
Kineti
 Anomalies in Addition-Aggregation Pro
essesM. Mobilia,1, � P. L. Krapivsky,1, y and S. Redner1, z1Center for BioDynami
s, Center for Polymer Studies,and Department of Physi
s, Boston University, Boston, MA, 02215We investigate irreversible aggregation in whi
h monomer-monomer, monomer-
luster, and
luster-
luster rea
tions o

ur with 
onstant but distin
t rates KMM, KMC, and KCC, respe
tively.The dynami
s 
ru
ially depends on the ratio 
 = KCC=KMC and se
ondarily on � = KMM=KMC.For � = 0 and 
 < 2, there is 
onventional s
aling in the long-time limit, with a single mass s
ale thatgrows linearly in time. For 
 � 2, there is unusual behavior in whi
h the 
on
entration of 
lustersof mass k, 
k de
ays as a stret
hed exponential in time within a boundary layer k < k� / t1�2=
(k� / ln t for 
 = 2), while 
k / t�2 in the bulk region k > k�. When � > 0, analogous behaviorsemerge for 
 < 2 and 
 � 2.PACS numbers: 02.50.-rI. INTRODUCTIONIn this work, we investigate a simple aggregation pro-
ess in whi
h three kinds of rea
tions o

ur with 
onstantbut distin
t rates:A1 +A1 ��! A2;A1 +Aj 1�! Aj+1 j � 2; (1)Ai +Aj 
�! Ai+j i; j � 2:Equivalently, the rea
tion matrix Kij has the value � inthe upper left 
orner, the value 1 for all elements alongthe top and left edges of the matrix, and the value 
 inthe rest of the matrix.Despite its simpli
ity, this model exhibits ri
h dynam-i
s in whi
h both s
aling and universality 
an be violated.The model was initially studied by Hendriks and Ernst[1℄ to des
ribe polymerization in whi
h addition pro
esses(rea
tions involving monomers) o

ur more readily thanaggregation (rea
tions between i and j, with i; j � 2).They found eviden
e of unusual kineti
 behavior by animpli
it solution for the 
luster 
on
entrations; see also[2℄ for related work. Our fo
us is on the opposite limit inwhi
h aggregation dominates over addition. By expli
itsolutions of the rate equations, we elu
idate the full rangeof behaviors for this system.From a general perspe
tive, the origin of the anoma-lous behavior in addition/aggregation stems from the fa
tthat the simplest 
ase of aggregation with a 
onstant re-a
tion rate is a
tually a marginal system. As dis
ussedby van Dongen and Ernst [3℄, aggregation 
an be broadly
ategorized by whether rea
tions among large 
lustersdominate (type I systems, in their nomen
lature) orwhether rea
tions between large and small 
lusters dom-inate (type III systems). The former generi
ally leads tomonotoni
ally de
aying 
luster mass distributions, while�Ele
troni
 address: mmobilia�buphy.bu.eduyEle
troni
 address: paulk�bu.eduzEle
troni
 address: redner�bu.edu

the latter gives peaked distributions. The 
onstant rea
-tion rate system (type II system) is marginal by being atthe boundary between these two behaviors.Be
ause of this marginality, the kineti
s of 
onstant-kernel aggregation is sensitive to small perturbationsin the rea
tion rates. Previously-studied examples ofthis feature in
lude aggregation involving two distin
tmonomeri
 units, so that the rea
tion rates betweentwo even masses, two odd masses, or an even and anodd mass are naturally distin
t. Here non-universal andnon-s
aling behavior arises as a fun
tion of these rates[4, 5℄. Another example is aggregation with the rateKij = 2 � qi � qj with 0 < q < 1 [6℄. Although thisredu
es to a 
onstant-kernel system for i; j ! 1, theq-dependent terms lead to unusual kineti
s. The modelstudied here is in the spirit of the �rst example, ex
eptthat we perturb only an in�nitesimal fra
tion of the re-a
tion rates in a 
onstant-kernel system. It is strikingthat su
h a small 
hange in the rea
tion rates has su
h aprofound in
uen
e on the kineti
s.In the next two se
tions, we fo
us on the spe
ial 
aseof \sterile" monomers, where monomer-monomer rea
-tions do not o

ur. In Se
. II, we �rst determine themonomer and dimer 
on
entrations and show that dif-ferent behaviors arise for 
 � 2 and 
 < 2. Then inSe
. III, we derive asymptoti
 results for the 
luster 
on-
entrations. We then study, in Se
. IV, these same three
ases when monomer-monomer rea
tions 
an also o

ur.Se
. V gives a summary as well as a dis
ussion of theequivalen
e between the model and a di�usion-
ontrolledpro
ess in whi
h monomers have di�erent di�usivity thanother 
lusters.II. STERILE MONOMERSWhen monomers do not intera
t among themselves(K11 = 0), we shall show that the system exhibits threedistin
t kineti
 regimes, with unusual time dependen
esand breakdown of 
onventional s
aling in two of these
ases.



2The rate equation for the density 
k(t) is [7℄_
k(t) = 12 Xi+j=kKij
i(t)
j(t)� 
k(t)Xj�1Kkj
j(t); (2)where the overdot denotes time derivative. The �rst(gain) term a

ounts for the formation of 
lusters of massk (k-mers) as a result of the bimole
ular aggregation ofi-mers with j-mers, with i + j = k. The se
ond (loss)term a

ounts for the aggregation of the k-mers withany j-mer, thus leading to a de
rease in the k-mer 
on-
entration. For the pro
esses given in (1) and with theadditional 
onstraint of K11 = � = 0, the expli
it rateequations are_
1 = �
1R;_
2 = �
2 [
1 + 
R℄ (3)_
k = 
1
k�1 + 
2 Xi+j=k 
i
j � 
k(
1 + 
R) k > 2;where we drop the time argument for 
ompa
tness andintrodu
e the shorthand R �Pk�2 
k for the 
on
entra-tion of rea
tive 
lusters (those with mass � 2). Noti
ealso that there is no produ
tion of monomers and dimersin the rea
tion; they 
an only disappear.The governing equation for R is obtained by summingEqs. (3) to give _R = �
2R2, whose solution isR = R(0) ��1; � � 1 + 12
R(0) t: (4)With the expli
it expression for R, we integrate the equa-tion for monomers to give
1 = 
1(0) ��2=
 : (5)The 
ru
ial point is that the value of 
 
ontrols whi
hof R or 
1 de
ays more rapidly. For 
 < 2, monomersare asymptoti
ally irrelevant and 
onventional 
onstant-kernel aggregation kineti
s arises. For 
 � 2, however,the large disparity in the rea
tion ratesK1j andKij leadsto a long-lived residue of monomers and these profoundlya�e
t the asymptoti
 kineti
s.To see this expli
itly, we solve for the density of dimersto �nd 
2 = 
2(0) ��2 e�� ; (6)where we de�ne � = R t0 dt0
1(t0). Using Eq. (5) we express� in terms of � :� � �(�) =8<: 2r �1�2=
�1
�2 
 6= 2;r ln � 
 = 2: (7)where we further de�ne r = 
1(0)=R(0).Depending of the value of 
 we obtain three distin
tlong-time behaviors:

� For 0 < 
 < 2, � ! 2r2�
 ! 
onst as t ! 1.Thus the dimer 
on
entration has a universal t�2asymptoti
 de
ay; only the amplitude of the de
aydepends on the initial state.� For 
 > 2, the dimer density de
ays as a stret
hedexponential e�� times a power-law prefa
tor.� For 
 = 2, the dimer 
on
entration asymptoti
allyde
ays as t�(2+r), where the exponent depends onthe initial 
on
entration ratio r = 
1(0)=R(0).III. ASYMPTOTIC MASS DISTRIBUTIONTo determine the asymptoti
 
luster 
on
entrations 
k,we re-write the rate equations (3) in the form_
k + �
k = �k; (8)where� � 
1 + 
R; �k � 
1
k�1 + 
2 Xi+j=ki;j�2 
i
j : (9)Due to the re
ursive nature of Eq. (8) we immediatelyobtain the formal solution for 
k:
k(t) = E(t)�
k(0) + Z t0 dt0 �k(t0)E(t0) � (10)with E(t) = exp h� R t0 dt0�(t0)i = ��2 e��. Therefore,on
e we know 
1; : : : ; 
k�1, we 
an 
ompute �k and thendetermine 
k.Before pro
eeding to general k, it is instru
tive to 
om-pute 
3. From Eq. (10), and using the previous resultsfor 
1 and 
2, we obtain:
3 = [
2(0)�+ 
3(0)℄ ��2 e�� : (11)As in the 
ase of dimers, there are three distin
t asymp-toti
 behaviors for the trimer 
on
entration that are bestexpressed in terms of 
3=
2. We obtain
3
2 / 8<: t1�2=
 
 > 2;ln t 
 = 2;1 
 < 2; (12)that is, 
3=
2 / � for any value of 
 (see Eq. (7). Whilethe exa
t expressions for the 
on
entrations 
k be
omeunwieldy as k grows, the asymptoti
 expressions turnout to be simple: 
3=
2 ! �, 
4=
2 ! �2=2, et
. Wewill 
on�rm this hypothesis by indu
tion in the followingsubse
tions. A. 
 � 2When 
 is stri
tly greater than 2, we easily �nd that
k=
2 / �k�2 as t ! 1 by expli
it 
al
ulation for small



3k. We therefore seek an asymptoti
 solution for 
k of theform 
k
2 = �k�k�2 + : : : (13)where : : : denotes subdominant terms in the limit t!1and the amplitude �k will be determined below.For 
on
reteness and simpli
ity, let us 
onsider the bi-disperse initial 
ondition in whi
h only 
1(0) and 
2(0)are non-zero while 
k(0) = 0 for all k > 2. To extra
tthe asymptoti
s of 
k from Eq. (10), only the se
ondterm on the right-hand side is needed. Let us supposethat Eq. (13) holds for 
2; : : : ; 
k. To leading order, wehave �k+1 = 
1
k, and substituting 
k = 
2�k�k�2 intoEq. (10), we obtain
k+1 = E(t) Z t0 dt0 
1(t0) 
k(t0)E(t0)= 
2 �kk � 1 �k�1 ; (14)where to obtain the se
ond line we use E(t) = ��2 e��.Thus �k = 1=(k � 2)! and we arrive at the remarkablysimple asymptoti
 solution
k+2 = 
2 �kk! ; 
2 = 
2(0) ��2 e�� ; (15)with � and � given by Eqs. (4) and (7). Expli
itly, wehave
k+2 � 1k! t�2+k(1�2=
) exp �� 
onst:� t1�2=
�: (16)Thus 
k has a very di�erent asymptoti
 behavior than inthe 
onstant-kernel system [7℄. As dis
ussed previously,this anomaly arises be
ause monomers are very long-livedand these then strongly in
uen
e the long-time kineti
s.One important 
aveat, however, is that the derivationof Eq. (15) applies only for �nite k. For suÆ
iently largek the negle
ted subdominant terms a

umulate to pro-vide a relevant 
ontribution. The simplest way to seethat Eq. (15) 
annot hold over entire mass range is touse this equation to 
ompute the total 
luster density.This gives Pk�2 
k = 
2 e� = 
2(0) ��2, in 
ontrast tothe 
orre
t result R(0)��1 given in Eq. (4).We therefore 
on
lude that the mass distribution nat-urally divides into a small-mass boundary layer, k � k�,that 
ontains an asymptoti
ally negligible fra
tion of thetotal mass, and a remaining bulk region. The extent ofthe boundary layer may be determined as the maximumof 
k in Eq. (15) and gives k� = � / t1�2=
 . Withinthis boundary layer, the mass distribution grows rapidlywith mass, but this region 
ontains only an asymptoti-
ally negligible fra
tion of the total mass. On the otherhand, most of the mass, whi
h exhibits 
onventional s
al-ing behavior is 
ontained in the bulk region.In the marginal 
ase of 
 = 2, the asymptoti
 solu-tion of Eq. (15) is still valid. Sin
e now � = r ln � ,

the density of dimers de
ays algebrai
ally in time as
2 = 
2(0) ��(2+r), and the width of the boundary layergrows logarithmi
ally k� = � = r ln � . The followingmain part of the mass distribution is again 
hara
terizedby 
onventional s
aling behavior (see Eq. (19) below). Ajusti�
ation of this pi
ture is given in Appendix. Thusfor 
 � 2, the mass distribution exhibits two growings
ales and 
onventional single-mass s
aling is violated.B. 
 < 2By solving 
2; 
3; : : : exa
tly, we are led to the hypoth-esis that for k � 2 
k / ��2: (17)This indeed 
an be dire
tly 
he
ked by indu
tion. More-over, in the s
aling limit,k !1; t!1; kt = �nite; (18)the mass distribution admits the 
onventional s
alingform 
k = 4
2t2 e�2k=(
t): (19)Summing P 
k we indeed re
over R = 2=(
t), while thenext momentP k
k equals one (based on the total massset equal to one initially). Equation (19) also des
ribesthe s
aling portion of the mass distribution when 
 � 2.The origin of the 
onventional s
aling behavior for the
ase 
 < 2 is simple. For 
 < 2 monomers disappearqui
kly, sin
e 
1 / t�2=
 , and their asymptoti
 in
u-en
e is negligible. Thus the rea
tion e�e
tively redu
esto a 
onstant-kernel system that begins with dimers. Themonomers do in
uen
e the small-mass behavior, namely
k = Akt�2 with mass-dependent amplitudes Ak; e.g.,A2 = 
2(0)[
R(0)=2℄�2e�� and A3 = A2[�+
3(0)=
2(0)℄.However, as k grows the amplitude Ak approa
hes the
onstant value 4
�2.The existen
e of s
aling 
an be proved rigorously, e.g.,by the generating fun
tion approa
h given in the Ap-pendix. A simpler approa
h is to merely assume thats
aling holds and 
he
k its 
onsisten
y a posteriori. Inthe 
ontinuum limit, we have 
he
ked the 
orre
tness ofEq. (19), whi
h is the 
onventional s
aling form for 
on-stant kernel aggregation [7℄.IV. REACTIVE MONOMERSWe now assume that monomer-monomer rea
tions doo

ur: K11 � � > 0. This situation has already beenstudied by Hendriks and Ernst [3℄. The rate equationsfor monomers and dimers now read_
1 = �
1(�
1 +R) (20)_
2 = �2
21 � 
2(
1 + 
R); (21)



4while the rate equations for 
lusters with k > 2 are thesame as in Eq. (3). Correspondingly, the density of rea
-tive 
lusters R evolves a

ording to_R = 12�
21 � 12
R2: (22)It does not seem possible to solve the 
oupled non-linear equations (20) and (22) for 
1 and R expli
itly. Ifwe treat 
1 as a fun
tion of R, however, we 
an redu
eEq. (20) and (22) to a single di�erential equation that
an be solved to establish a fun
tional relation between
1 and R [1℄. From this relation, we 
an dedu
e thatdi�erent behaviors emerge depending on whether 
 < 2or 
 � 2.A simpler and more fruitful way to pro
eed is to seekthe asymptoti
 behavior of 
1 and R without expli
itlysolving the governing equations. We anti
ipate that thereare three possible asymptoti
 behaviors: (i) 
1 � R, (ii)
1 / R, and (iii) 
1 � R. Substituting ea
h of theses
enarios into Eqs. (20) and (22) shows that the latter
ase is impossible. Let us now analyze the �rst two pos-sibilities. When 
1 � R, Eq. (22) gives R ' 2=(
t),and then Eq. (20) yields 
1 / t�2=
 . Thus the relation
1 � R holds when 
 < 2. In the 
omplementary regimeof 
 > 2, we �nd that 
1 / R is 
onsistent; furthermore,Eqs. (20) and (22) now give R / 
1 / t�1.We now analyze these two 
ases in more detail.A. 
 � 2When 
 is stri
tly greater than 2, we substitute theansatz R ' At�1; 
1 ' Bt�1; (23)into Eqs. (20) and (22) to get a quadrati
 equation forthe amplitude A. The physi
al requirement that A andB are both positive �xes the solution to beA = �� 1 +p�(�+ 
 � 2)�
 � 1 ; B = 1�A� ; (24)The singularity at � = 
�1 is only apparent and may beresolved by applying the l'Hospital's rule, to give A =
=[2(
 � 1)℄ in this 
ase.From the formal solution (10) we 
an 
he
k by indu
-tion that for �nite k,
k ' Bkt�1: (25)The amplitude Bk is found by substituting the ansatz(25) into (8){(9) to give the re
ursion(�� 1)Bk = BBk�1 + 
2 Xi+j=ki;j�2 BiBj (26)for k > 2, where we de�ne� = 
A+B = 1 +p1 + (
 � 2)=� : (27)

Note also that (� � 1)B2 = �B2=2. To solve the re
ur-sion (26) we introdu
e the generating fun
tion B(z) =Pk�2 Bkzk to redu
e (26) toB(z) = �� 1�Bz
 8<:1�s1� �
� Bz�� 1�Bz�29=; :When k � 1 but still within the boundary layer, theasymptoti
 behavior of B(z) leads to the amplitudeBk ' C k�3=2�k (28)with � = B 1 +p�
�� 1 ; C = �� 1
p2� s p�
1 +p�
 : (29)One 
an verify that � < 1 for all 
 > 2 and � > 0; there-fore, apart from a power-law prefa
tor, the amplitude Bkde
reases exponentially with k.As in the previous se
tion, the results (25) and (28)are valid only within the boundary layer. Thus the totaldensity of 
lusters within the boundary layer is asymptot-i
ally equal to A0t�1, where A0 =Pk�2Bk = B(z = 1),or A0 = �� 1�B �p(�� 1�B)2 � �
B2
 : (30)Sin
e the total density of 
lusters s
ales as At�1, only afra
tion A0=A of 
lusters lies within the boundary layer.Using Eqs. (24) and (30), we �nd A � A0 = 2=
; thisimplies that the density of 
lusters in the bulk de
ays as2=(
t). The same holds for 
 � 2, although in this 
asethe density of 
lusters in the boundary layer is asymp-toti
ally negligible.To determine the asymptoti
 behavior in the bulk (k !1 and t!1), we simplify the rate equations by negle
t-ing the subdominant terms 
1(
k�1 � 
k) on the right-hand side of Eq. (3). Further, the sum in (3) has three
ontributions. When i lies within the boundary layer, we
an repla
e Pi 
i
k�i by 
kPi Bit�1 = 
kA0t�1; a sim-ilar 
ontribution arises when j lies within the boundarylayer. In the bulk we repla
e the sum by the integral.Thus 
2 Xi+j=k 
i
j ! 
2 Z di 
i
k�i + 
A0t 
k :Combining all terms and using the identity 
(A�A0) = 2we �nally 
onvert Eq. (3) to_
k + 2t 
k = 
2 Z di 
i
k�i : (31)This equation appears in the standard 
onstant-kernelaggregation and its solution, satisfying the aforemen-tioned 
onservation laws R dk 
k = 2=
 and R dk k
k = 1,is given by Eq. (19).



5By mat
hing the mass distribution in the boundarylayer (
k / t�1�k) and in the bulk (
k / t�2), we esti-mate the width of the boundary layer ask� � ln tln(1=�) ; (32)with � given by Eq. (29). This is a mu
h slower growththan in the 
ase of sterile monomers where k� / t1�2=
 .When 
 = 2, we again expe
t marginal behavior. Pro-
eeding as in the 
ase of 
 > 2, we �ndR ' t�1; 
1 ' t�1(� ln t)�1: (33)From the formal solution (10) we 
an 
he
k by indu
tionthat, 
k ' Bkt�1(� ln t)�k: (34)For k > 2, the amplitude Bk is found from the re
ursion(26) with � = 2, B = 1, and B2 = �=2. The generat-ing fun
tion and the 
oeÆ
ients Bk and C are given bytaking the 
orresponding formulae in the 
 > 2 
ase andsetting 
 = 2.This behavior holds in a boundary layer whose widthnow grows ask� � ln tln(� ln t) ; � = �1 +p2� ; (35)while in the bulk we re
over the ordinary s
aling massdistribution 
k = t�2e�k=t.B. 
 < 2We already argued that R ' 2=(
t) and 
1 / t�2=
 for
 < 2. Solving then for dimers we obtain:
2 / � t�2 0 < 
 < 4=3;t1�4=
 4=3 < 
 < 2: (36)Generally, we �nd
k / 8>>>><>>>>: t�2 0 < 
 < 2kk+1 ;t�2 ln t 
 = 2kk+1 ;tk�1�2k=
 2kk+1 < 
 < 2: (37)Thus for every 
 < 2, small-mass 
lusters have abnor-mal kineti
s: only monomers for 
 < 4=3, monomersand dimers for 4=3 � 
 < 3=2, monomers, dimers, andtrimers for 3=2 � 
 < 8=5, et
. The remaining 
lus-ters de
ay as t�2, and 
onventional s
aling des
ribes the
luster-mass distribution.

V. SUMMARY AND DISCUSSIONFor irreversible aggregation with distin
t monomer-monomer (KMM), monomer-
luster (KMC), and 
luster-
luster (KCC) rea
tion rates, the dynami
s depends 
ru-
ially on the ratio 
 = KCC=KMC, while � = KMM=KMCplays a lesser role | all that matters is whether � = 0or � > 0. For � = 0 and 
 < 2, there is 
onventionals
aling with a single mass s
ale growing linearly withtime. For 
 � 2, there are two s
ales: the boundary layerk < k� / t1�2=
 where the mass distribution has an un-usual Poisson form, and the bulk region k > k� where
onventional s
aling holds. When � > 0 and 
 < 2, thereis 
onventional s
aling, ex
ept that light 
lusters haveabnormal kineti
s { monomers for 
 < 4=3; monomersand dimers for 4=3 � 
 < 3=2; monomers, dimers, andtrimers for 3=2 � 
 < 8=5, et
. When � > 0 and 
 � 2,the behavior in the boundary layer is very di�erent fromthat when � = 0. In parti
ular, the mass distributionde
ays with mass while for � = 0 the mass distribution ispeaked.A possible appli
ation of this model is to 
lustering onsurfa
es. Consider a two-dimensional substrate with dif-fusing single-layer islands that aggregate whenever theymeet. In the di�usion-
ontrolled limit, the rea
tion rateof an island of radius R and di�usivity D is proportionaltoD lnR [8℄. To a good approximation, we 
an ignore theisland radius and think of point-like islands that alwayso

upy a single latti
e site. When su
h a 
luster hopsonto already o

upied site, two 
lusters immediately 
o-ales
e into a single 
luster.If monomers hop with rate D while all heavier 
lustershop with the same unit rate, then the 
orresponding re-a
tion rates for point-like islands are K11 = 2D;K1j =1 +D;Kij = 2. As a result� = K11K1j = 2D1 +D; 
 = KijK1j = 21 +D: (38)For immobile monomers, D = 0, we have � = 0 and
 = 2. In this 
ase, the 
luster mass distribution is
k+2 = 
2(0) ��(2+r) �kk! : (39)within a boundary layer that grows logarithmi
ally withtime k� = r ln(1 + R(0)t), where r = 
1(0)=R(0). In thebulk, ordinary s
aling holds in whi
h 
k = t�2e�k=t.When D > 0, 
 is always less than 2. Therefore,R = 1 +Dt ; 
1 / t�1�D: (40)The de
ay rate for 
lusters of mass k > 1 is also simple:
k / 8<: t�2 D > 1=k;t�2 ln t D = 1=k;t�1�kD D < 1=k: (41)



6VI. ACKNOWLEDGEMENTSMM thanks the Swiss NSF for �nan
ial support un-der the fellowship 81EL-68473. PLK and SR thank NSFgrant DMR9978902 for �nan
ial support of this resear
h.APPENDIX A: GENERATING FUNCTIONAPPROACHIn the 
ase of sterile monomers, we 
an employ thegenerating fun
tion approa
h as an alternative to a dire
tsolution. The generating fun
tionG(z; t) �Xk�2 zk
k(t) (A1)re
asts an in�nite set of rate equations into a single dif-ferential equation�G�t = 
2G2 + (z
1 � �)G: (A2)This is a Bernoulli equation that is readily solved in termsof G�1. The solution isG�1 = �2 e(1�z)�G(z; 0) � Z �1 d� 0R(0) � �� 0 �2 e(1�z)(���0); (A3)where � = �(�) and �0 = �(� 0). For the bi-disperse initial
ondition, 
k(0) = 
1(0)Æk;1+
2(0)Æk;2, we haveG(z; 0) =
2(0) z2 and R(0) = 
2(0). Using these relations togetherwith 
2 = 
2(0)��2e�� we re-write (A3) asG�1 = e�z�
2 z2 � e�z�
2 Z �1 d� 0(� 0)2 e�(1�z)�0 : (A4)We now 
onsider in detail the marginal 
ase of 
 = 2and justify the two-s
ale stru
ture of the mass distribu-tion. When 
 = 2, we have � = r ln � and (A4) be
omesG(z; t) = 
2(t) z2 e�z �1� r1+r z�1� r1+r z � z21+r �1� ��1�r(1�z)� : (A5)

The term ��1�r(1�z) in the denominator 
an be ig-nored within the boundary layer. Therefore, the denom-inator be
omes (1�z)[1+(1+r)�1z℄, and the generatingfun
tion simpli�es toG(z; t) = 
2(t) z2 e�z 12 + r " 11� z + 1 + r1 + z1+r # : (A6)To extra
t the mass distribution, we expand G(z; t) in aTaylor series in z. This gives
k+2
2 = kXn=0 �nn! " 12 + r + 1 + r2 + r �� 11 + r�k�n# : (A7)Thus apart from the leading 
ontribution that equals�k=k!, in agreement with our previous result in Eq. (15),we �nd all the 
orre
tion terms; e.g., the leading 
orre
-tion is (1 + r)�1�k�2=(k � 2)!.When both the quadrati
 and the trans
endental termsin the denominator balan
e ea
h other, the generatingfun
tion a

ounts for the main part of the mass distribu-tion. The both terms are 
omparable when 1� z / ��1.Writing 1 � z = �=� and taking z ! 1, � ! 1 limit,with � kept �nite, we simplify the generating fun
tion:G = 
2(0)� 11 + (2 + r)� : (A8)This form of the generating fun
tion implies that
k = 
2(0)(2 + r) �2 exp�� 12 + r k� � : (A9)Sin
e 
 = 2 and (2+r)R(0) = 2
2(0)+ 
1(0) = 1 (for thebi-disperse initial 
onditions R(0) = 
2(0) and the massdensity is always set equal to one), the above s
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es to the anti
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