
S
aling Theory for Migration-Driven Aggregate GrowthF. LeyvrazCentro de Cien
ias F��si
as, Av. Universidad s/n, Col. Chamilpa, Cuernava
a, Morelos, MEXICOS. RednerCenter for BioDynami
s, Center for Polymer Studies, and Department of Physi
s, Boston University, Boston MA 02215(De
ember 28, 2001)We give a 
omprehensive des
ription for the irreversible growth of aggregates by migration fromsmall to large aggregates. For a homogeneous rate K(i; j) at whi
h monomers migrate from aggre-gates of size i to those of size j, that is, K(ai; aj) � a�K(i; j), the mean aggregate size grows withtime as t1=(2��) for � < 2. The aggregate size distribution exhibits distin
t regimes of behaviorthat are 
ontrolled by the s
aling properties of the migration rate from the smallest to the largestaggregates. Our theory applies to diverse phenomena su
h as the distribution of 
ity populations,late stage 
oarsening of non-symmetri
 binary systems, and models for wealth ex
hange.Mu
h attention has been devoted to understanding theirreversible growth of aggregates through binary 
oales-
en
e. This general me
hanism arises in diverse bran
hesof physi
s, su
h as gelation [1℄, island formation in epi-taxial surfa
e growth [2℄, and stellar evolution [3℄. Bya long-term resear
h e�ort, 
onsiderable understandingof this irreversible aggregation pro
ess has been a
hieved[4,5℄. In this Letter, we fo
us on a di�erent growth me
h-anism that appears to provide a natural des
ription forthe evolution of 
ity populations. This is preferentialevaporation from smaller aggregates and preferential 
on-densation onto larger aggregatesThere are many examples where this evapora-tion/
ondensation me
hanism o

urs in physi
s and inthe so
ial s
ien
es. The 
lassi
 physi
s example is thelate-stage 
oarsening of a binary mixture in an o�-
riti
alquen
h below but near the 
oexisten
e 
urve [6,7℄. Herethe system separates into droplets of the minority phasethat are embedded in a matrix of the majority phase.Subsequent growth pro
eeds through preferential evap-oration from smaller droplets, due to the e�e
t of sur-fa
e tension, and subsequent 
ondensation onto the largerdroplets [6℄.In the so
ial s
ien
es, it has been argued [8℄ that thegrowth of 
ities may be due to migration from small tolarge 
ities, as opposed to a view that emphasizes dif-ferential population growth [9℄. In a spirit 
loser to ourwork, the wealth distribution of individuals was des
ribedby a kineti
 asset ex
hange model with preferential trans-fer from poor to ri
h individuals in ea
h transa
tion [10℄.For generi
 situations, the solution to the rate equationshowed that this me
hanism gives very di�erent kineti
behavior from 
onventional aggregation.Motivated by these fragmentary results, we investigatea general 
lass of migration-driven growth phenomenaand show that, at large times and for large aggregatesizes, a 
omprehensive s
aling theory 
an be developedwith a minimum of assumptions. This theory gives both

the growth rate of the typi
al aggregate size, as well asthe asymptoti
s of the aggregate size distribution. Basi
features of our theory agree with data on the popula-tion dynami
s of U.S. 
ities. An important feature ofour theory is that one may infer the general form of themigration rates from observations of the aggregate sizedistribution. For phenomena su
h as the 
ity popula-tion distribution or the wealth distribution, we may thushope to predi
t basi
 aspe
ts of the dynami
s in systemsfor whi
h we have little a priori knowledge of underlyingmi
ros
opi
 driving me
hanisms.The model that we study is de�ned as follows. Letaggregates Aj be 
hara
terized only by their mass j, orequivalently, by the number of individuals that 
omprisethem. These aggregates evolve a

ording to the followingirreversible rea
tionAk +Al K(k;l)�! Ak�1 +Al+1 k � l: (1)That is, a monomer (or equivalently, one person) leavesa smaller aggregate of size k and joins a larger one of sizel with rate K(k; l). This generalizes the asset ex
hangemodel of Ref. [10℄, where a restri
ted 
lass of rea
tionrates K(k; l) were 
onsidered. More generally, migra-tion 
ould also go from a larger to a smaller aggregate.The symmetri
 limit, where the migration dire
tion doesnot depend on the relative sizes of the two aggregates,leads to a di�usive-like kineti
 universality 
lass. We de-fer the investigation of this general system to a futurework. Instead, we fo
us on the situation where there ispreferential migration from small to large aggregates. Infa
t, any migration bias leads to s
aling behavior for theaggregate size distribution identi
al to that of 
ompletebias, as embodied by Eq. (1).We now make the assumption of spatial homogeneity,so that the system is fully 
hara
terized by the 
on
en-trations 
j(t) of aggregates Aj of size j at time t. We alsoassume that the law of mass-a
tion applies so that the1



time dependen
e of the aggregate 
on
entrations may bedes
ribed by the following rate equations:_
j(t) = 12 1Xk;l=1K(k; l)
k(t)
l(t) [Æk;j+1 + Æl;j�1 � Æk;j � Æl;j ℄ :(2)The various delta-fun
tion terms enfor
e the 
onstraintthat the size of ea
h aggregate 
hanges by �1 in a sin-gle rea
tion. The initial 
ondition may be taken to be
j(0) = Æj;1, but any initial 
ondition may equally wellbe 
onsidered, provided it is rapidly de
aying in j.From these equations, we 
an immediately draw sev-eral important 
on
lusions. First, there are no equilib-rium solutions. Rather, the size of aggregates grows 
on-tinuously and ea
h 
j(t) eventually goes to zero as t!1.Se
ond, the total mass 
ontained in the aggregates is (for-mally, at least) 
onserved. That is,ddt 1Xj=1 j
j(t) = 0; (3)if the ne
essary inter
hanges between the in�nite sumsin this equation 
an be justi�ed. Here we shall 
on�neourselves to this mass-
onserving 
ase. For de�nitenesswe normalize the total mass to unity.We now make the 
onventional s
aling ansatz for thelarge-time behavior of 
j(t) [5℄. We assume that thereexists a well-de�ned typi
al aggregate size s(t) at time tsu
h that 
j(t)! j�2��j=s(t)�: (4)Here the exponent �2 follows dire
tly from the 
ondi-tion that the total mass is 
onserved, as dis
ussed, forexample, in [4℄. We further assume that the rea
tionrates K(k; l) are homogeneous of degree �, or at least,that they are asymptoti
ally so in the limit of large sizes.That is K(ak; al) = a�K(k; l)[1 + o(1)℄: (5)In the 
ontext of 
ity population growth, the homo-geneity exponent � 
an be given the following interpre-tation. When the populations of two 
ities are s
aled bysome fa
tor, there are both more sus
eptible migrants inthe smaller 
ity and potentially more reasons to move tothe larger 
ity. It is then natural that the overall migra-tion rate varies as a power law in this s
ale fa
tor. Ex-
eptions to this behavior typi
ally involve the existen
eof a 
uto� size that separates two qualitatively di�erentkinds of behaviors.Substituting the s
aling ansatz (4) into Eq. (2), we�nd that s(t) satis�es _s(t) = s(t)��1, with asymptoti
solution, for � < 2,s(t) / [(2� �)t℄1=(2��) : (6)

De�ning z as the growth exponent of s(t), we thus havez = 12� � : (7)This growth exponent 
an also be obtained by adapta-tion of a ba
k-of-the-envelope estimate for the typi
alsize in irreversible aggregation. In aggregation, the re-a
tion of aggregates of typi
al size s leads to a growth�s of the order of s in a time �t of the order of1=(
on
entration � s��). Here the 
on
entration s
alesas 1=s and s�� is the inverse rea
tion rate betweentypi
al-size aggregates. This leads to _s � s�, from whi
hs � t1=(1��). For migration-driven growth, �s is now ofthe order of 1 in the time �t. This gives _s � s��1, thusreprodu
ing the growth exponent of Eq. (7).On the other hand, if � > 2, a power-law de
ay of the
j(t) in j sets in at �nite time. This feature invalidatesthe mass 
onservation statement and hen
e the s
alingform of Eq. (4). The limiting 
ase � = 2 
an be treatedwithin our s
aling formulation, but must be handled withparti
ular 
are, as we dis
uss below. This pattern of be-havior for the time dependen
e of the typi
al size paral-lels that of 
onventional aggregation, ex
ept that the sizeexponent in aggregation is z = 1=(1��) and a �nite-timegelation transition o

urs for � > 1 [1,4℄. Note also thatwhen the migration rate is symmetri
, a s
aling analy-sis similar in spirit to that just presented shows that themean aggregate size grows as t1=(3��) for � < 3. Thuseven migration without population bias leads to growingaggregates, albeit at a slower rate than if a bias towardslarger aggregates exists.Also from the s
aling ansatz, we �nd, after some non-trivial algebra, that the s
aled aggregate size distribution�(x) obeys d�(x)dx = �x ddx ��(x)	(x)x2 � ; (8a)with 	(x) = Z 10 dyy2 [K(x; y)�K(y;x)℄ �(y): (8b)From these equations the basi
 qualitative behavior of�(x) 
an be dedu
ed. Note that only the antisymmetri
part of K(x; y) 
ontributes to the s
aling limit. Withoutloss of generality, we 
an now assume that K(k; l) = 0 fork > l. From Eq. (8a) it follows that �(x) 
an be dis
on-tinuous whenever 	(x) + x be
omes zero. In parti
ular,at su
h a point x
, �(x) 
an be 
onsistently set to zerofor all x > x
. As long as �(x) is di�erent from zero,however, (8a) 
an be integrated to yield�(x) = Ax2x+	(x) exp�� Z xx0 dyy +	(y)� : (9)Here A and x0 are arbitrary 
onstants 
hosen so that2



Z 10 �(y)y dy = 1Xj=1 j
j(0) = 1: (10)An important feature of �(x) is its behavior for smallvalues of x. To quantify this, we de�ne the exponent �through �(x) / x2�� [1 + o(1)℄ : (11)With this de�nition, one has 
j(t) � j�� for 1 � j �s(t), as well as
j(t) � t�(2��)z � t�w (1� j � s(t)): (12)This de�nes the exponent w.To pro
eed further, we introdu
e another fundamentalexponent that 
ompletes the s
aling 
hara
terization ofthe rea
tion rates K(k; l), namely,K(1; l) � l��� (l!1): (13)This is entirely analogous to the 
orresponding de�ni-tion in 
onventional aggregation where the form of the
luster size distribution depends on the relative ratesof small-small, large-large, and large-small rea
tions [4℄.With these de�nitions, we �nd, after detailed analysis ofEq. (9), four di�erent 
lasses of behavior:� Type 1: � � 1, � > 1. In this 
ase � = � andhen
e w = 1.� Marginal: � > 1, � = 1. Here it is not possibleto make simple statements about the value of � .Rather, � depends on the 
omplete shape of �(x)and therefore on the very spe
i�
 form of the rea
-tion rates.� Type 2a: � < 1, � � (1+�)=2. In this 
ase � = �and w = (2� �)=(2� �).� Type 2b: � < 1, (1 + �)=2 � � < 1. In this 
ase� = (1 + �)=2 and w = (3� �)=(4� 2�).For the 
omplementary large-x behavior of �(x), wenow show that in almost all 
ases �(x) vanishes beyonda 
ertain 
riti
al value x
 of its argument. Indeed, sup-pose the 
ontrary. It then follows from Eq. (8b) that	(x)! �1 as x!1. This 
an happen in three ways:either 	(x) varies faster than linear, slower than linear,or linearly in x. In the �rst 
ase, Eq. (9) would indi
atethat �(x) < 0 for large x, whi
h is impossible. In these
ond 
ase, �(x) would go to a 
onstant as x ! 1, in
ontradi
tion to Eq. (10). Thus the only viable possibil-ity is the third 
ase, whi
h o

urs if �� � = 1.A more thorough investigation is required to determinewhether it is possible to �nd a 
onsistent large-x behav-ior for �(x) in this last 
ase. If so, then �(x) wouldhave a power-law de
ay su
h that the integral in Eq. (10)still 
onverges. However, in all other 
ases, Eq. (9) must
ease to be valid at some point and the fun
tion �(x)

must vanish identi
ally afterwards. This 
an happen intwo di�erent ways: Either x+	(x) has a simple zero atsome point x
 and the fun
tion �(x) jumps from its valueat x
 to zero, whi
h is possible a

ording to Eq. (8a), orelse the fun
tion �(x) goes smoothly to zero at x
 as a
onsequen
e of Eq. (9) and the double zero of x + 	(x)at x
. These results 
losely 
orrespond to those of theLifshitz-Slyozov-Wagner (LSW) theory of 
oarsening [6℄,as well as to models of asset ex
hange [10℄.A spe
ial 
ase that 
an be solved exa
tly is the 
ase� = �. For this situation, we �nd�(x) = x2�� (x � (2� �)1=(2��)) (14)�(x) = 0 otherwise.If � > 1, this 
ase belongs to a system of Type 1 listedabove, whereas if � < 1, this 
ase belongs to Type 2a. Foreither alternative, the 
orre
t exponent � is predi
ted.Note further the dis
ontinuity in �(x) that indeed o
-
urs exa
tly at the point where x+	(x) vanishes. Manyother 
ases 
an be handled similarly and will be presentedin a forth
oming publi
ation [11℄.A situation that requires a more re�ned analysis is� = 2 and � > 1. For these parameter values, it followsthat � = 2, whi
h is in
ompatible with the normalization
ondition Eq. (10). To obtain valid results, we need tomodify the s
aling ansatz as follows
j(t) � j�2ln s(t)��j=s(t)�: (15)It follows thats(t) = exp hp2(t+B)i ; (16)where B is some 
onstant. The fun
tion �(x) then hasthe normalization �(0) = 1 and satis�es a modi�ed ver-sion of Eq. (8a).Let us now dis
uss how our s
aling theory applies toLSW 
oarsening [6℄. For this system, the migration rateK(i; j) is given by the produ
t of the rate at whi
h aparti
le evaporates from an aggregate of mass i and theprobability that it rea
hes an aggregate of size j. Inthe evaporation step, the di�usive 
urrent J is �
=R(i),where �
 is the di�eren
e between the monomer 
on
en-tration near the interfa
e and in the bulk. This di�eren
eis proportional to R(i)�1, sin
e it is due to surfa
e ten-sion. The 
urrent J is therefore of the order of R(i)�2and thus the rate at whi
h parti
les leave an aggregateof size i is proportional to JR(i)d�1, that is, to R(i)d�3.Further, the probability of rea
hing an aggregate of size jin three dimensions is simply proportional to its volumeR(j)d. We therefore �nd for the overall migration rateK(i; j) � R(i)d�3R(j)d � i(d�3)=dj: (17)From the de�nitions of � and � in Eqs. (5) and (13),it follows that the system is of Type 2a, from whi
h one3



obtains z = d=3 and � = 1 � 3=d. These indeed 
orre-spond to the LSW predi
tions, in whi
h the 
hara
teristi

luster radius in
reases as t1=3 [6℄ and the number n(R)of 
lusters of radius R � R
(t) varies as R2 [13℄. Ourtheory also 
orre
tly predi
ts that the s
aling fun
tionvanishes beyond a 
ertain value of the s
aling variable.On the other hand, the migration rate of Eq. (17) is notpre
ise enough to ensure that our s
aling theory repro-du
es the same fun
tional form for �(x) as that of thedetailed LSW theory.To apply our theory meaningfully to the evolution of
ity populations, it is ne
essary to in
orporate the e�e
tsof demographi
 population growth. Over intermediatetime s
ales (of the order of de
ades), demographi
 growthtypi
ally gives a population that in
reases exponentiallywith time. Su
h a behavior 
an be modeled by allow-ing the pro
ess Ak �!Ak+1 to o

ur at rate k
. Whendemographi
 growth and migration o

ur together, thes
aling ansatz for the underlying rate equations needs tobe modi�ed a

ordingly. We have found that the appro-priate s
aling ansatz for this more realisti
 situation is
j(t) � j�2e
t��j=s(t)�: (18)With this hypothesis, the fun
tional form of �(x) turnsout to remain the same as the 
ase of no demographi
growth, but now the typi
al 
ity population grows ass(t) � e
t=(2��): (19)Hen
e we arrive at the 
entral 
on
lusion that the typ-i
al 
ity size grows mu
h faster than the population ofthe 
ountry as a whole as � approa
hes 2.The 
ity population distribution in many 
ountries is
onsistent with a power-law form in whi
h the exponent� is 
lose to 2 [8,9,12℄. Our s
aling theory then requiresthat the homogeneity exponent � is also 
lose to 2. Thusfrom Eq. (19), the typi
al 
ity population should in
reasemu
h faster than the overall population. This is 
on-�rmed qualitatively by data for the populations of variousU.S. 
ities during their early histories [14℄. The popula-tion of essentially every major U.S. 
ity grows mu
h fasterthan the U.S. as a whole over 
onsiderable time range.However, as 
ities rea
h maturity, their growth may slowor their population may even de
line for reasons unre-lated to preferential migration to still larger 
ities.In summary, we have introdu
ed a simple kineti
 de-s
ription for migration-driven growth and developed as
aling theory that determines the large-time behaviorfor the aggregate size distribution. Asymptoti
 resultsdepend only on rudimentary properties of the rea
tionrates, most notably the homogeneity index �. The typi-
al aggregate size grows as t1=(2��), while several distin
t

behaviors emerge for aggregate size distribution. Our re-sults represent the 
ounterpart of the s
aling theory ofirreversible aggregation to migration-driven growth. Fi-nally, we have suggested a 
onne
tion between migration-driven growth to the distribution of 
ity populations andfound a qualitative 
orresponden
e between model pre-di
tions and re
ent data on U.S. 
ities.We are grateful to grants NSF INT9600232, NSFDMR9978902, and DGAPA IN112200 for �nan
ial sup-port of this work.
[1℄ For a survey of the rate equation for aggregation and itsappli
ation to gelation, see, e.g., R. L. Drake, in Top-i
s in Current Aerosol Resear
h, eds. G. M. Hidy andJ. R. Bro
k, Vol. III, part 2, (Pergamon, Oxford, U. K.,1972). See also R. M. Zi�, E. M. Hendri
ks, and M. H.Ernst, Phys. Rev. Lett. 49, 593 (1982).[2℄ A. Pimpinelli and J. Villain, Physi
s of Crystal Growth(Cambridge University Press, U.K., 1998).[3℄ See e.g., S. Chandrasekhar, Rev. Mod. Phys. 15 1 (1943);G. B. Field and W. C. Saslaw, Astrophys. J. 142, 568(1965).[4℄ P. G. J. van Dongen and M. H. Ernst, Phys. Rev. Lett.54, 1396 (1985).[5℄ M. H. Ernst, in: Fundamental Problems in Statisti
alPhysi
s VI, ed. E. G. D. Cohen (Elsevier, New York,1985).[6℄ I. M. Lifshitz and V. V. Slyozov, J. Phys. Chem. Solids19, 35 (1961); C. Wagner, Z. Elektro
hemie, 65, 581(1961).[7℄ A. J. Bray, Adv. Phys. 43, 357 (1994).[8℄ M. Marsili and Y. C. Zhang, Phys. Rev. Lett. 80, 2741(1998).[9℄ D. H. Zanette and S. C. Manrubia, Phys. Rev. Lett. 79,523 (1997).[10℄ S. Ispolatov, P. L. Krapivsky and S. Redner, Eur. Phys.J. B 2, 267 (1998). For related work, see A. Dragules
uand V. M. Yakovenko, Eur. Phys. J. B 17, 723 (2000).[11℄ F. Leyvraz and S. Redner, to be published[12℄ G. K. Zipf, Human Behavior and the Prin
iple of LeastE�ort Addison-Wesley Press, In
., Cambridge (1949).[13℄ Note that the equivalen
e between the number n(R) of
lusters of a given radius and the number 
j(t) of 
lustersof a given mass j is given by 
j(t) � R(j)�(d�1)n[R(j)℄.[14℄ Population data is available at the U.S. 
ensus bureauwebsite: http://www.
ensus.gov. City population databy year is available at http://physi
s.bu.edu/�redner.

4


