
How Popular is Your Paper? An Empiri
al Study of the Citation DistributionS. RednerCenter for Polymer Studies and Department of Physi
s, Boston University, Boston, MA, 02215Numeri
al data for the distribution of 
itations are exam-ined for: (i) papers published in 1981 in journals whi
h are
atalogued by the Institute for S
ienti�
 Information (783,339papers) and (ii) 20 years of publi
ations in Physi
al ReviewD, vols. 11-50 (24,296 papers). A Zipf plot of the number of
itations to a given paper versus its 
itation rank appears tobe 
onsistent with a power-law dependen
e for leading rankpapers, with exponent 
lose to �1=2. This, in turn, suggeststhat the number of papers with x 
itations, N(x), has a large-x power law de
ay N(x) � x��, with � � 3.PACS Numbers: 02.50.+s, 01.75.+m, 89.90.+nIn this arti
le, I 
onsider a question whi
h is of rele-van
e to those for whom s
ienti�
 publi
ation is a pri-mary means of s
holarly 
ommuni
ation. Namely, howoften is a paper 
ited? While the average or total num-ber of 
itations are often quoted ane
dotally and tab-ulations of highly-
ited papers exist [1,2℄, the fo
us ofthis work is on the more fundamental distribution of 
i-tations, namely, the number of papers whi
h have been
ited a total of x times, N(x). In spite of the fa
t thatmany a
ademi
s are obliged to do
ument their 
itationsfor merit-based 
onsiderations, there have been only afew s
ienti�
 investigations on quantifying 
itations or re-lated measures of s
ienti�
 produ
tivity. In a 1957 studybased on the publi
ation re
ord of the s
ienti�
 resear
hsta� at Brookhaven National Laboratory, Sho
kley [3℄
laimed that the s
ienti�
 publi
ation rate is des
ribedby a log-normal distribution. Mu
h more re
ently, La-herrere and Sornette [4℄ have presented numeri
al evi-den
e, based on data of the 1120 most-
ited physi
istsfrom 1981 through June 1997, that the 
itation distri-bution of individual authors has a stret
hed exponentialform, N(x) / exp[�(x=x0)� ℄ with � � 0:3. Both papersgive qualitative justi�
ations for their assertions whi
hare based on plausible general prin
iples; however, thesearguments do not provide spe
i�
 numeri
al predi
tions.Here, the 
itation distribution of s
ienti�
 publi
ationsbased on two relatively large data sets is investigated [5℄.One (ISI) is the 
itation distribution of 783,339 papers(with 6,716,198 
itations) published in 1981 and 
ited be-tween 1981 { June 1997 that have been 
ataloged by theInstitute for S
ienti�
 Information. The se
ond (PRD)is the 
itation distribution, as of June 1997, of the 24,296papers 
ited at least on
e (with 351,872 
itations) whi
hwere published in volumes 11 through 50 of Physi
al Re-view D, 1975{1994. Unlike Ref. [4℄, the fo
us here is on
itations of publi
ations rather than 
itations of spe
i�
authors. A primary reason for this emphasis is that the

publi
ation 
itation 
ount re
e
ts on the publi
ation it-self, while the author 
itation 
ount re
e
ts an
illary fea-tures, su
h as the total number of author publi
ations,the quality of ea
h of these publi
ations, and 
o-authorattributes. Additionally, only most-
ited author data is
urrently available; this permits re
onstru
tion of justthe large-
itation tail of the 
itation distribution.
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FIG. 1. (a) Citation distribution from the 783,339 papersin the ISI data set (�) and the 24,296 papers in the PRD dataset (Æ) on a double logarithmi
 s
ale. For visual referen
e, astraight line of slope �3 is also shown. (b) Same as (a), ex
epton a semi-logarithmi
 s
ale. The solid 
urves are the best �tsto the data for x � 200 (PRD) and x � 500 (ISI).The main result of this study is that the asymptoti
tail of the 
itation distribution appears to be des
ribed bya power law, N(x) � x��, with � � 3. This 
on
lusion isrea
hed indire
tly by means of a Zipf plot (to be de�ned1



and dis
ussed below), however, be
ause Fig. 1 indi
atesthat the 
itation distribution is not des
ribed by a singlefun
tion over the whole range of x.Sin
e the distribution 
urves downward on a doublelogarithmi
 s
ale and upward on a semi-logarithmi
 s
ale(Figs. 1(a) and (b) respe
tively), a natural �rst hypoth-esis is that this distribution is a stret
hed exponential,N(x) / exp[�(x=x0)� ℄. Visually, the numeri
al data �tthis form fairly well for x � 200 (PRD) and x � 500 (ISI)as indi
ated in Fig. 1(b), with best �t values � � 0:39(PRD) and � � 0:44 (ISI). However, the stret
hed expo-nential is unsuitable to des
ribe the large-x data. Here,data points are widely s
attered, re
e
ting the pau
ity ofwell-
ited papers. For example, in the ISI data, only 64out of 783,339 papers are 
ited more than 1000 times, 282papers are 
ited more than 500 times, and 2103 papersare 
ited more than 200 times, with the most-
ited paperhaving 8907 
itations. Su
h a sparsely populated tail isnot amenable to being dire
tly �t by a smooth fun
tion.(Amusingly (or soberingly) 633,391 arti
les in the ISI setare 
ited 10 times or less and 368,110 are un
ited.)Another test to determine the fun
tional form of N(x)is to 
ompare numeri
al values for the moments of the
itation distributionhxki = R xkN(x) dxR N(x) dx ; (1)with those obtained by assuming a given form forN(x). For example, if the 
itation distribution isa stret
hed exponential, then the dimensionless ratiosMk � hxki=hxik = �(k+1� )�( 1� )k�1=�( 2� )k, where �(x)is the gamma fun
tion. Noti
e that the s
ale fa
tor x0 inthe exponential 
an
els. For ea
h k, an estimate for � 
anbe inferred by mat
hing the value of Mk obtained fromthe above gamma fun
tion formula with the 
orrespond-ing numeri
al data. For both the ISI and PRD data,the 
orresponding estimates for � for k = 2; 3; : : : ; 6 de-pend weakly but non-systemati
ally on k, and further donot mat
h the values for � obtained from a least-squares�t to a stret
hed exponential (Fig. 1(b)). Similarly, thenumeri
al data for hxki also do not mat
h a power-lawform for the 
itation distribution, N(x) � x��. Theseresults provide eviden
e that the 
itation distribution isnot des
ribed by a single fun
tion over the entire rangeof 
itation 
ount.More fundamentally, it is natural to expe
t di�erentunderlying me
hanisms and di�erent statisti
al featuresbetween minimally-
ited and heavily-
ited papers. Theformer are typi
ally referen
ed by the author and 
loseasso
iates, and su
h papers are typi
ally forgotten a shorttime after publi
ation. Eviden
e for su
h a short lifetimeof minimally-
ited papers 
an be found, e.g., by 
ompar-ing the small-
itation tail of N(x) for the �rst 4 years(1975-79) and the last 4 years (1990-1994) of the PRDdata set. For x <� 200, these data (appropriately nor-malised) and the 
omplete PRD data are virtually identi-


al. On the other hand, well-
ited papers be
ome knownthrough 
olle
tive e�e
ts and their impa
t also extendsover long time periods. This is re
e
ted in the signif-i
ant di�eren
es among the large-
itation tails of N(x)for papers of di�erent eras.To help expose these di�eren
es in the 
itation distri-bution, it is useful to 
onstru
t a Zipf plot [6℄, in whi
hthe number of 
itations of the kth most-ranked paperout of an ensemble of M papers is plotted versus rank k(Fig. 2). By its very de�nition (see Eq. (2)), the Zipf plotis 
losely related to the 
umulative large-x tail of the 
i-tation distribution. This plot is therefore well-suited fordetermining the large-x tail of the 
itation distribution.The integral nature of the Zipf plot also smooths the
u
tuations in the high-
itation tail and thus fa
ilitatesquantitative analysis.Given an ensemble of M publi
ations and the 
orre-sponding number of 
itations for ea
h of these papers inrank order, Y1 � Y2 � : : : � YM , then the number of 
i-tations of the kth most-
ited paper, Yk, may be estimatedby the 
riterion [7℄Z 1Yk N(x) dx = k: (2)This spe
i�es that there are k publi
ations out of the en-semble of M whi
h are 
ited at least Yk times. Eq. (2)also represents a one-to-one 
orresponden
e between theZipf plot and the 
itation distribution. From the depen-den
e of Yk on k in a Zipf plot, one 
an test whether ita

ords with a hypothesised form for N(x).In Fig. 2(a), a Zipf plot of the rank-ordered 
itationdata is presented on a double logarithmi
 s
ale for 4 datasets: (a) ISI data (top 200,000 papers only), (b) 
ompletePRD data (24,296 papers), (
) �rst 4 years of PRD data,vols. 11-18 (5044 papers), and (d) last 4 years of PRDdata, vols. 43-50 (5467 papers). As alluded to previously,there is a 
onsiderable di�eren
e between the �rst andlast 4 years of the PRD data. As might be anti
ipated,the more re
ent highly-
ited papers (up to approximatelyrank 700) are 
ited less than papers in the earlier sub-data. (There are two ex
eptions, however. These arethe two top papers in the �rst 4 years whi
h are 
ited1741 and 1294 times, while in the last 4 years of data thetwo leading papers are 
ited 2026 and 1420 times.) Thelarger 
itation 
ount of heavily-
ited older papers re
e
tsthe obvious fa
t that popular but re
ent PRD papers arestill relatively early in their 
itation history. This is insharp 
ontrast to poorly-
ited papers where there is littledi�eren
e in the 
itation 
ount from the �rst 4 years andthe last 4 years of the PRD data.
2
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FIG. 2. (a) Zipf plot of the number of 
itations of thekth-ranked paper Yk versus rank k on a double logarithmi
s
ale. (a) ISI data (|||), (b) PRD data ({ { { {), (
) vols.11-18 of PRD (- - - -), (d) vols. 43-50 of PRD ({ � { � { � {).(b) The data of (a) in s
aled units. For visual referen
e, astraight line of slope �1=2 is also shown.To interpret the apparently unsystemati
 data in theZipf plot of Fig. 2(a) e�e
tively, it is instru
tive to s
alethe data. Sin
e k ranges between 1 and the number ofpubli
ations in the ensemble, it is natural to de�ne as
aled relative rank k=Mi, where Mi is the total numberof papers in ea
h of the 4 data sets in Fig. 2, (i = 1, 2,3, or 4). Similarly, for the ordinate, it is useful to de�nea s
aled 
itation 
ount for the kth most-
ited paper byYk=hxii, where hxii is the average number of 
itations forall papers in the ith data set. As shown in Fig. 2(b), thereis relatively good 
ollapse of the 4 data sets onto a singleuniversal 
urve. Noti
e also that the disparity in the twoPRD data subsets appears as a relatively small 
u
tua-tion about a mean value. The data 
ollapse also providesa strong 
lue about the lo
ation of the asymptoti
 regimefor 
itation data.Of parti
ular relevan
e for the 
itation distribution,this s
aling plot indi
ates that the ISI data extends

deeper than the PRD data into the asymptoti
 tail ofmost heavily-
ited papers. This arises both from thefa
t that the ISI data involves approximately 30 timesmore publi
ations than the PRD data and that the av-erage number of 
itations to ISI papers is approximatelyone-half that of PRD papers. From the available data,the highly-ranked ISI publi
ations therefore provide thebest representation of the asymptoti
 tail of the 
itationdistribution. For ISI publi
ations between rank 1 (8904
itations) and 12,000 (approximately 85 
itations), thedata is fairly linear and a least-squares data �t in thisrange yields an exponent for the Zipf plot of Fig. 2(b) ofapproximately �0:48. By inverting Eq. (2), this powerlaw is equivalent to the distribution of 
itations also hav-ing a power law form N(x) / x�� for large x, with� = 1 + 1=:48 � 3:08.TABLE I. Annual 
itation data from PRD as of June 1997in
luding the �rst three moments of the 
itation distributionand the 
itation 
ount of the most-
ited paper.Year # arti
les hxi hx2i1=2 hx3i1=3 xmax1975 1369 19.3 80.0 168.8 12941976 1085 17.8 71.8 178.5 17411977 1328 16.9 61.5 126.6 8461978 1262 16.5 56.6 123.2 10661979 1229 17.8 57.5 114.7 9071980 1114 18.5 61.9 126.2 9121981 1107 17.0 62.5 148.8 14491982 1116 13.0 32.4 56.7 3401983 1100 14.6 51.1 107.7 8131984 1090 14.4 46.9 107.6 10041985 1094 13.8 34.6 66.7 5791986 1222 11.8 24.7 38.9 2151987 1275 12.7 35.6 79.5 7721988 1124 11.4 23.6 38.8 2441989 1153 12.0 29.8 62.6 6001990 1161 13.0 29.7 57.5 5151991 1083 13.2 34.5 74.9 6221992 1388 13.3 47.3 130.0 14201993 1436 11.5 23.0 40.0 3111994 1560 11.9 55.9 175.4 2026
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This power-law behaviour suggests a re
onsiderationof the 
itation distribution in this range of �85 
itations(Fig. 1(a)). The 
urvature in the data de
reases signi�-
antly for x � 85 and it is not unreasonable to attempta power law �t, but with the additional 
aveat that the
itation data beyond approximately 500 
itations is dom-inated by 
u
tuations. Consequently there is subje
tivityin spe
ifying the range over whi
h this �t is performed.Least-squares �ts to the data within 50 � x � 1000 giveexponent estimates in the range 2.6 { 2.8, and a �t for85 � x � 500, where the data are visually the most lin-ear, both in the 
itation distribution and in the Zipf plot,gives � � �2:7. The 
orresponden
e between these �tsand those in the Zipf plot therefore suggest that the 
ita-tion distribution may have a power-law tail, N(x) � x��,with exponent � 
lose to 3.Another important aspe
t of 
itation statisti
s whi
hemerges from Fig. 2(a) is its 
ontinuing temporal evolu-tion. This feature is ni
ely illustrated by the annual 
i-tation statisti
s of PRD publi
ations, where the averagenumber of 
itations hxi for arti
les published in a givenyear is typi
ally de
reasing slowly with time (Table 1). Itis interesting that the existen
e of a single ex
eptionallywell-
ited paper in a parti
ular year has an imper
eptiblee�e
t on hxi but a mu
h larger in
uen
e on higher-ordermoments. Noti
e also that the total number of 
itationsto PRD papers published in a given year, even as farba
k as 1975 (the �rst year for whi
h data is available),is slowly in
reasing. Sin
e papers from this period whi
hare still 
urrently being 
ited are also likely to be highly
ited, this implies that the large-x tail of the 
itation dis-tribution has not yet rea
hed its �nal state. Be
ause ofthis 
ontinuing evolution of the 
itation distribution, one
annot expe
t that the properties of the high-
itation tailof the 
itation distribution will be a

urately determinedby dire
t analysis.In summary, the 
itation distribution provides basi
insights about the relative popularity of s
ienti�
 pub-li
ations and provides a mu
h more 
omplete measureof popularity than the average or total number of 
ita-tions. At a basi
 level, most publi
ations are minimallyre
ognised, with � 47% of the papers in the ISI dataset un
ited, more than 80% 
ited 10 times or less, and� :01% 
ited more than 1000 times. The distribution of
itations is a rapidly de
reasing fun
tion of 
itation 
ountbut does not appear to be des
ribed by a single fun
tionover the entire range of this variable. Although the avail-able data is extensive, it still appears insuÆ
ient to quan-tify the tail of the 
itation distribution unambiguouslyby dire
t means. However, a Zipf plot of the 
itation
ount of a given paper versus its 
itation rank indi
atesa substantial range of power law behaviour with expo-nent 
lose to �1=2. This provides indire
t eviden
e thatthe 
itation distribution has a power law asymptoti
 tail,N(x) � x�� with � � 3. This di�ers from the 
on
lusionof Ref. [4℄, where the 
itation distribution of individual

authors was argued to have a stret
hed exponential tail.Another important aspe
t of 
itations is that 
omput-erised data are relatively re
ent, and the PRD data in-di
ates that 
itation statisti
s from 1975 are still evolv-ing. Thus even the more extensive ISI data set is stilltoo re
ent to provide an a

urate pi
ture of the long-time and large-
itation tail of the 
itation distribution.It should therefore be worthwhile to study the proper-ties of older 
itation data. Alternatively, information ofa related genre, su
h as the distribution of sales for aparti
ular 
lass of books, or ti
ket sales for movies andtheaters may provide useful data for studying 
itation-related statisti
s.Finally, the 
itation distribution provides an appealingvenue for theoreti
al modeling. There are several quali-tative features about 
itations whi
h should be essentialingredients for a theory of their distribution. Sin
e al-most all papers are gradually forgotten, the probabilitythat a given paper is 
ited should de
rease in time witha relatively short memory. Conversely, a paper whi
h isin the pro
ess of be
oming re
ognised gains in
reasingattention through 
itations. This suggests that the prob-ability of a paper being 
ited at a given time should bean in
reasing fun
tion of the relative number of 
itationsto that paper from an earlier time period. Work is inprogress to 
onstru
t a model for the 
itation distribu-tion whi
h is based on these 
onsiderations.I thank P. Krapivsky, F. Leyvraz, and D. Sornette forhelpful dis
ussions, and D. Sornette for providing theauthor-based ISI 
itation data and related pertinent in-formation. I also thank H. Gali
 from the SPIRES High-Energy Physi
s Databases at SLAC, and D. Pendleburyand H. Small from the Institute for S
ienti�
 Informationfor providing 
itation data and helpful advi
e. I grate-fully a
knowledge NSF grant DMR-9632059 and AROgrant DAAH04-96-1-0114 for partial �nan
ial support.Added Note: I re
ently dis
overed the degree to whi
h
itation data may be ina

urate. For example, in theinitial SPIRES data, there are 
itations to 524 separatearti
les in Phys. Rev. D vol. 13, while there are, in fa
t,only 426 arti
les in this volume! Sour
es for this errorin
lude: (i) authors giving in
orre
t page numbers for 
i-tations (ane
dotal estimates of this error rate range from10% to 20%), (ii) 
itations to a spe
i�
 (not ne
essar-ily the �rst) page of an arti
le, and (iii) input errors intransferring author-supplied 
itation data to the SPIRESdatabase. While these e�e
ts imply that the 
itation
ount of minimally-
ited papers may be relatively ina

u-rate, the smoothness of the 
itation distribution suggeststhat the in
uen
e of these ina

ura
ies on the 
itationdistribution itself should by minor. For the re
ord andas a 
ounterpoint to the 47% rate of un
ited papers inthe ISI data, there is a non-
itation rate of approximately14% in vols. 50-56 of Phys. Rev. D.I thank D. Stau�er for his 
riti
al 
omments on thistopi
, P. Kreitz and L. Addis of SPIRES for their 
heer-4



ful advi
e and for providing the more a

urate re
ent
itation data (also available on m web site), and B. Mad-daloni of the APS for supplying the number of paperspublished in Phys. Rev. D sin
e volume 11.
[1℄ See e.g., S
ien
e Citation Index Journal Citation Reports(Institute for S
ienti�
 Information, Philadelphia) for an-nual lists of top-
ited journals and arti
les (web site:http://www.isinet.
om/wel
ome.html).[2℄ For example, 
urrent lists of top-
ited arti
les inhigh-energy physi
s are maintained by the SPIRESHigh-Energy Physi
s Database at SLAC (web sitehttp://www.sla
.stanford.edu/�nd/top40.html).[3℄ W. Sho
kley, On the Statisti
s of Individual Variationsof Produ
tivity in Resear
h Laboratories, Pro
. IRE 45,279-290 (1957).[4℄ J. Laherrere and D. Sornette, Stret
hed Exponential Dis-tributions in Nature and E
onomy: \Fat Tails" with Char-a
teristi
 S
ales, 
ond-mat/9801293.[5℄ The PRD data was provided by H. Gali
 from the SPIRESDatabase. The ISI data was provided by D. Pendleburyand H. Small of the Institute for S
ienti�
 Information.These two data sets and related 
itation data are availablefrom my web site http://physi
s.bu.edu/�redner.[6℄ G. K. Zipf, Human Behaviour and the Prin
iple of LeastE�ort (Addison-Wesley, Cambridge, 1949).[7℄ This is a basi
 exer
ise in extreme value statisti
s. See e.g.,J. Galambos, The Asymptoti
 Theory of Extreme OrderStatisti
s, (J. Wiley & Sons, New York, 1978).
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