
Bifur
ations and Patterns in Compromise Pro
essesE. Ben-Naim�Theoreti
al Division and Center for Nonlinear Studies,Los Alamos National Laboratory, Los Alamos, New Mexi
o, 87545P. L. Krapivskyy and S. RednerzCenter for BioDynami
s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, MA, 02215We study an opinion dynami
s model in whi
h agents rea
h 
ompromise via pairwise intera
tions.When the opinions of two agents are suÆ
iently 
lose, they both a
quire the average of their initialopinions; otherwise, they do not intera
t. Generi
ally, the system rea
hes a steady state with a�nite number of isolated, nonintera
ting opinion 
lusters (\parties"). As the initial opinion rangein
reases, the number of su
h parties undergoes a periodi
 sequen
e of bifur
ations. Both major andminor parties emerge, and these are organized in alternating pattern. This behavior is illuminatedby 
onsidering dis
rete opinion states.PACS numbers: 02.50.Cw, 05.45.-a, 89.65.-s, 89.75.-kI. INTRODUCTIONIn a so
iety, people typi
ally have a wide range ofopinions. However, individual opinions on a parti
ularissue are not stati
 but rather evolve due to the in
u-en
es of a
quaintan
es or other external fa
tors. In prin-
iple, opinions 
ould evolve ad in�nitum, 
onsensus 
ouldemerge, or a population 
ould rea
h a state that 
onsistsof a �nite set of distin
t opinion 
lusters, or \parties".It is natural to dis
uss this pro
ess within the frame-work of intera
ting parti
le systems [1, 2℄. A 
lassi
example is the voter model where agents, who possesstwo possible opinions, adopt the state of a randomly se-le
ted neighbor [2{4℄. Individual opinions evolve until
onsensus is eventually rea
hed, and the probability thata given opinion ultimately wins is equal to the initialfra
tion of agents with that opinion [4℄. Several otherIsing-type opinion models, in
orporating more realisti
features, have been proposed re
ently [5{10℄.In this paper, we study the 
ompromise model, a sim-ple model for the evolution of opinions in a heterogeneouspopulation [11, 12℄. To a

ount for the diversity of thepopulation, the opinion is either a real-valued variable ora dis
rete variable with many states [13{15℄. To mimi
the natural human tenden
y for rea
hing a fair 
ompro-mise, in an intera
tion between two agents, both a
quirethe average of their initial opinions. Last, to in
orporateself 
on�den
e or 
onvi
tion in one's own opinion, inter-a
tions between agents whose opinion di�eren
e is largerthan some threshold are forbidden.Monte Carlo simulations of the 
ompromise modelhave shown that either 
onsensus or diversity 
an arise,depending on system parameters [11, 12℄. Here, we inves-�Ele
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tigate the 
ompromise model using numeri
al integrationof the governing rate equations for 
ontinuum opinionsand analyti
al solutions for dis
rete opinions. Numeri
alintegration is more eÆ
ient than dire
t numeri
al simula-tion and provides better resolution of the time dependentand steady state behaviors.We �nd that the 
ompromise model exhibits a ri
h be-havior. In the long-time limit, the system 
ondenses intoa �nite set of equally-spa
ed opinion 
lusters (parties),with the population in adja
ent 
lusters alternating be-tween two values that di�er by 4 orders of magnitude.As the initial range of opinions grows, the number ofparties in
reases via a periodi
 sequen
e of bifur
ations.The 
orresponding period governs the basi
 features ofthe emergent stru
ture, namely, the size of the major
lusters, and their separation. Near bifur
ation points,the size of minor 
lusters vanishes algebrai
ally, and weprovide a heuristi
 explanation for this behavior.Underlying the 
ompromise model is a sto
hasti
 aver-aging pro
ess. Closely related averaging pro
esses natu-rally arise in diverse systems, in
luding one-dimensionalinelasti
 
ollisions [16, 17℄, dynami
s of headways in traf-�
 
ows [18, 19℄, mass transport [20℄, for
e 
u
tuationsin bead pa
ks [21℄, wealth ex
hange pro
esses [22, 23℄,and the Hammersley pro
ess [24, 25℄. While our �ndingsare dis
ussed in the framework of opinion dynami
s, theymay very well be relevant in these di�erent 
ontexts.In Se
. II, we des
ribe the numeri
al integration of therate equations for the opinion probability density and theresulting bifur
ations. In Se
. III, we examine systemswith a �nite number N of dis
rete and equally-spa
edopinions. When N is relatively small, these systems 
anbe treated analyti
ally, thereby illuminating the behaviorin the 
ontinuum 
ase. Generally, 
onsensus is rea
hedfor small enough N , while a state with several distin
tnon-intera
ting 
lusters is rea
hed for large N . We 
on-
lude in Se
. IV.



2II. THE CONTINUUM VERSIONIn the 
ontinuum version of the 
ompromise model,ea
h agent is initially assigned an opinion x from somespe
i�ed distribution. Randomly sele
ted pairs of agentsundergo sequential intera
tions. Su
h intera
tions arerestri
ted to agents whose opinion di�eren
e lies belowa threshold that is set to unity without loss of general-ity. When agents with opinions x1 and x2 intera
t, botha
quire the average opinion:(x1; x2)! �x1 + x22 ; x1 + x22 � jx2 � x1j < 1; (1)while if jx2 � x1j > 1, no intera
tion o

urs. This modelis essentially identi
al to that of Refs. [11, 12℄.Let us denote by P (x; t) dx the fra
tion of agents thathave opinions in the range [x; x + dx℄ at time t. Thedistribution P (x; t) evolves a

ording to the rate equation��tP (x; t) = Z Zjx1�x2j<1 dx1dx2P (x1; t)P (x2; t)� �Æ�x� x1 + x22 �� Æ(x� x1)� : (2)The quadrati
 integrand re
e
ts the binary nature of theintera
tion and the gain and loss terms re
e
t the pro-
ess (1). This basi
 dynami
al rule 
onserves the totalmass and the mean opinion. That is, M0 and M1, the�rst two moments of the opinion distribution are 
on-served, whereMk(t) � R dx xk P (x; t) is the kth momentof the distribution. We restri
t our attention to 
at ini-tial distributions P0(x) � P (x; 0) = 1 for x 2 [��;�℄.Our goal is to determine the nature of the �nal stateP1(x) � P (x;1).When all agents intera
t, namely, when � < 1=2, therate equations are integrable [16, 17℄. In parti
ular, these
ond moment obeys _M2 +M0M2=2 = M21 , where theoverdot denotes time derivative. Using M1 = 0, we �ndthat the se
ond moment vanishes exponentially in time:M2(t) =M2(0) e�M0t=2; (3)with M0 = 2�. Thus all agents approa
h the 
enteropinion and the system eventually rea
hes the 
onsensusP1(x) =M0Æ(x): (4)The distribution P (x; t) approa
hes the lo
alized state(4) in a self-similar fashion, P (x; t) ' 2M0�w �1 + z2��2with varian
e w = M1=22 =M0 and s
aling variable z =x=w [17℄.For larger values of �, the opinion distribution doesnot 
ondense into a single 
luster, but rather the dis-tribution evolves into \pat
hes" that are separated by adistan
e larger than one. This behavior results from aninstability that propagates from the boundary toward the

−4 −2 0 2 4
xFIG. 1: Evolution of the opinion distribution for � = 4:3where four major 
lusters ultimately arise (see Fig. 2). Shownis P (x; t) versus x for times t = 0:5 (bottom), 3, 6, and 9 (top).
enter (Fig. 1). On
e ea
h pat
h is isolated, it then sep-arately evolves into a delta fun
tion as in the � < 1=2
ase. The �nal distribution 
onsists of a series of non-intera
ting 
lusters at lo
ations xi with masses mi:P1(x) = pXi=1 mi Æ(x� xi) (5)with Pmi =M0 = 2� andPmixi =M1 = 0 to satisfythe 
onservation laws.Our goal is to understand basi
 
hara
teristi
s of the�nal state. How many 
lusters arise? Where are theylo
ated (in opinion spa
e)? What are their masses? Aswe shall see, the answers to these questions depend ina surprisingly 
omplex manner on the single 
ontrol pa-rameter, the initial opinion range �.A. Cluster Lo
ationsTo determine how the �nal state depends on �, we nu-meri
ally integrated the rate equation (2) by dis
retizingx into 400� equally-spa
ed states. The range 0 < � < 10was investigated using a �ne mesh (0:0025 in
rements).The rate equations were integrated using a fourth or-der Adams-Bashforth method [26℄ up to a suÆ
ientlylong time that the probability distribution separated intononintera
ting pat
hes. Then, the two 
onservation lawswere invoked to determine the ultimate mass and lo
a-tion of ea
h pat
h. The a

ura
y was 10�9 in P (x; t).The 
luster lo
ations exhibit a striking regularity, asseen in plotting xi versus � (Fig. 2). There are threetypes of 
lusters: major 
lusters (mass M > 1), minor
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FIG. 2: Lo
ation of �nal state 
lusters versus the initial opin-ion range �. The three types of 
lusters, de�ned in the text,are noted. The verti
al arrows indi
ate the lo
ation of the�rst 3 bifur
ations.
lusters (mass m < 10�2), and a 
entral 
luster lo
atedexa
tly at x = 0. The number of 
lusters grows via aseries of bifur
ations. When � < 1=2, the �nal stateis a single peak lo
ated at the origin, and this situationpersists as long as � < 1. When � ex
eeds one, two new
lusters are born at the extreme edges, x � ��. As �in
reases, further bifur
ations of three basi
 types o

ur:1. Nu
leation of a symmetri
 pair of 
lusters: ; !f�x; xg with x = 1.2. Annihilation of a 
entral 
luster and simultaneousnu
leation of a symmetri
 pair of 
lusters: f0g !f�x; xg with x � 0:75.3. Nu
leation of a 
entral 
luster: ; ! f0g.The bifur
ations always o

ur in a periodi
 order:1; 2; 3; 1; 2; 3; : : :. Numeri
ally, the �rst 4 generations ofbifur
ations are lo
ated at(�1;�2;�3) =8><>: (1:000; 1:871; 2:248);(3:289; 4:079; 4:455);(5:496; 6:259; 6:638);(7:676; 8:431; 8:810):Su

essive bifur
ation points of the same type are all sep-arated by the same distan
e: �i(n+1)��i(n)! 
onst.Also, the distan
e between di�erent types of bifur
ationswithin the same generation eventually be
omes 
onstant.Thus the bifur
ation diagram, with all its intri
ate fea-tures, repeats in a periodi
 mannerx(�) = x(� + L); (6)with period L � 2:155. The period was estimated byextrapolating the di�eren
es in the lo
ations of the �rstfew transitions to 1.
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LFIG. 3: The masses of the �nal 
lusters versus their lo
ationfor the 
ases of � � 7:8 and � + L � 10. The 
lusters in thetwo systems 
oin
ide, ex
ept that the larger system has fourmore 
lusters. The s
ale of the inter-
luster separations andthe masses of the major 
lusters are indi
ated.In type-1 (2) bifur
ations, bran
hes of minor (major)
lusters nu
leate near the origin, and these persist for alllarger �. As ea
h bran
h evolves, noti
e that it exhibitsa large 
urvature 
hange or a kink due to the e�e
t of asubsequent bifur
ation. For jxj >� 2, the bran
h growthis pra
ti
ally linear with a slope 
ommensurate with theopinion range: jdx=d�j ! 1.The periodi
 behavior further implies that the separa-tion between 
lusters be
omes 
onstant. Moreover, whena system of size � is 
ompared with a system of size� + L, 
luster lo
ations in the smaller system 
oin
idewith the larger one, as shown in Fig. 3. The larger sys-tem, however, 
ontains two additional pairs of major andminor 
lusters. Thus, the period L governs the overallnumber of 
lusters and the separation between them. For�� 1 there are 4�=L 
lusters, with neighboring 
lustersseparated (approximately) by distan
e L=2.B. Cluster MassesAn even ri
her pi
ture emerges when the 
luster massesare 
onsidered. First, the 
luster masses vary periodi
allyin the initial opinion range, that is, m(�) = m(� + L),as seen in Fig. 4. Se
ond, 
lusters are organized in analternating major-minor pattern (see Figs. 2 and 3). Forlarge �, ea
h 
luster mass approa
hes a 
onstant value.The major 
lusters, whi
h 
ontain nearly the entire massin the system, saturate at a value equal to the period,M ! L. The masses of the minor 
lusters approa
h amu
h smaller level: m ! 3 � 10�4 (see Fig. 4). Thisminute mass implies that a suÆ
iently large populationis needed for minor 
lusters to exist.The 
entral 
luster is spe
ial. Its mass never be
omes
onstant but instead varies in a periodi
 manner with �(Fig. 4). A 
entral 
luster nu
leates with an in�nitesimalmass at a type-3 bifur
ation, grows slowly for a while,
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FIG. 4: Cluster mass versus opinion range. The 
entral 
lus-ters (periodi
 variation) and the major 
luster are shown on alinear s
ale (top), while minor and 
entral 
lusters are shownon a logarithmi
 s
ale (bottom).then it undergoes an explosive growth until its mass be-
omes of order unity. Finally, its mass grows linearlywith �. At some threshold, the 
entral 
luster splits intotwo major 
lusters via a type-2 bifur
ation (Fig. 4). Thisbirth-and-death pattern repeats ad in�nitum.The minor 
lusters exhibit two subtle features. First,the mass of the most extreme 
luster saturates to a massm0 that is approximately one order of magnitude greaterthan all other minor 
lusters. Se
ond, the mass of theminor 
lusters varies non-monotoni
ally with � and thereis a small range of �, where the mass of a newly-bornminor 
luster suddenly drops (Fig. 4) before the masssaturates to a 
onstant value. We are unable to resolvewhether there is a �nite gap or just a singular point wherethe mass vanishes.At type-1 and type-3 bifur
ations, new 
lusters form,and the mass of these nas
ent 
lusters vanishes alge-brai
ally a

ording tom � (���n)�n (7)as � ! �n. The exponent depends only on the type nof the bifur
ation point; numeri
ally we �nd �1 � 3 and�3 � 4 (Fig. 5). We now give a heuristi
 explanation forthis behavior.To understand the behavior near a type-1 bifur
ation,
onsider the very �rst one at �1 = 1. Let � = 1 + �with � ! 0. It is 
onvenient to divide the total opinionrange (��;�) into a 
entral subinterval (�1; 1) and twoboundary subintervals: (1; 1 + �) and (�1 � �;�1). Letm(t) be the mass in a boundary subinterval. Initially,m(0) = �. Su
h mass is lost due to intera
tion with onehalf of the 
entral subinterval. As a result, _m = �m,
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FIG. 5: Criti
al behavior for the masses of the minor 
lus-ters at type-1 (top) and type-3 (bottom) bifur
ations. Thestraight lines have slopes 3 and 4.whi
h gives m(t) = � e�t: (8)On the other hand, the mass of the 
entral subinter-val gets 
on
entrated in a region near the origin whosespread w(t) de
reases with time. At some moment tfthe separation between masses in the 
entral and bound-ary subintervals ex
eeds unity. We anti
ipate that themass in the boundary subinterval 
onverges to its 
enterx = 1 + �=2, and hen
e, this 
riti
al separation o

urswhen w(tf ) � �=2. For t � tf , the intera
tion betweenthe two subintervals stops and the mass of the emergingminor 
luster freezes at mf � � e�tf .The spread w(t) 
an be estimated by noting that tozeroth order in �, (i) the 
entral subinterval is not a�e
tedby the boundary subintervals, and (ii) eventually, almostall agents are within the intera
tion range. Therefore, theasymptoti
 behavior is the same as in the 
ase � < 1=2,and the spread follows dire
tly from the se
ond moment(3), w(t) � M1=22 � e�t=2 sin
e � = 1 + � �= 1. Usingthe stopping 
riteria, w(tf ) � e�tf=2 � �, the �nal minor
luster mass is mf � � e�tf � �3, leading to �1 = 3.Consider now a type-3 bifur
ation that o

urs at some�3. We write � = �3 + � and adapt our previous argu-ment. Let m(t) be the mass of the newly-formed 
entral
luster, and let M be the �nal mass of the two major
lusters surrounding it. We have _m = �mM , sin
e the
entral 
luster intera
ts with half of the massM on eithersides. Therefore m(t) � e�Mt: (9)In 
ontrast to Eq. (8) where the amplitude was of or-der �, the amplitude in Eq. (9) is of order unity. Thisarises be
ause the range of opinions that 
ontributes to



5the ultimate 
entral 
luster is of the order of the intera
-tion range. Now the argument pro
eeds as before. Thewidth of the large 
luster varies as e�Mt=4. The 
ondi-tion for the 
entral 
luster and its neighbors to de
oupleis e�Mtf=4 � �. At this point, we havemf � e�Mtf � �4,resulting in the exponent �3 = 4.The heuristi
 argument we have presented is 
onsis-tent with the extremely small mass of the minor 
lusters.For large �, the system is governed by the parameter~� � 12L� 1 � 0:08, the ex
ess between the adja
ent 
lus-ter separation and the intera
tion range. This parameteressentially plays the role of �, the small distan
e from abifur
ation point. The two extreme minor 
lusters evolvea

ording to the me
hanism that led to the �3 behaviornear a type-1 bifur
ation. Thus, their mass 
an be es-timated m0 � ~�3 � 5 � 10�4. On the other hand, minor
lusters in the bulk evolve a

ording to the me
hanismthat led to the �4 behavior near a type-3 bifur
ation. A
-
ordingly, their mass is estimated by m � ~�4 � 4 � 10�5,again a reasonable value.III. THE DISCRETE VERSIONOften, one fa
es a 
hoi
e among a �nite set of options,so it is natural to 
onsider a dis
rete version of the 
om-promise model. While interesting on its own, the dis
retemodel also enables us to illuminate many qualitative as-pe
ts of the behavior in the 
ontinuum 
ase. Dis
retesystems are governed by a �nite set of non-linear rateequations, so expli
it solutions are generally impossible.Nevertheless, we 
an gain 
onsiderable insight by investi-gating small systems, using stability analysis and relatedtools from theory of ordinary di�erential equations [27℄.In the dis
rete version, ea
h agent 
an take on an opin-ion from a set of N equally-spa
ed values. To impose anintera
tion threshold and also to ensure that the out-
ome of an intera
tion remains within the state spa
e,two agents intera
t as follows: (a) If the opinion di�er-en
e is greater than two, there is no intera
tion. (b) Ifthe di�eren
e equals two, the agents rea
h a fair 
ompro-mise and ea
h takes on the average opinion value. (
) Ifthe opinion di�eren
e equals one, nothing happens.We label the opinion states as i = 1; 2; : : : ; N , sos
hemati
ally, in a 
ompromise event (i�1; i+1)! (i; i).Denote by Pi(t) the fra
tion of the population that hasopinion state i at time t. For general N the fra
tionsPi(t) obey the rate equations_Pi = 2Pi�1Pi+1 � Pi(Pi�2 + Pi+2): (10)This equation formally applies for i at least 2 spa
-ings away from the boundaries (at 1 and N). SettingP�1 = P0 = PN+1 = PN+2 � 0 in Eq. (10), yields thegoverning equations near the boundaries: _P1 = �P1P3,_P2 = 2P1P3 � P2P4, _PN = �PNPN�2, and _PN�1 =2PNPN�2 � PN�1PN�3. Again, the fra
tions Pi(t) sat-

isfy two 
onservation laws:NXi=1 Pi = 1; NXi=1 iPi = A; (11)with 1 � A � N . The former (latter) re
e
ts 
onserva-tion of the total population (opinion). As a result, thereare N � 2 independent variables for an N -state system.A. Typi
al BehaviorEquations (10) are non-linear and therefore for N � 4they 
annot be solved to obtain expli
it formulae forPi(t). However, the qualitative behavior 
an be still un-derstood. For example, Eqs. (10) admit only the simplesttype of attra
tors { �xed points { while limit 
y
les areimpossible. We illustrate this by analyzing small valuesof N to highlight the new qualitative features that ariseas N in
reases. 1. Isolated �xed pointsFor N = 3, there is a single �xed point lo
ated at� (2� A;A� 1; 0) when 1 � A � 2,(0; 3�A;A� 2) when 2 � A � 3.This point is stable. Asymptoti
ally, it is approa
hedexponentially fast in time; e.g., for 1 < A < 2 one �ndsP3 / e�(2�A)t. An ex
eption arises for the symmetri
initial 
ondition (A = 2) when the �nal 
entral state(0; 1; 0) is approa
hed algebrai
ally in time: P1 = P3 !t�1.For N = 4, there is also a single stable �xed pointlo
ated at( (2�A;A� 1; 0; 0) when 1 � A � 2,(0; 3�A;A� 2; 0) when 2 � A � 3,(0; 0; 4�A;A� 3) when 3 � A � 4.Additionally, there is a �xed point ( 4�A3 ; 0; 0; A�13 ) thatis always unstable. The stable �xed point is approa
hedexponentially in time.2. Lines of �xed pointsFor N = 5, some �xed points are no longer isolatedbut instead they form lines. Indeed, Eqs. (10) admit�xed points of the generi
 forms (P �1 ; P �2 ; 0; 0; P �5 ) and(P �1 ; 0; 0; P �4 ; P �5 ) that are stable when, respe
tively, P �1 >3P �5 or P �5 > 3P �1 . Re
alling the 
onservation laws (11)we 
an write these �xed points in the form� (2�A+ 3P �5 ; A� 1� 4P �5 ; 0; 0; P �5 );(P �1 ; 0; 0; 5�A� 4P �1 ; A� 4 + 3P �1 ) (12)



6and obviously the �xed points form lines. The �xedpoints (12) from the �rst line are stable when 1+ 4P �5 <A < 2, the �xed points (12) from the se
ond line are sta-ble when 4 < A < 5�4P �1 . There is also a stable isolated�xed point lo
ated at� (0; 3�A;A� 2; 0; 0) when 2 < A � 3,(0; 0; 4�A;A� 3; 0) when 3 � A < 4. (13)For 2 < A < 4, every initial 
ondition is in the basinof attra
tion of the isolated �xed point (13). There-fore we know the fate of the system without expli
itlysolving the rate equations. This statement ta
itly as-sumes that a traje
tory does not approa
h a limit 
y-
le or other 
ompli
ated attra
tor; this will be justi�edlater. In the 
omplementary range A 2 (1; 2) [ (3; 4)the traje
tories approa
h one of the stable �xed pointsin (12). For example, if 1 < A < 2, the �nal stateis (2 � A + 3P �5 ; A � 1 � 4P �5 ; 0; 0; P �5 ) for some P �5 2�0; A�14 �. To determine whi
h �xed point is a
tuallyrea
hed depends not only on the initial average opinionA =P iPi(0) but also on other details of the initial 
on-dition and requires a 
omplete solution. Qualitatively, foran initial state that is 
entral in 
hara
ter (2 < A < 4),the �nal o

upation fra
tions are 
on
entrated in a sin-gle 
entral 
luster 
onsisting of two adja
ent sites. Con-versely, for an initial state that is biased toward one ex-treme, the �nal state 
onsists of two extremal 
lusters.The above elementary examples demonstrate a simpleprin
iple. The rate equations have multiple stable �xedpoints. Ea
h stable �xed point is a basin of attra
tion forsome region in the spa
e of initial 
onditions. The dy-nami
s determine whi
h stable �xed point is eventuallyapproa
hed. In the 
ontinuous version, a similar situ-ation o

urs where there are enormously many steadystates of the form (5). Moreover, we see how dependingon the initial 
onditions, the system 
an rea
h a single
entral 
luster or two o�-
enter 
lusters.In the remainder of this subse
tion we 
onsider sym-metri
 situations, Pi = PN+1�i. For an N -state system,we 
an 
hoose 1; 2; : : : ; dN=2e independent states, wheredN=2e is the smallest integer that is larger than or equalto N=2. Conservation of population diminishes the num-ber of independent variables by one, while the se
ond
onservation law is redundant as A = (N + 1)=2 always.3. Expli
itly solvable 
aseFor N = 6, the rate equations (10) are exa
tly solvableand the solution neatly illustrates the features des
ribedin the previous subse
tion. Using symmetry and normal-ization, we 
an treat the system in the two-dimensionaltriangular domain de�ned by (Fig. 6)T = f(P1; P2)jP1 � 0; P2 � 0; P1 + P2 � 1g: (14)There are two kinds of �xed points: An isolated �xedpoint (0; 0) and a line of �xed points (P �1 ; P �2 ) with P �1 +

1
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1PFIG. 6: S
hemati
 (P1; P2) phase plane for the symmetri
 6-opinion system. Shown are the isolated �xed point (dot), theline of �xed points (heavy line { dashed for unstable and solidfor stable), and the separatrix (dotted) that demar
ates thebasins of attra
tions of these two sets.P �2 = 1. Linearizing near the isolated �xed point we �ndthat P = (P1; P2)T satis�esdPdt =MP; with M = ��1 02 �1� ; (15)from whi
h the origin is a degenerate stable node. Lin-earizing near a �xed point (P �1 ; P �2 ) we �nd that it isstable i� P �1 > P �2 and unstable i� P �1 < P �2 . Thus theisolated �xed point has a �nite-area basin of attra
tion,while every point (P �1 ; P �2 ) with P �1 > P �2 has a basin ofattra
tion that is a one-dimensional manifold (Fig. 6).In prin
iple, a two-dimensional system 
ould have 
losedorbits. However, every 
losed orbit in a two-dimensionalsystem must en
lose �xed points [27℄. Here, all �xedpoints lie on the boundary of the phase plane T , so 
losedorbits that en
ir
le a �xed point are impossible, therebyruling out 
y
les.The solution to Eqs. (10) for N = 6 with symmetri
initial 
onditions is given in the Appendix. This solutiongives the following behavior in the phase spa
e T (seeFig. 5). There is a separatrix (A6) that joins (P1; P2) =(1=2; 1=2) with �pe=4; 0�. The part of the phase plane tothe left of the separatrix is the basin of attra
tion of theisolated �xed point, while the 
omplementary region isthe basin of attra
tion of the line of �xed points (P �1 ; P �2 )with P �1 > 12 > P �2 . These �xed points are approa
hedexponentially in time. Finally, the separatrix itself is thebasin of attra
tion of the �xed point (1=2; 1=2). In thisborderline 
ase the relaxation is algebrai
 rather thanexponential:P1 � 12 ! t�1; P2 � 12 ! �t�1; P3 ! 2 t�2: (16)Both 
onsensus and polarization are possible out
omes {whi
h a
tually o

urs depends on the initial 
ondition.



74. Large NFor N � 7, the systems are dN=2e � 1 � 3 dimen-sional, and already the traje
tories of 3-dimensional sys-tems may exhibit a vast range of behaviors in
luding
haos [27, 28℄. In the present 
ase, however, we �ndthat there are simply more and more �xed points, andthey appear as isolated �xed points, lines, surfa
es, andhigher-dimensional sub-manifolds.For N = 7, the system is three-dimensional, and thephase spa
e is the simplexS = f(P1; P2; P3)jPj � 0; P1 + P2 + P3 � 1g: (17)For simpli
ity, we denote states by (P1; P2; P3; P4). Thesystem admits the following �xed points:1. A line of �xed points (P �1 ; P �2 ; 0; 0) 
orrespondingto a polarized so
iety.2. A line of �xed points (P �1 ; 0; 0; P �4 ) 
orrespondingto a so
iety with both 
entrists and extremists.The se
ond 
ase in
ludes the 
entral 
onsensus state(0; 0; 0; 1) as a spe
ial 
ase.Linearizing around the �xed point (P �1 ; P �2 ; 0; 0) we�nd that P = (P3; P4)T satis�esdPdt =MP; M = ��P �1 2P �20 �2P �2 � ; (18)implying that (P �1 ; P �2 ; 0; 0) is a stable node (we ta
-itly assume that P �1 ; P �2 > 0; when P �1 = 2P �2 thisnode is degenerate). Linearizing around the �xed point(P �1 ; 0; 0; P �4 ) we �nd that P = (P2; P3)T satis�esdPdt =MP; M = ��P �4 2P �12P �4 �P �1 � ; (19)implying that (P �1 ; 0; 0; P �4 ) is a saddle point. Thereforethe �xed points (P �1 ; 0; 0; P �4 ) are unstable (again it is as-sumed that P �1 ; P �4 > 0). The two extreme �xed points(1=2; 0; 0; 0) and (0; 0; 0; 1) are neutrally stable in the lin-ear approximation. Therefore one must go beyond thelinear approximation to probe the stability of 
onsensus.Numeri
ally, one typi
ally �nds that the system rea
hes
onsensus (e.g., starting from the uniform initial 
ondi-tion). Therefore, 
onsensus appears to be stable.For larger N , we determined the �nal state numeri-
ally. To 
ompare with the 
ontinuum 
ase, we start withthe uniform initial 
ondition. Generally, the �nal state
onsists of non-intera
ting 
lusters. Ea
h 
luster 
onsistsof a pair of o

upied sites and 
lusters are separated byat least two empty sites. We assign ea
h 
luster a massm equal to the 
ombined o

upation of the two sites, anda position x determined from a weighted average.As a fun
tion of N , the number of 
lusters grows viaa series of transitions, rather than bifur
ations (Fig. 7).The main di�eren
e with the 
ontinuum 
ase is that whileminor 
lusters o

asionally appear, they do not persist
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FIG. 7: The lo
ation of the �nal 
lusters in the dis
rete modelas a fun
tion of N , with N odd.in the form of minor bran
hes. Otherwise, there aremany similarities. Transitions involving major and 
en-tral 
lusters are observed; in parti
ular, there are type-2 (f0g ! f�x; xg) and type-3 (; ! f0g) transitions.These transitions are arranged in a periodi
 stru
ture2; 3; 2; 3, and the transition diagram is approximatelyinvariant under the transformation N ! N + N0 withN0 �= 12. Bran
hes of major 
lusters 
arry almost equalmasses, and remarkably, despite the dis
reteness, thesebran
hes grow linearly with N .B. General Features1. Volume Contra
tionThe system of rate equations is dissipative, that is, vol-umes in phase spa
e 
ontra
t under the 
ow. Generallyfor a system of di�erential equations _Pj = Fj , a volumeV (t) 
hanges a

ording todVdt = ZS F � n dS = ZV r �F dV (20)where n is the outward normal on the bounding surfa
eS(t) that en
loses V (t) and r � F = Pj �Fj�Pj . For thein�nite dis
rete system �Fj�Pj = �Pj�2 � Pj+2 and thusthe 
ontra
tion rate is twi
e the (
onserved) total pop-ulation: �Pj �Fj�Pj = 2Pk Pk. Hen
e volumes in phasespa
e shrink exponentially in time. If we set the totalpopulation equal to 1, we get V (t) = V (0) e�2t.For �nite systems, the 
ontra
tion rate is generally nota 
onstant but nevertheless volume still shrinks exponen-tially in time a

ording to the boundsV (0) e�2t � V (t) � V (0) e�t: (21)



8For example, for N = 4 the 
ontra
tion rate is Pk Pk =1; therefore, V (t) = V (0) e�t. ForN = 5, the 
ontra
tionrate is 1+P3; forN = 6, the 
ontra
tion rate is 1+P3+P4,et
. This is 
onsistent with the system evolving toward�xed points. Nevertheless, 
y
les and strange attra
torsare possible in volume 
ontra
ting systems, with the 
el-ebrated Lorenz system being a prime example [28℄.2. Lyapunov fun
tionsWe now demonstrate that our system has only �xedpoints (many of whi
h are a
tually �xed submanifoldsin phase spa
e) by 
onstru
ting a Lyapunov fun
tionL � L[P(t)℄, viz. a smooth fun
tion that de
reases alongtraje
tories. The existen
e of a Lyapunov fun
tion rulesout 
y
les. Indeed, suppose that there is a periodi
 so-lution with period T , then the integral R T0 dt dLdt over theperiod would be negative be
ause the Lyapunov fun
tionis de
reasing. On the other hand, the integral must beequal to zero sin
e the traje
tory returns to the startingpoint. This 
ontradi
tion means that no periodi
 solu-tions 
an exist.Consider, e.g., symmetri
 situations. For N = 7,L = P4 + 2P3 + 4P2 + 8P1 (22)is a Lyapunov fun
tion; indeed, it satis�esdLdt = �2P1P3 � 2P2P4; (23)so the derivative is stri
tly negative inside the simplex S(it vanishes only on the two lines of �xed points on theboundary of S).Generally, we 
an 
onstru
t Lyapunov fun
tions for allN . For instan
e, when N is odd we write N = 2M � 1and verify that L = MXj=1 2M�jPj ; (24)is a Lyapunov fun
tion as it satis�esdLdt = �2PM�2PM �M�3Xj=1 2M�2�jPjPj+2: (25)3. Negative Di�usion InstabilityIn the absen
e of boundaries, any uniform state is atrivial solution of the nonlinear set of the ordinary di�er-ential equations (10). To 
he
k the stability of the uni-form state, Pi = 
onst:, we treat i � x as a 
ontinuumvariable. Writing P (x; t) = 1 + �(x; t) with �(x; t) � 1,this perturbation evolves a

ording to�t + ��+ 76�xx + 12�2�xx = 0; (26)

where the subs
ripts denote partial di�erentiations. Tolowest order, this is the di�usion equation with a nega-tive di�usion 
oeÆ
ient. Hen
e, the uniform state is un-stable to the perturbation �(x; t) = exp(ikx + �t) whenk <p6=7. Therefore, minute details of the initial 
ondi-tions are magni�ed, ultimately resulting in isolated 
lus-ters. However, the nonlinear terms in Eq. (26) eventually
ounter the instability.IV. DISCUSSIONThe interplay between 
ompromise and 
onvi
tionleads to intriguing opinion dynami
s. The system ul-timately rea
hes a stati
 state that 
onsists of a �nitenumber of nonintera
ting opinion 
lusters, and the num-ber of these 
lusters in
reases via an in�nite sequen
e ofself-similar bifur
ations as the opinion range in
reases.In the bulk of the system, 
lusters are organized in a pe-riodi
 latti
e of alternating minor and major 
lusters. A
entral 
luster may or may not exist, and its size exhibitsa 
omplex periodi
 behavior.As a model of mathemati
al so
iology, the 
ompromisemodel is appealing in its simpli
ity, yet its behavior is fa-miliar in everyday experien
e. A politi
al system mayor may not 
ontain a 
entrist party. Alternatively, itmay 
onsist of two (or more) o�-
enter parties. Further-more, the existen
e of marginal parties halfway betweentwo major ones is also reasonable. Arti�
ial features ofthe model, su
h as the identi
al separation between par-ties, 
an be easily 
ir
umvented by introdu
ing hetero-geneities. For example, sin
e di�erent agents may havedi�erent levels of 
onvi
tion, it may be natural to haveintera
tion thresholds that are spe
i�
 to ea
h individual.As a dynami
al system, the 
ompromise model exhibitsthe simplest types of attra
tors, namely, �xed points thatare either sinks or saddles. In the dis
rete 
ase, we 
on-stru
ted Lyapunov fun
tions and also established thatlimit 
y
les and strange attra
tors are impossible. This
on
lusion extends to the 
ontinuum 
ase. The se
ondmoment de
reases monotoni
ally with time and hen
e,it is a Lyapunov fun
tional. Generally, ea
h stable �xedpoint is the basin of attra
tion of some region in the spa
eof initial 
onditions. In other words, the rate equationsmap an initial state into a �nal state. Given the largenumber of these states, it is not obvious how to 
hara
-terize su
h a map. One pra
ti
al approa
h is to obtainstatisti
al properties of the �nal state by averaging overall possible initial 
onditions. In the dis
rete 
ase, we�nd that starting from a random initial state (fPi(0)grandomly 
hosen in the N -dimensional hyper
ube) thedistribution of 
luster masses and the distribution of theseparations between 
lusters in the �nal state are inde-pendent of the system size, for large enough systems.There are important questions 
on
erning robustnessof the bifur
ation diagram with respe
t to variations inthe dynami
al rules or in the initial 
onditions. We ex-amined only the former. When the opinion di�eren
e



9between two agents is merely redu
ed by a �xed fa
tor,i.e., they rea
h partial 
ompromise, an almost identi
albifur
ation diagram is found. The e�e
ts of asymmetryin the initial 
onditions, and the dependen
e of the lo-
ation of bifur
ation points on the shape of the initialdistribution deserve a 
areful study.There are numerous possible generalizations of the
ompromise model. One is to in
rease the dimensionof the opinion spa
e. Do the �nal opinions form a lat-ti
e? and if yes of what type? Yet another open questionis the role of spatial dimension. In the present work,we implemented the mean-�eld limit where any agentsequally well intera
t with any other agent. However, ifagents are lo
ated at latti
e sites with intera
tions onlybetween nearest neighbors, spatial 
orrelations are ex-pe
ted to emerge [29, 30℄. We anti
ipate that for thedis
rete system in whi
h N � N
(d), with N
(d) depend-ing on the spatial dimension d, the system will freeze intoa large number of non-intera
ting opinion domains. The
ase of 
ontinuum opinions is unexplored, but we expe
tboth slow dynami
s and 
oarsening of opinion patternsas the �nal state is approa
hed.A
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h was supported by DOE (W-7405-ENG-36) and NSF(DMR9978902).APPENDIX A: SOLUTION TO THE RATEEQUATIONS FOR N = 6The symmetri
 N = 6 system simpli�es after repla
e-ment of the time variable t by� = Z t0 dt0 P3(t0); (A1)as the rate equations redu
e to the linear systemP 01 = �P1; P 02 = 2P1 � P2; P 03 = P2 � P1;where 0 � d=d� . Solving these equations we obtainP1(�) = P1(0) e�� ;P2(�) = [2P1(0) � + P2(0)℄ e�� ; (A2)P3(�) = 1� [2P1(0) � + P1(0) + P2(0)℄ e�� :

Depending on the initial 
onditions, P3(�) either re-mains positive or it rea
hes zero. In the former 
ase,P3(�) ! 1 as � ! 1 and asymptoti
ally the isolated�xed point is rea
hed. To determine the approa
h to the�xed point in terms of original time variable we writet = Z �0 d� 0P3(� 0) ; (A3)with P3 given by (A2). Asymptoti
ally we �nd� = t� 
+O(t e�t);
 = Z 10 d� [2P1(0) � + P1(0) + P2(0)℄ e��1� [2P1(0) � + P1(0) + P2(0)℄ e�� :Substituting this into (A2) we arrive atP1(t) = �1 e�t +O(t e�2t);P2(t) = [2�1 t+�2℄ e�t +O(t2 e�2t);with �1 = P1(0) e
, and �2 = [P2(0)� 2
P1(0)℄ e
.In the 
omplementary situation, P3(��) = 0 at some�� and then it be
omes negative. In the limit � ! ��the physi
al time diverges; see Eq. (A3). Therefore therange � � �� is physi
ally forbidden so that the systemrea
hes a �xed point (P �1 ; P �2 ), withP �1 = P1(0) e��� ;P �2 = [2P1(0) �� + P2(0)℄ e���:The approa
h to this �xed point is exponential in time.The borderline between these two regimes o

urs whenP3(�) > 0 for all � 6= ��, i.e., the 
urve P3(�) tou
hes the� axis horizontally. Thus we require both1 = [2P1(0) �� + P1(0) + P2(0)℄ e��� (A4)and 2P1(0) = 2P1(0) �� + P1(0) + P2(0): (A5)The se
ond relation gives �� = [P1(0) � P2(0)℄=[2P1(0)℄.Substituting this into (A4) yields the separatrixP1(0)� P2(0)2P1(0) = ln 2P1(0): (A6)
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