
Clogging Time of a FilterS. Redner and Somalee Datta�Center for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston, MA, 02215We study the time until a �lter be
omes 
logged due to the trapping of suspended parti
les asthey pass through a porous medium. This trapping progressively impedes and eventually stops the
ow of the 
arrier 
uid. We develop a simple des
ription for the pore geometry and the motion ofthe suspended parti
les whi
h, together with extreme-value statisti
s, predi
ts that the distributionof times until a �lter 
logs has a power-law long-time tail, with an in�nite mean 
logging time. Theseresults and its 
onsequen
es are in a

ord with simulations on a square latti
e porous network.PACS Numbers: 47.55.Kf, 83.70.Hq, 64.60.Ht 05.40.+jIn this letter, we investigate the time required for a�lter to 
log. In a typi
al �ltration pro
ess, a dirty 
uidis \
leaned" by passing it through a porous medium toremove the suspended parti
les. The medium enhan
es�ltering eÆ
ien
y by in
reasing both the available �ltersurfa
e area for trapping suspended parti
les, as well asthe exposure time of the suspension to the a
tive surfa
es.Su
h a me
hanism is the basis of water puri�
ation, air�ltration, and many other separation pro
esses [1,2℄. Assuspended parti
les be
ome trapped, the 
uid permeabil-ity of the medium gradually de
reases, and eventually the�lter be
omes 
logged. Determining the time dependen
eof this 
logging is basi
 to predi
ting when a �lter is nolonger useful, either be
ause of redu
ed throughput orredu
ed �ltration eÆ
ien
y, and should be dis
arded.We develop a minimalist model whi
h provides an in-tuitive understanding for the 
logging of a �lter. Ouranalyti
al results are based on representing the 
loggingof a porous medium by the 
logging of a single parallelarray of pores whi
h are blo
ked in de
reasing size order(Fig. 1). This geometri
al redu
tion is based on previous�ltration studies whi
h showed that, when parti
les andpores are of 
omparable size, 
logging preferentially o
-
urs in the upstream end of the network [3,4℄. A singleparallel array of pores represents the ultimate limit ofthis gradient-
ontrolled pro
ess.The approximation of size-ordered blo
king is based onthe 
ommonly-used pi
ture that a parti
le has a proba-bility proportional to the relative 
ux to enter a givenunblo
ked pore from among the outgoing pores at a jun
-tion [2,3,5℄. For Poiseuille 
ow, this 
ux is proportionalto r4, where r is the pore radius. Size-ordered blo
kingarises if the exponent 4 in this 
ow-indu
ed pore entran
eprobability is repla
ed by1. For a broad distribution ofpore radii, this is not a drasti
 approximation. This or-dering also provides a dire
t 
orresponden
e between theradius of the 
urrently-blo
ked pore and the time untilit is blo
ked. We then use extreme value statisti
s [6℄to 
ompute the radius distribution of the last few un-blo
ked pores, together with the 
onne
tion between theradius of the 
urrently blo
ked pore and the network per-meability, to determine the distribution of �lter 
loggingtimes. The predi
tions of this simple modelling are in

good agreement with Monte Carlo simulations of 
log-ging on a square latti
e porous network.
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FIG. 1. Illustration of the 
logging evolution in a parallelarray of w bonds of distributed radii. Bonds are blo
ked inde
reasing size order. The overall 
ow de
reases more slowlyin the latter stages (verti
al arrow). The total 
ow is in-versely related to the time until ea
h blo
kage event, tk, withk = w; w � 1; : : : ;.In our simulations of 
logging, we 
onsider a latti
eporous medium whose bonds represent pores. We assumePoiseuille 
ow, in whi
h the 
uid 
ux through a bond ofradius ri is proportional to �r4i rp, where rp is the lo-
al pressure gradient when a �xed overall pressure dropis imposed. Dynami
ally neutral suspended parti
les tra-verse the medium in a

ordan
e with the lo
al 
ow andthe 
ow-indu
ed entran
e probability at ea
h jun
tion. A
ru
ial feature is that parti
les are inje
ted at a �nite ratewhi
h is proportional to the overall 
uid 
ux, 
orrespond-ing to a �xed non-zero density of suspended parti
les inthe 
uid [5℄. This is in distin
tion to many previous stud-ies of �ltration, where parti
les were inje
ted singly andtra
ked until trapping o

urred [2{4℄; this 
orrespondsto an arbitrarily dilute suspension. While useful for un-derstanding the per
olation pro
ess indu
ed by 
logging[3{5,7℄, the time evolution of �ltration ne
essitates the
onsideration of a �nite-density suspension.1



For the trapping me
hanism we adopt size ex
lusion,in whi
h a parti
le of radius rparti
le is trapped withinthe �rst bond en
ountered with rbond < rparti
le [5℄. Weassume that a trapped parti
le blo
ks a pore 
ompletelyand permanently. The di�eren
e between partial andtotal blo
kage in a single trapping event appears to beimmaterial for long-time properties [4℄. The overall trap-ping rate is then 
ontrolled by the relative sizes of parti-
les and bonds. For simpli
ity and be
ause it o

urs inmany types of porous media [8℄, we 
onsider the Hertzdistribution of pore and parti
le radii, respe
tively,b(r) = 2�re��r2 ; and p(r) = 2re�r2 ; (1)with the ratio between the average bond and parti
leradii s = 1=p� a basi
 parameter whi
h determines thenature of the 
logging pro
ess.First 
onsider the 
ase where pores are larger than par-ti
les (s >� 1). Many parti
les must be inje
ted beforea suÆ
iently large parti
le arises whi
h 
an blo
k thelargest pore. Sin
e the permeability of the system re-mains nearly 
onstant when only a few pores are blo
ked,the time between su

essive parti
le inje
tion events dur-ing this initial stage is nearly 
onstant. On
e the largestpores are blo
ked, it takes many fewer parti
les to blo
kthe remaining smaller pores and 
logging pro
eeds morequi
kly. Thus the 
logging time is dominated by the ini-tial blo
kage events.To estimate the 
logging time in this large-pore limit,let us �nd the number of inje
tion events before en
oun-tering a parti
le large enough to blo
k the largest bond.The radius of this bond is given by the 
riterion [6℄Z 1rmax 2�re��r2 dr = 1w; (2)that one bond out of w has has radius rmax or larger.This gives r(b)max = splnw. Similarly, the largest parti-
le out of N has radius r(p)max = plnN . Thus N1 � ws2parti
les typi
ally need to be inje
ted before one o

urswhi
h is large enough to blo
k the largest bond. Continu-ing this pi
ture sequentially, the radius of the kth-largestbond is given by Eq. (2), but with 1=w repla
ed by k=w;this gives rk = spln(w=k). Therefore Nk � (w=k)s2parti
les need to be inje
ted before the kth-largest bondis blo
ked. Sin
e Nk de
reases rapidly with k, the ini-tial blo
kage events 
ontrol the 
logging time T , whoselower bound is given by T � N1=w > ws2�1. The fa
torof 1=w arises be
ause the parti
le inje
tion rate is pro-portional to w for a �xed-density suspension and a �xedpressure drop. However, there is 
onsiderable parti
lepenetration in the large-pore limit, so that the equiva-len
e to the 
logging of a parallel bond array is not reallyappropriate and the bound on T is quite 
rude.The latter 
ase where pores are smaller than parti
les(s <� 1) is simpler, as ea
h parti
le inje
tion event typi-
ally leads to the 
logging of the �rst pore entered. Nowthe initial pores are blo
ked qui
kly, while later pores

are blo
ked more slowly be
ause the overall 
ow rate de-
reases signi�
antly near the end of the 
logging pro
ess.We argue that 
logging is dominated by the time of theselater blo
kage events. First, let us determine how the
ow rate varies as the last few bonds get blo
ked. Sin
eonly the smallest bonds remain open near 
logging, thepermeability is determined by these smallest radii. Weestimate the radius of the kth smallest bond fromZ rk0 2�r e��r2 dr = kw ; (3)whi
h gives rk = spk=w. The permeability of a parallelbundle of these k smallest pores is then�(k) = kXj=1 r4j � s4 kXj=1(j=w)2 � s4k3=w2; (4)while the initial system permeability (obtained by settingk = w above) is simply �(w) = s4w.Sin
e the overall 
uid 
ow is proportional to the per-meability for a �xed pressure drop, the time in
rement tkbetween blo
king the (k � 1)st-smallest and kth-smallestpore s
ales as tk = �(w)w�(k) � w2k3 : (5)Here the fa
tor w in the denominator again a

ounts fora parti
le inje
tion rate proportional to w. The 
loggingtime T is now dominated by the time to blo
k the small-est bond, so that T > t1 / w2.Thus the relative pore and parti
le radii drives a tran-sition in the 
logging pro
ess. For s2 > 3, 
logging isdominated by the initial blo
kage events and T > ws2�1,while for s2 < 3, the last events dominate, leading toT > w2. For the small-pore limit, we may 
arry theanalysis further and obtain the distribution of 
loggingtimes. This distribution gives a divergent mean 
loggingtime; nevertheless, suitably de�ned moments of the 
log-ging time distribution s
ale as w2.We �nd the 
logging time distribution in terms of theradius distribution of the smallest bond, sin
e this bondultimately 
ontrols 
logging in a single parallel bond ar-ray. For the Hertz distribution, the probability that agiven bond has a radius greater than or equal to r, B>(r),is B>(r) = Z 1r 2�re��r2 dr = e��r2 : (6)Then the radius distribution of the smallest bond fromamong w, Sw(r), is given by [6℄Sw(r) = w b(r)B>(r)w�1 = 2�wr e��wr2 : (7)The �rst equality expresses the fa
t that one of the wbonds has (smallest) radius r, with probability b(r), andthe other w � 1 must have radii larger than r.2



From the basi
 
onne
tions between permeability, poreradius, and time s
ale (Eqs. (4) and (5)), and the fa
tthat the 
logging time is dominated by t1, we dedu
eT � t1 � �(w)w�(1) = s4r41 ; (8)while the 
logging time distribution, Pw(T ), is dire
tlyrelated to the smallest bond radius distribution throughPw(T ) dT = Sw(r) dr. Using Eqs. (7) and (8), we obtainthe basi
 result (independent of system length)Pw(T ) � wT 3=2 e�w=T 1=2 : (9)The power law should apply in the time range w2 < t <w2N2. The former 
orresponds to the size of the typi
alsmallest pore in a single realization, s=pw, while the lat-ter 
orresponds to the smallest pore from among N real-izations of the system, s=pNw. The essentially singularshort-time 
uto� arises from those realizations where thesmallest bond happens to be anomalously large. Other
oin
ident parti
le and bond radius distributions lead toqualitatively similar forms for Pw(T ), but with a di�er-ent exponent value. For example, if Sw(r) � r� as r ! 0,then the long-time exponent in Pw(T ) is �(�+ 5)=4.We test our predi
tions by Monte Carlo simulationsof the motion and trapping of suspended parti
les in alatti
e porous medium. Ea
h bond (with unit length)
orresponds to a pore and the sites represent pore jun
-tions. The algorithm is event-driven to bypass the phys-i
al slowing down of the 
ow as 
logging is approa
hed.At an intermediate stage, there are a �nite number ofparti
les in the network, 
onsistent with a unit pressuregradient and a 
onstant-density suspension. Parti
les arede�ned to be always at latti
e sites and ea
h (in
ludingnewly inje
ted parti
les) evolves by either: (a) movingto the next \downstream" site, (b) blo
king the down-stream bond it has entered, or (
) remaining stationary.The probability of ea
h of these possibilities is de�nedso that the pro
ess 
orresponds to parti
les moving, onaverage, at the lo
al velo
ity.To a
hieve this, ea
h parti
le at a jun
tion sele
ts anoutgoing bond i, with entran
e probability equal to thefra
tional 
ux into this bond. In an update, a parti
le at-tempts to move to the next jun
tion, via the pre-sele
tedbond, with probability proportional to vi=vmax, where viis the lo
al bond velo
ity and vmax is the instantaneouslargest parti
le velo
ity in the system. If the attempto

urs, the parti
le either moves to the next downstreamsite, or, if the parti
le is too large, blo
ks the bond. Aftera single update of all parti
les, the time is in
rementedby �t = 1=vmax to ensure that, on average, a parti
lemoving along bond i has speed vi.After all parti
les undergo their move attempts, N /��t new parti
les are inje
ted at the upstream end ofthe network, where � is the overall 
uid 
ux. This en-sures the 
orre
t absolute velo
ity for ea
h parti
le. Sin
ethe time in
rement systemati
ally in
reases as bonds get

blo
ked, the parti
le inje
tion rate progressively slows.Our approa
h is distin
t from earlier multiparti
le simu-lations of �ltration, where the inje
tion rate was de
ou-pled from the overall 
ow [5℄.
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(b)FIG. 2. (a) Distribution of 
logging times on the bubblemodel (
ontinuous 
urve) and on a square latti
e (data points)for system width 20 and length 10. Time units 
orrespond toan initial inje
tion rate of 0.05 parti
les per unit width perunit time. The straight line has slope �3=2. (b) The s
aled
logging time distribution for square latti
es of length 10 andwidths 20, 40, 60, 100, and 200 (right to left). The data havebeen smoothed over a 12-point range. The heavy dashed lineis the predi
tion of Eq. (9).In Fig. 2(a), we plot the 
logging time distributionfrom simulations on the square latti
e and the bubblemodel of the same spatial extent. The latter is a series ofparallel bond arrays with perfe
t mixing at ea
h jun
tion;this idealized system a

ounts for geometri
al aspe
ts of
logging [4℄. The agreement between the two distribu-tions is remarkably good, suggesting that the s
hemati
evolution proposed in Fig. 1 is quantitatively 
orre
t.The tails of the two distributions in Fig. 9(a) are well-�tby a power law with exponent �3=2. As a further testof Eq. (9), we plot, in s
aled units, data for the 
log-ging time distribution for systems of various widths w(Fig. 2(b)) and 
ompare to the fun
tional form in Eq. (9).3



An important 
onsequen
e of the power-law tail in the
logging time distribution is a transition in the 
orre-sponding moments. These arehtki = Z 10 t Pw(t) dt � Z N2w2w2 w tk�3=2 dt; (10)where the approximation repla
es the short-time 
uto�at t � w2 in Eq. (9) by the lower limit in the integral.ConsequentlyMk(w) � htki1=k � 8<:w2N2�1=k k > 1=2;w2(lnN)2 k = 1=2;w2 k < 1=2. (11)Thus the mean 
logging time diverges when the numberof realizations is in�nite, leading to large sample to sam-ple 
u
tuations in the 
logging time, while the momentsMk with k < 1=2 should be well behaved. The transi-tions in the moments is illustrated in Fig. (3), where Mkbehaves errati
ally for k = 1 and 1/2, but then appearsto grow as w2 for k � 1=3.
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FIG. 3. Width dependen
e of the moments htki1=k fork = 1; 1=2; 1=3; 1=4, and 1/6 (top to bottom). The dashedline 
orresponds to a w2 dependen
e.The behavior of Mk raises the question of when is a�lter no longer useful. Waiting until 
omplete 
logging isimpra
ti
al be
ause of large 
u
tuations in the 
loggingtime and eventual poor �lter performan
e. It would bemore useful to operate a �lter only until the permeabilityde
ays to a (small) fra
tion of its initial value, su
h thatreasonable 
ow and trapping eÆ
ien
y are maintained,while minimizing 
u
tuations in this threshold time. Weprovide some preliminary results about these questions.Simulations indi
ate that the time to rea
h permeabil-ity fra
tion f , t(f), is proportional to w2=3f�1=2 for10�10 <� f <� 10�3, with the distribution of these fra
-tional times progressively broadening for de
reasing f(Fig. 4). Thus waiting until the permeability de
ays toa �xed fra
tion 
an provide at least a reliable 
riterionfor when a �lter should be dis
arded. A 
onsequen
eof t(f) / w2=3f�1=2 is that the permeability de
ays as

1=t2 over a wide range. Be
ause of this rapid de
rease,a pra
ti
al �lter should also have pores typi
ally largerthan parti
les to have a reasonable lifetime. These issuesand understanding the eÆ
ien
y of a �lter throughout itsuseful life are 
urrently under investigation.
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FIG. 4. Probability that a �lter with w = 200 rea
hespermeability fra
tion f at time tf , for f = 4�n, withn = 2; 4; 6; 8; 12; 16, together with the time distribution until
omplete 
logging (left to right).We thank P. L. Krapivsky for many helpful dis
ussionsand a 
riti
al manus
ript reading, as well as grants NSFDMR9978902 and ARO DAAD19-99-1-0173 for �nan
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