
Degree Distributions of Growing NetworksP. L. Krapivsky1, G. J. Rodgers2, and S. Redner11Center for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA 022152Department of Mathemati
al S
ien
es, Brunel University, Uxbridge, Middlesex, UB8 3PH, UKThe in-degree and out-degree distributions of a growing network model are determined. The in-degree is the number of in
oming links to a given node (and vi
e versa for out-degree). The networkis built by (i) 
reation of new nodes whi
h ea
h immediately atta
h to a pre-existing node, and (ii)
reation of new links between pre-existing nodes. This pro
ess naturally generates 
orrelated in- andout-degree distributions. When the node and link 
reation rates are linear fun
tions of node degree,these distributions exhibit distin
t power-law forms. By tuning the parameters in these rates toreasonable values, exponents whi
h agree with those of the web graph are obtained.PACS numbers: 02.50.Cw, 05.40.-a, 05.50.+q, 87.18.SnThe world-wide web (WWW) is a rapidly evolving net-work whi
h now 
ontains nearly 109 nodes. Mu
h re
ente�ort has been devoted to 
hara
terizing the underlyingdire
ted graph formed by these nodes and their 
onne
t-ing hyperlinks { the so-
alled \web" graph [1{4℄. In par-allel with these developments, a variety of growing net-work models have re
ently been introdu
ed and studied[5{14℄. These model networks are built by sequentiallyadding both nodes and links in a manner whi
h mimi
sthe evolution of real network systems, with the WWWbeing the most obvious example.One fundamental 
hara
teristi
 of any graph is thenumber of links at a node { the node degree. The growingnetwork models 
ited above predi
t that the distributionof node degree has a power law form for growth rulesin whi
h the probability that a newly-
reated node at-ta
hes to a pre-existing node in
reases linearly with thedegree of the \target" node [5{9℄. This power law behav-ior strongly 
ontrasts with the Poisson degree distribu-tion of the 
lassi
al random graph [15℄, where links arerandomly 
reated between any pair of pre-existing nodesin the network.
i=4j=5FIG. 1. A node with in-degree i = 4, out-degree j = 5, andtotal degree 9.Sin
e links in the web are dire
ted, the total degree ofa node may naturally be resolved into the in-degree { thenumber of in
oming links to a node, and the out-degree {the number of outgoing links from a node (Fig. 1). Whilethe total node degree and its distribution are now rea-sonably understood [6{9,12℄, mu
h less is known aboutthe joint distribution of in-degrees and out-degrees, aswell as their 
orrelation. Empiri
al measurements of theweb graph indi
ate that the in- and out-degree distri-butions are both non-trivial and exhibit power-law be-haviors with di�erent exponents [2{4℄. In this Letter,

we solve for this joint distribution in a growing networkmodel and obtain results whi
h reprodu
e the degree dis-tributions of the web graph.For the model that we study, the network growth o
-
urs by two distin
t pro
esses (Fig. 2):(i) With probability p, a new node is introdu
ed andit immediately atta
hes to one of the earlier targetnodes in the network. The atta
hment probabilitydepends only on the in-degree of the target.(ii) With probability q = 1 � p, a new link is 
reatedbetween already existing nodes. The 
hoi
es of theoriginating and target nodes depend on the out-degree of the originating node and the in-degree ofthe target node.
(ii)(i)FIG. 2. Illustration of the growth pro
esses in the growingnetwork model: (i) node 
reation and immediate atta
hment,and (ii) link 
reation. In (i) the new node is shaded, while inboth (i) and (ii) the new link is dashed.If only pro
ess (i) was allowed, the out-degree of ea
hnode would be one by 
onstru
tion. The in
lusion of pro-
ess (ii) represents a simple extension of Simon's originalmodel [5℄ and the growing network model of Barab�asi andAlbert [6℄. The relative rate of pro
esses (i) and (ii) hasbeen shown to drive a transition in the network stru
ture[14℄. We shall further show that the general model gives anon-trivial out-degree distribution whi
h is distin
t fromthe in-degree distribution.We begin our analysis by determining the average nodedegree; this 
an be found in a dire
t manner and does1



not require the spe
i�
ation of the atta
hment and link
reation probabilities. Let N(t) be the total number ofnodes in the network, and let I(t) and J(t) be the totalin-degree and out-degree, respe
tively. A

ording to thetwo basi
 growth pro
esses enumerated above, at ea
htime step these degrees evolve a

ording to one of thefollowing two possibilities(N; I; J)! � (N + 1; I + 1; J + 1) probability p,(N; I + 1; J + 1) probability q. (1)That is, with probability p a new node and new dire
tedlink are 
reated (Fig. 2) so that the number of nodesand both node degrees in
rease by one. Conversely, withprobability q a new dire
ted link is 
reated and the nodedegrees ea
h in
rease by one, while the total number ofnodes is un
hanged. As a result,N(t) = pt; I(t) = J(t) = t; (2)from whi
h we immediately 
on
lude that the average in-and out-degrees, Din � I(t)=N(t) and Dout � J(t)=N(t),are both time independent and equal to 1=p.To determine the joint degree distributions, we needto spe
ify: (i) the atta
hment rate A(i; j), de�ned as theprobability that a newly-introdu
ed node links to an ex-isting node with i in
oming and j outgoing links, and(ii) the 
reation rate C(i1; j1ji2; j2), de�ned as the prob-ability of adding a new link from a (i1; j1) node to a(i2; j2) node. We restri
t the form of these rates to thosewhi
h we naturally expe
t to o

ur in systems su
h asthe web graph. First, we assume that the atta
hmentrate depends only on the in-degree of the target node,A(i; j) = Ai. We also assume that the link 
reation ratedepends only on the out-degree of the node from whi
hit emanates and the in-degree of the target node, that is,C(i1; j1ji2; j2) = C(j1; i2).On general grounds, the atta
hment rate Ai and the
reation rate C(j; i) should be in
reasing fun
tions ofi. Similarly, C(j; i) should be an in
reasing fun
tionof j. For example the designer of a new web page ismore likely to 
onstru
t hyperlinks to well-known pagesrather than to obs
ure pages. Similarly, a web page withmany outgoing hyperlinks is more likely to 
reate evenmore hyperlinks. We have found that the degree distribu-tions exhibit qualitatively di�erent behaviors dependingon whether the asymptoti
 dependen
e of the rates Aiand C(j; i) on both i and j grow slower than linearly,linearly, or faster than linearly. The �rst and last 
aseslead to either rapidly de
aying degree distributions or tothe dominan
e of a single node; this same behavior wasalready found for the total node degree [8,12℄. The mostinteresting behavior arises for asymptoti
ally linear rates,and we fo
us on this 
lass of models in our investigations.Spe
i�
ally, we 
onsider a growing network model withthe atta
hment and 
reation rates whi
h are shifted lin-ear fun
tions in all indi
es (linear-bilinear rates)Ai = i+ �; C(j; i) = (i+ �)(j + �): (3)

An intuitively natural feature of this model that both theatta
hment and 
reation rates have the same dependen
eon the popularity of the target node. The parameters �and � in the rates of Eq. (3) must obey the 
onstraints� > 0 and � > �1 to ensure that the 
orrespondingrates are positive for all permissible values of in- andout-degrees, i � 0 and j � 1.As the network grows, the joint degree distribution,Nij(t), de�ned as the average number of nodes with iin
oming and j outgoing links, builds up. To solve forNij(t), we shall use the rate equation approa
h, whi
hhas re
ently been applied to simpler versions of growingnetworks [8,9,12℄. When the atta
hment and 
reationrates are given by Eq. (3), the degree distribution Nij(t)evolves a

ording to the rate equationsdNijdt = (p+ q) � (i� 1 + �)Ni�1;j � (i+ �)NijI + �N � (4)+ q � (j � 1 + �)Ni;j�1 � (j + �)NijJ + �N �+ p Æi0Æj1:The �rst group of terms on the right-hand side a

ountfor the 
hanges in the in-degree of target nodes. These
hanges arise by simultaneous 
reation of a new nodeand link (with probability p) or by 
reation of a newlink only (with probability q). For example, the 
re-ation of a link to a node with in-degree i leads to aloss in the number of su
h nodes. This o

urs with rate(p+ q)(i+ �)Nij , divided by the appropriate normaliza-tion fa
torPi;j(i+�)Nij = I+�N . The fa
tor p+q = 1in Eq. (4) has been written to make expli
it the two typeof relevant pro
esses. Similarly, the terms in the se
ondgroup of terms a

ounts for 
hanges in the out-degree.These o

ur due to the 
reation of new links between al-ready existing nodes { hen
e the prefa
tor q. The lastterm a

ounts for the 
ontinuous introdu
tion of newnodes with no in
oming links and one outgoing link. Asa useful self-
onsisten
y 
he
k, we 
an easily verify thatthe total number of nodes, N =Pi;j Nij , obeys _N = p,in agreement with Eq. (2). In the same spirit, the totalin- and out-degrees, I = Pi;j iNij and J = Pi;j jNij ,obey _I = _J = 1.By solving the �rst few of Eqs. (4), it is 
lear that theNij grow linearly with time. A

ordingly, we substituteNij(t) = t nij , as well as N = pt and I = J = t, intoEqs. (4) to yield a re
ursion relation for nij . Using theshorthand notations,a = q 1 + p�1 + p� and b = 1 + (1 + p)�;the re
ursion relation for nij simpli�es to[i+ a(j + �) + b℄nij = (i� 1 + �)ni�1;j+ a(j � 1 + �)ni;j�1+ p(1 + p�)Æi0Æj1: (5)2



We �rst 
onsider the in-degree and out-degree distribu-tions, N ini (t) =Pj Nij(t) and Noutj (t) =PiNij(t). Be-
ause of the linear time dependen
e of the nodes degrees,we may write N ini (t) = tfi and Noutj (t) = tgj , where thedensities fi and gj satisfy(i+ b)fi = (i� 1 + �)fi�1 + p(1 + p�)Æi0; (6)�j + 1q + �q� gj = (j � 1 + �)gj�1 + p1 + p�q Æj1; (7)respe
tively. The solution to these re
ursion formulaemay be immediately written down in terms of the ratioof the Euler gamma fun
tionsfi = F �(i+ �)�(i+ b+ 1) ; (8)gj = G �(j + �)�(j + 1 + q�1 + �q�1) : (9)The prefa
tors F and G are found by mat
hing theseforms for fi and gj with f0 = p(1 + p�)=b and g1 =p(1 + p�)=(1 + q+ �), as obtained dire
tly from Eqs. (6)and (7).From the asymptoti
s of the gamma fun
tion, theasymptoti
 behavior of the in- and out-degree distribu-tions have the power law forms,fi � i��in ; gj � j��out ; (10)with the following exponents�in = 2 + p�; �out = 1 + q�1 + �pq�1: (11)These exa
t formulae for the exponents of the in- andout-degree distributions 
onstitute one of our primaryresults. Interestingly, the in-degree exponent depends on� (an in-degree feature) while the out-degree exponentdepends on � (an out-degree feature). Noti
e also thatboth �in and �out are greater than 2.The analyti
al form of the degree distributions greatlysimpli�es in the region of the parameter spa
e where�in = �out. In this region, a = 1 and �+ b = 2�. There-fore, the re
ursion relation in Eq. (5) redu
es to(i+ j + 2�)nij = (i� 1 + �)ni�1;j ++ (j � 1 + �)ni;j�1+ p(1 + p�)Æi0Æj1: (12)This is mu
h simpler than the general re
ursion ofEq. (5), sin
e the degrees i and j appear now with equalprefa
tors. This feature allows us to transform Eq. (12)into a 
onstant-
oeÆ
ient re
ursion relation. Indeed, thesubstitutionnij = �(i+ �) �(j + �)�(i+ j + 2�+ 1) mij (13)redu
es (12) to

mij = mi�1;j +mi;j�1 + 
 Æi0Æj1; (14)with 
 = p(1 + p�) �(1 + 2�)�(�) �(� + 1) : (15)We may solve Eq. (14) easily by the generating fun
-tion te
hnique. Multiplying Eq. (14) by xiyj and sum-ming over all i � 0; j � 1, we �nd the generating fun
tionM(x; y) � 1Xi=0 1Xj=1mijxiyj = 
y1� x� y : (16)Expanding this latter expression we then obtainmij = 
 �(i+ j)�(i+ 1)�(j) : (17)Combining Eqs. (13) and (17) gives the joint in- and out-degree distributionnij = 
 �(i+ �) �(j + �) �(i+ j)�(i+ 1)�(j) �(i+ j + 2�+ 1) : (18)While the general form is unwieldy, we 
an easily un-derstand the signi�
an
e of this result by 
onsidering sim-plifying limiting 
ases. In the limit where both i ! 1and j !1, we �ndnij = 
 i��1j�(i+ j)2�+1 : (19)The limiting behaviors of nij when both i and j are largeand their ratio is very di�erent from unity arenij ! 
 �� i���2j� 1� j � i,i��1j��2��1 1� i� j. (20)Noti
e the basi
 feature that the in-degrees and out-degrees of a node are 
orrelated. In 
ontrast, if thesedegrees were un
orrelated, we would instead have nij =figj � (ij)��in .Another interesting feature of the degree distributionbe
omes evident if we �x the in-degree i and vary theout-degree j. We then �nd that nij rea
hes a maximumvalue when j = i�=[2 + (1 + p)�℄ (here we 
onsider largei and assume that � > 0). Correspondingly, the aver-age out-degree always s
ales linearly with the in-degree,hji = i(�+1)=[(1+p)�℄ (here the 
oeÆ
ient is always pos-itive). Thus popular nodes { those with large in-degree {also tend to have large out-degrees. A dual property alsoholds: Nodes with large out-degree { those where manylinks originate { also tend to be popular.Let us now 
ompare our theoreti
al results with theempiri
al observations for the world-wide web. The rele-vant results for the node degrees are [4℄�in � 2:1; �out � 2:7; Din = Dout � 7:5; (21)3



Setting the observed value Din = Dout = 7:5 to p�1 (seethe dis
ussion following Eq. (2)) we see that the predi
-tions of Eq. (11) mat
hes the observed value of the in-and out-degree exponents when � = 0:75 and � = 3:55,respe
tively.We have also investigated an even simpler version ofthis growing network model with node 
reation rate Ai =i+�, as above, but with link 
reation rate C(j; i) = j+�,whi
h does not depend on the popularity of the targetnode i (linear-linear rates). For this model, the rateequations for the evolution of the number of nodes withdegrees (i; j) have a similar stru
ture to Eqs. (4) andthey 
an be solved by the same as those applied to thenetwork with linear-bilinear growth rates. We �nd thatthe in- and out-degree distributions again have power-lawforms. Moreover, the out-degree exponent is still givenby Eq. (11), while the value of the in-degree exponent isnow �in = 1 + �+ p�1. If we set p�1 = 7:5 to reprodu
ethe 
orre
t average degree of the web graph, we see that�in must be larger than 8.5. Therefore this linear-linearrate model 
annot mat
h the empiri
al observations fromthe web. Thus while the solutions for the degree distribu-tions for linear-bilinear and linear-linear growing networkmodels are formally similar, only the former appears tobe a viable 
andidate as an appropriate des
ription forthe link stru
ture of the web graph.Parentheti
ally, we 
an also solve the general growingnetwork with both 
onstant node 
reation rate and 
on-stant link 
reation rate, Ai = 1 and C(j; i) = 1. Whilenot ne
essarily a realisti
 model, it provides a useful ex-a
tly solvable 
ase. By following the basi
 steps of therate equation approa
h we �nd, for the (normalized) jointdegree distributionnij = p2qj�12i+j �(i+ j)�(i+ 1)�(j) ; (22)from whi
h we dedu
e that the (normalized) in- andout-degree distributions are fi = p2=(1 + p)i+1 andgj = p2qj�1.In summary, we have studied a growing network modelwhi
h is built by the sequential events of either: (i) node
reation whi
h immediately atta
hes to a pre-existingnode, or (ii) link 
reation between pre-existing nodes.The 
ombination of these two pro
esses naturally leads tonon-trivial in-degree and out-degree distributions. Manyof the stru
tural properties of the resulting network havebeen 
omputed exa
tly by solving the rate equations forthe evolution of the number of nodes with given in- andout-degree. In parti
ular, for link atta
hment rate linearin the degree of the target node and link 
reation ratewhi
h is linear in the degrees of both the two adja
entnodes, we have shown that power-law in- and out-degreedistributions are dynami
ally generated. By 
hoosingthe parameters of the growth rates in a natural man-

ner these exponents 
an be brought into a

ord with re-
ent measurements of the web graph. The model alsomakes a number of predi
tions 
on
erning the joint de-gree distribution. In parti
ular, we have shown that sig-ni�
ant 
orrelations between in-degrees and out-degreesspontaneously develop. Qualitatively these predi
tionsagree with everyday experien
e { the assumption of in-dependen
e of in- and out-degrees of a node is 
ertainly
awed. Quantitative measurements of 
orrelations in theweb graph might greatly help to test the existing modelsand possibly to 
onstru
t a more realisti
 model of theworld-wide web.We are grateful for �nan
ial support of this work fromNSF grant DMR9978902 and ARO grant DAAD19-99-1-0173 (PLK and SR), and a grant from EPSRC (GJR).
[1℄ B. A. Huberman, P. L. T. Pirolli, J. E. Pitkow, andR. Lukose, S
ien
e 280, 95 (1998); S. M. Maurer andB. A. Huberman, nlin.CD/0003041.[2℄ J. Kleinberg, R. Kumar, P. Raphavan, S. Rajagopalan,and A. Tomkins, in: Pro
eedings of the InternationalConferen
e on Combinatori
s and Computing, Le
tureNotes in Computer S
ien
e, Vol. 1627 (Springer-Verlag,Berlin, 1999).[3℄ S. R. Kumar, P. Raphavan, S. Rajagopalan, andA. Tomkins, in: Pro
eedings of the 25th Very LargeDatabases Conferen
e, Edinburgh, S
otland, 1999 (Mor-gan Kaufman, Orlando, FL, 1999).[4℄ A. Broder, R. Kumar, F. Maghoul, P. Raphavan, S. Ra-jagopalan, R. Stata, A. Tomkins, and J. Wiener, Com-puter Networks 33, 309 (2000).[5℄ H. A. Simon, Biometri
a 42, 425 (1955).[6℄ A. L. Barab�asi and R. Albert, S
ien
e 286, 509 (1999).[7℄ S. N. Dorogovtsev and J. F. F. Mendes, Phys. Rev. E 62,1842 (2000); 
ond-mat/0012009.[8℄ P. L. Krapivsky, F. Leyvraz, and S. Redner, Phys. Rev.Lett. 85, 4629 (2000).[9℄ S. N. Dorogovtsev, J. F. F. Mendes, and A. N. Samukhin,Phys. Rev. Lett. 85, 4633 (2000).[10℄ M. E. J. Newman, S. H. Strogatz, and D. J. Watts, 
ond-mat/0007235.[11℄ G. Bian
oni and A. L. Barab�asi, 
ond-mat/0011029.[12℄ P. L. Krapivsky and S. Redner, 
ond-mat/0011094.[13℄ B. Tadi�
, 
ond-mat/0011442.[14℄ R. Albert and A.-L. Barab�asi, Phys. Rev. Lett. 85, 5234(2000); S. N. Dorogovtsev and J. F. F. Mendes, 
ond-mat/0005050.[15℄ B. Bollob�as, Random Graphs (A
ademi
 Press, London,1985); S. Janson, T. Lu
zak, and A. Ru
inski, RandomGraphs (Wiley, New York, 2000).

4


