes as a function of this di�usivity.In this Letter, we provide a comprehensive descrip-tion for the evolution of this island distribution in thesubmonolayer regime. Remarkably, simple and de�nitivetheoretical predictions emerge which depend only on themobility exponent �. For 0 � � < 1, a steady state arisesin which the concentration of islands of mass k is givenby ck / k�� , with � = (3 � �)=2. For � > 1, logarith-mic evolution occurs in which the island density growsas (ln t)�=2, while the island mass distribution exhibits acomplex but universal mass dependence. Our approachapplies generally to any epitaxial system in which the dif-fusivity of an island vanishes more rapidly than inverselywith its mass.A classic and simple approach to calculate the islandmass distribution is based on the Smoluchowski rateequations [6]. This method requires knowledge of the rateKij at which an island of mass i and an island of mass jaggregate to form an island of mass i+j. In the di�usion-controlled limit, this aggregation rate is given by theSmoluchowski formula Kij � (Di +Dj)(Ri +Rj)d�2 [6].Here Ri is the linear size of an island of mass i and d isthe spatial dimensionality of the substrate. This Smolu-chowski formula is applicable in d > 2, while in the phys-ically relevant case of two dimensions, the reaction ratedepends only logarithmically on the island size [6]. Forboth simplicity and because little quantitative informa-tion is lost [7], we ignore this logarithmic dependence.Since the form of the reaction rate is then independent

of island size, we may treat islands as point-like through-out their evolution, a feature which leads to an enormoussimpli�cation in numerical studies.With Dk / k��, an appropriate choice of time units,and the neglect of logarithmic corrections, the reactionrate in two dimensions becomesKij = i�� + j��; (1)and the Smoluchowski rate equations aredckdt = 12 Xi+j=kKijcicj � ck 1Xj=1Kkjcj + F �k1; (2)where F is the monomer 
ux. The rate equations (2)represent a mean-�eld approximation in which spatial
uctuations are neglected, and also a low-coverage ap-proximation, since only binary interactions are treated.Let us �rst consider the behavior in the steady stateregime. To solve the rate equations in this case, we in-troduce two generating functionsC(z) = 1Xk=1 ckzk; C�(z) = 1Xk=1 k��ckzk: (3)Multiplying Eq. (2) by zk, and summing over all k, givesC�(z)C(z)� C�(z)N � C(z)N� + Fz = 0: (4)Here N = C(z = 1) = P ck is the total island densityand N� = C�(z = 1) =P k��ck.We now assume an algebraic decay of the steady stateconcentration, ck ' C=k� as k ! 1. For this powerlaw to hold, the exponent � must be greater than 1, sothat P k�� converges; this leads to the condition � < 1for the mobility exponent, as will be shown below. Frombasic Tauberian theorems [8], the asymptotic form for ckinduces the following power-law singularities in the gen-erating functions as z ! 1C(z) = N + C�(1� �)(1� z)��1 + : : : ;C�(z) = N� + C�(1� � � �)(1� z)�+��1 + : : : : (5)1



The leading constant factor in each line is �nite and coin-cides with the de�nition given in Eq. (3) if the exponentof the second term is positive. Otherwise, the constantfactor vanishes and the generating function has a power-law divergence as z ! 1. Substituting these expansionsinto Eq. (4) and matching the leading behavior in (1�z)leads to the decay exponent � = (3��)=2. The conditionfor a steady state to occur, � > 1, thus imposes an upperbound on the mobility exponent, � < 1. From matchingthe leading behavior in (1� z), the constant C may alsobe determined, from which the island mass distributionin the steady-state regime 0 � � < 1 isck 'rF (1� �2) cos(��=2)4� k�(3��)=2: (6)This mass distribution holds only up to a cuto�K(t) � t�whose value is determined by requiring that the mass in-jected into the system equals Ft. Islands of mass greaterthan K(t) have not yet had time to form. ThereforeM(t) = 1Xk=1 kck(t) � K(t)Xk=1 k(��1)=2 � t(�+1)�=2; (7)implying �(�) = 2=(�+ 1).For � � 1, we shall show that the system continuouslyevolves, but at a logarithmic rate. When � > 1, thedensity of islands isN(t) ' pF �sin(�=�)� ln(tpF )��=2 ; (8)while the concentration of islands of size k decays asck(t) � pF (k!)� �ln(tpF )���(2k�1)=2 ; (9)for k � ln(tpF ). In the borderline case of � =1, nested logarithmic behavior arises with N(t) �qln(tpF )= ln(ln(tpF )).Our argument leading to Eqs. (8) and (9) is based onthe physical picture that the system is slowly evolvingbecause the growth of islands by aggregation is counter-balanced by the input of monomers. These competinge�ects lead to nearly time-independent island concentra-tions over an \inner" size range, while more strongly-time-dependent behavior occurs in an \outer" range ofthe largest island sizes. In the inner region, this pic-ture motivates the use of the quasi-static approximation,where the time derivative in Eq. (2) is initially neglected,from which relative island concentrations are obtained.The time dependent absolute island concentrations willthen determined by the condition that the total massin the system is proportional to t. The validity of thisapproach may be veri�ed a posteriori, where the loga-rithmic dependences in Eqs. (8) and (9) imply that thetemporal derivatives in the Smoluchowski rate equationsare asymptotically negligible.

Within this quasi-static framework, Eqs. (2) become0 = 1� c1 (N +N�) ;0 = 12 Xi+j=k �i�� + j��� cicj � ck �k��N +N�� : (10)Further, by summing Eqs. (10) over all k, the total islanddensity in the quasi-static limit obeys0 = 1�NN� (11)In Eqs. (10) and (11) we have eliminated the input rateby the scale transformation ck ! pF ck, and have alsoscaled the time variable by t ! t=pF so that the massdensity obeys M(t) = t.Eq. (11) immediately gives N� = N�1, and then fromthe �rst of Eqs. (10), c1 ' 1=N . The remainder ofEqs. (10) may then be solved recursively. By writingthe �rst few of these equations, it is immediately evidentthat the dominant contribution to ck is the term in thequadratic product which is proportional to c1ck�1. If wekeep only this contribution, the resulting recursion maybe straightforwardly solved to yieldck ' 1N kYj=2(1 +N2j��)�1 k�1Yj=1 �1 + j���� 1N kYj=2Bj k�1Yj=1 bj : (12)Since Bj � 1 for j� � N2 and Bj ! 1 for j� � N2,this leads to ck being a rapidly decreasing function of kfor k � N2=� � �, and then converging to a �nite valuede�ned to be � for k > � (Fig. 1).To compute ck, �rst note that for � > 1 the productQj bj converges, so that it may treated as constant. Wethen write the product over the Bj as the exponential ofa sum and take the continuum limit. This leads tock � 1N exp ��N2=� Z x0 ln(1 + w��) dw� ; (13)where w = j=N2=� and x = k=N2=�. For � > 1, theintegral in Eq. (13) converges as x ! 1 and � may bedetermined by taking the upper limit of the integral asin�nite. This gives� � 1N exp h�A�N2=�i ; (14)with A� = R10 ln(1+w��) dw = �= sin(�=�). Within thequasi-static approximation, this constancy in ck shouldpersist over the range, � <� k � K.However, this quasi-static approximation is inadequatein the outer region k � �, because the temporal decay ofthe densities becomes important in this size range. Wetherefore separately account for the distribution of these2



\raw" (evolving) islands and then perform a matchedasymptotic expansion [9], to join the inner (k � K)quasi-static solution of \ripe" islands to the outer so-lution of raw islands in the overlap region � � k � K.These two regions are well separated, since we shall seethat � � ln t and K � t=(ln t)�=2, so that the matchedasymptotic expansion is valid.In the outer region, the asymptotically dominant termsin the rate equations are [10]dckdt = c1 (ck�1 � ck) : (15)Since raw islands are large, we employ the continuumlimit of Eq. (15),� @@T + @@k � 12 @2@k2� ck(T ) = 0; (16)where T = R t0 dt0 c1(t0). If we neglect the di�usive term,the solution of the resulting wave equation is ck(T ) =f(T � k). Matching with the inner solution, we getck(T ) = �(T � k); (17)where T has to be determined self-consistently. Thusthe density of relatively large islands, k � T , equals thedensity of the smallest islands. This is the mechanismthat leads to the peak in ck(t) (Fig. 1). Also, the aboveformula provides the estimate K � T for the cuto� size.To close the solution, we need to determine the timedependence of the total island density N and hence theabsolute island concentrations. To accomplish this, weuse the sum rules for the mass and island densities,P kck =M � t and P ck = N . These implyt = Z T0 du (T � u)�(u); N = Z T0 du �(u): (18)In both integrals, the subdominant contribution due tosmall islands has been neglected; further, the second termin the �rst integral is negligible. The second sum rule alsogives dNdT = �(T ). Combining this with Eq. (14), we �nd�(T ) � (ln T )�=2�1T (19)and we also obtain Eq. (8). The raw island size distribu-tion, given by Eqs. (17) and (19) is,ck(T ) � [ln(T � k)]�=2�1T � k ; (20)which is singular at k = K = T . Near the mass cuto�,T � k � pT , this singularity is smoothed out by the dif-fusive term in Eq. (16). Thus instead of the singularity,the density of raw islands reaches a peak value of theorder of t�1=2 and then rapidly vanishes.

To check our prediction for ck, we simulated the mean�eld limit of submonolayer epitaxial growth. In the sim-ulation, a point-like island of mass k moves equiprobablyto any site with a probability proportional to k��, asmandated by the power-law mass-dependent island dif-fusivity. There is also a steady monomer 
ux enteringthe system. We observe thatN(t) grows extremely slowlywith time and that ck(t) has a complex mass dependence.As shown in Fig. 1, ck(t) �rst decreases extremely quicklywith k, then increases at a slower rate over a substantialrange in k, and �nally exhibits a peak when k � K, inagreement with our theory.
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FIG. 1. Plot of ln ck(t) versus k at t � 22000 for � = 1:5.The data is based on 5000 realizations of an initially emptysystem of 2000 sites with F = 0:05. This �gure shows theexistence of an inner scale k <� � � 100 (inset) and an outerscale for k � K � 4000.In the borderline case � = 1, subtler nested logarithmicbehavior arises, as re
ected by the additional singularityin Eq. (8) as � ! 1. Through a more careful analysisof the rate equations (Eqs. (10)) in which the contribu-tion of the next leading term c2ck�2 is included, we �ndthat for k � N2, ck has similar qualitative behavior asin the case � > 1, but the analog of Eq. (14) is now� � exp ��N2 lnN2�. Paralleling the analysis of the case� > 1, the total island concentration is (compare withEqs. (8) and (9))N(t) �pln t= ln(ln t); (21)while the concentration of islands of mass k � N2 isck � (k + 1)! [ln t= ln(ln t)]�(2k�1)=2 : (22)Then the density is approximately constant, ck(T ) '�(T ), over the range � <� k � K with�(T ) � T�1(lnT )�1[ln(lnT )]�1: (23)3



Finally, the raw island density given by Eq. (17) andEq. (23) holds up to a mass cuto� which is now K(t) �tpln(ln t)= ln t.We emphasize that our results apply to real submono-layer epitaxial systems. In the submonolayer regime, thecoverage must be small, that is, M � Ft � 1. On theother hand, the asymptotic predictions of our theory ap-ply when tpF � 1. Consequently, our results should bevalid in the time range F�1=2 � t � F�1. Since the(dimensionless) 
ux F is small in epitaxy experiments,the time range over which our theory will apply is corre-spondingly large. At the end of the submonolayer regime,tmax � F�1, our theory also predicts that the island den-sity reaches the maximum valueNmax � F 1=2[ln(1=F )]�=2: (24)On the other hand a variety of investigations �nd thatNmax has a power-law dependence, Nmax � F�, with the
ux exponent typically in the range 13 � � � 12 [11,12]. Inparticular, for the class of models where only islands of upto a given size di�use and larger islands are immobile, the
ux exponent depends on this cuto� [12]. Fortunately,the generic situation of power law mass-dependent islanddi�usivity is simpler, and the 
ux exponent does not evendepend on the mobility exponent. However, the subdom-inant logarithmic factor does depend on the mobility ex-ponent. This leads to a corresponding � dependence forthe e�ective 
ux exponent �e� = 12 h1� � ln(ln(1=F ))ln(1=F ) i, afeature which may be useful for interpreting experimentaland numerical data.Finally, our approach can be applied to any mass-dependent island di�usivity which decays faster than itsinverse mass. For this general situation, the analog ofEq. (12) is ck � N�1Qk(1 + Dj)(1 + N2Dj)�1. Forexample, if the di�usivity decays exponentially in islandmass, Dk � e�2ak, a case investigated numerically inRef. [13], we obtain N(t) � exp(pa ln t). This unusualgrowth { faster than any power of logarithm but slowerthan any power law { would be di�cult to deduce by nu-merical methods alone. Correspondingly, the maximumisland density isNmax � pF exp�ra2 ln(1=F )� ; (25)so again � = 1=2. Numerically, the exponent � was foundto be a decreasing function of a [13]. Our analysis sug-gests that for all epitaxial systems with the di�usivityof an island decaying more rapidly than its inverse mass,Nmax is universally proportional to F 1=2 times a subdom-inant model-dependent factor, as in (24) or (25).In summary, we determined the kinetics of islanding insubmonolayer epitaxial growth, for which adatom hop-ping induces a power-law mass-dependent island di�u-sion, with Dk / k��. For mobility exponent 0 � � < 1,a steady state island concentration arises, with ck �k�(3��)=2. For � � 1, logarithmic time dependence arises

in which the total island density N(t) / (ln t)�=2. It isremarkable that such a logarithmic dependence, a fea-ture which generally signals marginal behavior, occursin the entire regime 1 � � < 1. The island mass dis-tribution exhibits a rich dependence, with a precipitousdecay in a \boundary layer" k � � (with � � ln t); agradual growth in the main part of the mass distribution� < k < K (with K � t(ln t)��=2); followed by an in-ternal layer jk � Kj � pt where the density of islandsreaches a peak and then sharply vanishes.JFFM gratefully acknowledges support from FLADand JNICT/PRAXIS XXI: grant /BPD/6084/95 andproject PRAXIS/2/2.1/Fis/299/94. PLK and SR grate-fully acknowledge support from NSF grant DMR9632059and ARO grant DAAH04-96-1-0114.
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