Chapter 6

SPIN DYNAMICS

Kinetic spin systemsplay a crucial role in our understanding of non-equilibrium statistical physics. The pro-
totypical exampleis the kinetic Ising model, in which the convertional Ising model of equilibrium statistical
mechanics is endowed with physically-motivated transition rates that allows the systemto \hop" between
di erent microstates. Just as investigations of the equilibrium Ising model have elucidated the rich phe-
nomenologyunderlying the transition betweenthe disordered and ferromagnetically-ordered states, studies
of kinetic Ising models have yielded deepinsights about a host of phenomenarelated to the appearanceof
ferromagnetic order from an initially disordered paramagnetic state.

Part of the reasonfor the long-term interest in kinetic Ising models is their conceptual simplicity as
well as their wide applicability. However, there is an even simpler kinetic spin systemthat is not so widely
appreciatedamong physicists|the voter model|that will bethe starting point for our discussion. The main
reasonfor starting with this model is that it is exactly soluble in all spatial dimensions. This solution is
quite interesting on its own and it also provide the framework for understanding the behavior of kinetic Ising
models.

6.1 The Voter Mo del

The voter model was rst introducedin the context of interacting particle systems. Becauseof its paradig-
matic nature, the voter model hasbeenone of the most extensively studied interacting particle systems. The
voter model describes,in an appealing way, how consensusemergesin a population of spinelessindividuals.
That is, ead individual hasno rmly xed opinion and merely takesthe opinion of one of its neighbors
in an update evert. As a result, a nite population of such voters eventually achievesconsensusn a time
that dependson the systemsizeand on the spatial dimension. In this section, we discusssomeof the most
basic and striking results of the voter model. We employ physics-inspiredtechniques that originated from
non-equilibrium statistical physics,to solve basic dynamical properties of the voter model on regular lattices
in all dimensions.

In the voter model, individuals are situated at ead of the sites of a graph|one for ead site. This graph
could be aregular lattice in d dimensions,or it could be any type of graph|suc h asthe Erdeos-Renyi random
graph, or a graph with a broad distribution of degrees.Each voter can be in one of two states that, for this
preseration, we label as\Democrat" and \Republican". Mathematically, the state of the voter at x, s(x),
can take the values 1 only; s(x) = +1 for a Democrat and s(x) = 1 for a Republican.

The dynamics of the voter model is simplicity itself. Each voter hasno con dence and looksto a neighbor
to decidewhat to do. A single update evert in the voter model consistsof:

1. Pick a random voter.
2. The selectedvoter at x adopts the state of a randomly-selectedneighbor at y. That is, s(x) ! s(y).

3. Repeat steps1 & 2 ad in nitum or stop when consensuss achieved.
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Notice that a voter changesopinion only when its neighbor has the opposite opinion. A typical realization
of the voter model on the squarelattice is shavn in Fig. 6.1, showving how the systemtends to organizeinto
single-opinion domains as time increases.

Figure 6.1: The voter model in two dimensions. Shown is a snapshot of a systemon a 100 100 square
lattice at time t = 1000, obtained by a Monte Carlo simulation. Black and white pixels denotethe di erent
opinion states.

A useful way to implement the voter model dynamics is to have ead update step occur at a xed rate.

The rate at which a voter at x changesto the state s(x) may then be written as
!

X
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wherethe sumis over the nearestneighbors of site x. Here z is the coordination number of the graph and we
tacitly assumethat ead site hasthe samecoordination number. The basic feature of this dynamical rule is
that the transition rate of a voter at x is a linear function of the fraction of disagreeingneighbors|when a
voter at x and all its neighbors agree,the transition rate is zero; conversely the transition rate equals1 if all
neighbors disagreewith the voter at x. This linearity is the primary reasonwhy the voter model is soluble.
For later convenience,we de ne the amplitude in the transition rate sothat its maximal value equals1. It
is alsoworth mertioning that the voter model can be generalizedto include opinion changes,s(x) ! s(x),
whoserate doesnot depend on the local ervironment, by simply adding a constart to the ip rate.

To solve the voter model, we need, in principle, the probability distribution P(fsg;t) that the set of all
voters are in the con guration fsg at time t. This probability distribution satis es the master equation

dP(fsg) _

X
o w(s(x))P(fsg) +  w( s(x))P(fsgx): (6.2)

X X

Here fsgx denotesthe state that is the sameas f sg except that the voter at x has changed opinion. In
this master equation, the lossterm accourts for all possibletransitions out of state f sg, while the gain term
accourts for transitions in which the state of one spin di ers from the con guration fsg. In principle, we can
usethis master equation to derive closedequationsfor all momerts of the probability distribution|namely ,
all multiple-spin correlq_t,ion functions of the form Sy;..., Is(x) s(y)i where the angle brackets denote
the averagehf (f sg)i ST (fsg)P(s).

Let's begin by consideringthe simplest such correlation function, namely, the meanspin, or equivalertly,
the one-point function, S(x)  hs(x)i. While it is possibleto obtain the ewlution of the mean spin and
indeed any spin correlation function directly from the master equation (6.2), this approad involves some
bookkeepingthat is proneto error. We therefore present an alternativ e method that is both more direct and
more instructiv e. In a small time interval t, the state of a given voter changesas follows:

s(x;t) with probability 1  w(s(x)) t;

s(x;t+ t)= s(x;t) with probability w(s(x)) t:

(6.3)
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Sincethe opinion at x changesby 2s(x) with rate w(s(x)), the averageopinion evolvesaccordingto the
rate equation

ds(x) _ .
e 2hs(x)w(s(x))i:

Substituting in the transition rate from (6.1) and using the fact that s(x)2 = 1, we nd that for voters that
are located on the sites of a d-dimensional hypercubic lattice, the rate equation hasthe form

X
ds(‘j(tx) = S(x)+ % S(X + &); (6.4)

where g; are the unit vectors of the lattice. The above ewolution equation can be rewritten more compactly
using the de nition of the discrete Laplacian operator

X
F(x) F(x) + % F(x + g); (6.5)
|
from which the mean spin ewlvesas dsd(tx) = S(x).
This rate equation shows that the meag spin performs a random walk on the lattice in contin uoustime.
As a result, the meanmagnetization, m « S(x)=N is consened, asfollows by summing Eq. (6.4) over all
sites. There is a subtle aspect to this basic consenation law. While the magnetization of a speci ¢ system
does changein a single update event by construction, the averageover all sites and over all tra jectories of
the dynamics is consened. The consequencef this consenation law is profound. Considera nite system
with an initial fraction of Democrats and 1 of Republicans; equivalertly, the initial magnetization
mo = 2 1. Ultimately, this systemwill reach consensushy voter model dynamics|Demo crat consensus
occurs with probability E and Republican consensusoccurs with probability 1 E. The magnetization of
this nal stateism; = E 1+ (1 E) ( 1)=2E 1. From magnetization consenation, we obtain our
rst basic conclusionabout the voter model: becausem; = myg, the \exit probability" is simply E =

Discrete Diusion Equation and Bessel Functions

When a random walk hops between sites of a regular but continuously in time, the master equation for
the probabilit y that the particle is on site n at time t hasthe generic form:

Bﬂ = E(Pn 1+ Pn+1) Pn: (6'6)

The usual caseis = 1, corresponding to consenation of the total probability. Here we consider general
values of  becausethis case arises in the equations of motion for correlation functions in the kinetic
Ising model. For simplicity, let us supposethat the rarpom walk is initially at site n = 0. To solve this
equation, we intro duce the Fourier transform P(k;t) = Py (t)e*" and nd that the Fourier transform
satises £ = [1 (ek + e ¥) 1]P(k). For the initial conditon P(k;t = 0) = 1, the solution is
simply P (k) = ﬁxp[ tcosk t]. Now we usethe generating function represertation of the Besselfunction,
exp(z cosk) = L 1 e*"1,(z). Expanding the generating function in a power seriesin t, we obtain
the nal result

Po(t) = In( t)e " 6.7)
In the long-time limit, we usethe asymptotics of the Besselfunction

In(t) (2 t) ¥

to give the asymptotic behavior

1
Pn (t) pﬁe“ .

Let us now solve the rate equation (6.4) explicitly for the mean spin at x. In one dimension, this rate
equation is

ds(‘j(tx) = S(x)+ %[S(x 1)+ S(x + 1) 6.8)
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For simplicity consider the initial condition S(x;t = 0) = «.o; that is, start with a single Democrat in a
badkground population of undecidedvoters. Then using the results from the above highlight on the Bessel
function solution to this type of master equation, we obtain

S(x;t) = Ix(t)e ! p% ast! 1: (6.9)

Exactly the sameapproach works in higher dimensions. Now the rate equation is

X
dsd(tX) = s+ % S(x + e); (6.10)

wherethe sumis over the z nearestngjgrbors of x. To solvethis equation, we intro ducethe multidimensional
Fourier transform P (ky; ko;:::;t) = X1 X Py, oxp (t)ekixagkax2 -2 and nd that the Fourier transform
in eadt coordinate direction factorizes. For the initial condition of one Democrat at the origin in a seaof
undecidedvoters, the mean spin is then given by

1

S(x;t) = ¥ Iy (e & ——
! Xi (2 t)d=2'

i=1

(6.11)

Thusthe fate of a singlevoter is to quickly relax to the averageundecidedopinion of the rest of the population.

To understand how consensuss actually achievedin the voter model, we needa quartit y that tells usthe
extent to which two distant voters agree. Such a measureis provided by the two-point correlation function,
S(x;y)  hs(x)s(y)i, which quanti es the extent to which two distant voters agree. Proceedingin close
analogy with Eq. (6.3) the two-point function ewolvesas

s(x;t)s(y;t) with probability 1  [w(s(x)) + [w(s(y))] t;

S+ DSyt D= sy t) with probability [w(s(x) + w(s(y))] t (6.12)
Thus S(x;y) ewlvesaccordingto
BV = 2 sx)sty) wista) + wis(y)
On a hypercubic lattice, the explicit form of this rate equation is
%: 28(x;y)+x % S(x+ e;y)+ S(X;y + &) : (6.13)

In what follows, we discussspatially homogeneousand isotropic systemsin which the correlation function
dependsonly on the distancer = jx yj betweentwo votersat x andy, G(r) S(x;y). Then the last two
terms on the right-hand side of (6.13) are identical and this equation reducesto (6.4) apart from an overall
factor of 2. At this stage, it is most conveniert to considerthe cortinuum limit, in which caseEq. (6.13)
reducesto the di usion equation -

- 2/,

a Dr °G; (6.14)
with D = 2( x)?= t,and x is the lattice spacing. For the undecidedinitial state in which ead voter is
independertly a Democrat or a Republican with equal probability, the initial condition is G(r;t = 0) = 0
for r > 0. On the other hand, ead voter is perfectly correlated itself, G(0;t) = 1. We can write thesetwo
conditions succinctly asG(r;t = 0) = ..

To understand physically how the correlation function ewolves, it is expediert to work with ¢ 1 G;c
also satis es the di usion equation, but now with the initial condition c(r > a;t = 0) = 1. The appropriate
boundary condition for the cortinuum limit is c(r = a;t) = 1; that is, the absorbing point at the origin is
replacedby a small absorbing sphereof non-zeroradius a. One should think of a as playing the role of the
lattice spacing;a non-zeroradius is neededsothat a di using particle canactually hit the sphere. Physically,
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then, we study how an initially constart density pro le ewlvesin the presenceof a small absorbing sphere
at the origin.

The exact solution for this conceriration prole can be easily obtained in the Laplace domain. Laplace
transforming the di usion equation givessc 1= Dr 2c; the inhomogeneougerm arisesfrom the constart-
density initial condition. A particular solution to the inhomogeneousequation is simply ¢ = 1=s, and the
homogeneousquation

o 9 1o d=0

Ol wn

has the general solution ¢ = Ar | (rp s=D) + Br K (rp s=D), wherel and K are the modi ed Bessel
functions of order , with = (2 d)=2. Sincethe concerration is nite asr! 1 ,the term with | must
be rejected. Then matching to the boundary condition c= O at r = agives

r K (rp s=D)

oo L r :
c(r;s) = s 1 a K—(aps?D) : (6.15)

For spatial dimensiond > 2 ( < 0), we useK
give the leading small-s behavior

K and the small-argumert form K (x) / (2=x) to

Slo
a
N

c(r;s! 0)= % 1

Thus in the time domain, the concerration prole approades the static electrostatic solution, c(r) =
1 (a=r)¢ 2I A steady state is achieved becausethere is a non-zero probability that a di using particle
never hits the absorbingsphere(transience). The depletion of the concerration nearthe sphereis su cien tly
slow that it is replenishedby re-supply from more distant particles. In terms of the voter model, the two-
particle correlation function asymptotically becomesG(r) ! (a=r)¢ 2 for d > 2. Thus the in uence of one
voter on a distant neighbor decays as a power law in their separation.

Now let's study the cased 2 ( 0). Here a diusing particle evertually hits the sphere(recurrence;
seeSec.2.3), leading to a growing depletion zone about the sphere. While the time dependenceof ¢ can
be obtained by inverting the Laplace transform in Eq. (6.15), we presert a simpler and physically-driven
approad|the quasi-static approximation. The basisof this simple and generally quite useful approximation
is the obsenation that even though the concerration prole ewlvesin the depletion zone, the changeis
su cien tly slow that we canagain obtain the solution frorB Laplace'sequation. This Laplacian solution must
then match with the unperturbed concerration for r > = Dt. This matching is the mecdanism by,which a
time dependencearises. Thus we soIveéhe_LapIace equation in the intermediate rangeofa< r < Dt and
match to the static value c= 1 whenr Fpt. From the genericsolution c(r) = A + B=(r)¢ 2, together with

the boundary conditions c(a) = 0 and ¢( Dt) = 1, we obtain
I

—_td 2
1 (a=nd 2 P Dt
c(r;t) = p— ! t! 1:
1 (a= Dt)d 2 r
For d = 2, the samequasi-static approach still works. We usethe genericsolution to the I5.a_place equation
for d= 2, namely, c(r) = A+ B Inr and apply the boundary conditionsat r = aandr = Dt to obtain
orit) = In(r=a) | Inr iy

In(" Dt=a) Int

In summary, the two-spin correlation function for r > a hasthe asymptotic behavior for generalspatial

dimensions: §

8 2
%1 p% d<2and0<r<pm;

In(r=a)

G(r;t) 1 —p—2 d=2anda<r< pﬁ; (6.16)
In(" Dt=a)

a d 2
- d>2anda<r:
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Figure 6.2: The spin correlation function for the voter model from Eq. vm-corr-sum for d < 2 (left), for
progressiwely later times, and the steady-state correlation function for d > 2 (right).

An important feature for d 2 is that the correlation function at xed r approades 1|distan t spins
gradually becomemore strongly correlated. This feature is a manifestation of coarsening in which the voters
organizeinto a mosaic of single-opinion enclaves whose characteristic sizeincreaseswith time. As we shall
see,coarseningtypi es many typesof phase-orderingkinetics. On the other hand, for d > 2 the voter model
approachesa steady state and there is no coarseningin the spatial arrangemen of the voters.

There are two important consequencefor the voter model that can be deducedfrom the behavior of the
correlation function. The rst is that we can immediately determine the time dependenceof the density of
\in terfaces", namely, the fraction n of neighboring voters of the opposite opinion. As shall use extensively
later on, it is helpful to represen an interface as an e ectiv e particle that occupiesthe bond betweentwo
neighboring voters of the opposite opinion. This quartit y providesthe right way to characterizethe departure
of systemfrom consensus.For two nearest-neiglbor sitesx and y, we relate the correlation function to the
interface density by

G(x;y) = hs(x)s(y)i = [prob(++) + prob( )] [prob(+ )+ prob( +)]

1 n n=1 2n: (6.17)

Thus the density of interfacesis related to the near-neigtbor correlation function via n = (1 G(x;y))=2.
Using our result (6.16) for the correlation function, the time dependenceof the interfacial density is then

8
2t92 1 d< 2

n(t) S 1=Int d= 2 (6.18)
"0(1) d>2

When d 2, the probability of having two voters with opposite opinions asymptotically vanishesand the
system dewvelops a coarseningmosaic of single-opinion domains (Fig. 6.1). At the marginal dimension of
d = 2 the coarseningprocessis very slow and the density of interfacesasymptotically vanishesas 1=Int. In
higher dimensions,the system reachesa dynamic frustrated state where voters of opposite opinion coexist
and continually ewolve such that the mean density of eat type of voter remains xed.

The secondbasicconsequencehat follows from the correlation function is the time Ty to reach consensus
for a nite systemof N voters. For this estimate of the consensugime, we usethe fact that the in uence of
any voter spreaddi usiv ely tiﬁ%h the system. Thus starting with someinitial state, the in uence range
of onevoter is of the prder of  Dt. We then de ne consensudo occur when the total amount of correlation
within adistanceof Dt of a particular voter equalsthe total number of voters N. The consensugriterion
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therefore becomes
ZP5t
G(r)rd tdr= N: (6.19)

The lower limit can be setto 0 for d = 1 and should be setto a for d > 1. Substituting the expressionsfor
the correlation function givenin Eq. (6.16) into this integral, the time dependencecan be extracted merely
by scalingand we nd the asymptotic behavior

8

>NZ4  d< 2;
TN/ >NInN d= 2;

"N d> 2:

Thus as the dimension decreasesdelow 2, consensugakes a progressiwely longer to achieve. This feature
re ects the increasingdi cult y in transmitting information when the dimensionality decreases.

Let us now derive the exact solution for the correlation function without using the corntinuum approx-
imation. This solution is nothing more than the lattice Green's function for the di usion equation. It is

conveniert to rescalethe time variable by 2, = 2t, sothat the correlation function satis es precisely the
sameequation of motion asthe averagemagnetization

d 1X

d—G(x) = G(x)+ - G(x + g): (6.20)

We consider the uncorrelated initial condition G(x;0) = (x) and the boundary condition is G(0) = 1.
The ewlution equation and the initial conditions are asfor the autocorrelation function where the solution
isIm( )e ¢ . Sincethe equation is linear, every linear combination of these \building-blo cks" is also a
solution. Therefore, we considerthe linear combination

z

Gx; )=1x()ed + d9(  9(9%e " (6.21)
0

The kernel of the integral is identi es as a sourcewith strength ( ) + J( ). This sourceis xed by the
boundary condition: 7

1= Io()e “+ d°(  Olo( Ye I (6.22)
0
We are interestedin the asymptotic behavior of the correlation function. This requiresthe ! 1 behavior
of the sourceterm. Thus, we introduce the Laplace transform J(s) = 01 d e S J(). Exploiting the
convolution structure of the integral yields
z 1
Fs)=[s(s)) * 1 with  [Y(s) = d e s[lo( )e 1% (6.23)
0
R
Using the integral represenation of the Besselfunction, 1o( ) = 02 g—qe €osa the latter transform is ex-
pressedas an integral 7
o= ot : (6.24)
2) s+ L @ cosy) '
The ! 1 asymptotic behavior of the sourceand the correlation function is ultimately related to the

s! 0 asymptotic behavior of this integral. The integral diverges,('(s) s%2 1, whend< 2, but it remains
nite whend > 2. The leadings! 0 behavior of the Laplace transform is therefore

8
>s d=2 d< 2;

F(s) S lns 1 d= 2 (6.25)
sl d> 2
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6.2 Glaub er Mo del in One Dimension

The Ising model providesan appealing and universal description of phasetransitions in ferromagnets. Owing
to its conceptual simplicity and broad applicability, statistical medanical studies of the I1sing model played
a fundamental role in the developmert of the modern theory of critical phenomena. In the Ising model, a

regular lattice is populated by 2-state spins that may take one of two values: s(x) = 1. Pairs of nearest-
neighbor spins experiencea ferromagnetic interaction that favors their alignment. The Hamiltonian of the
systemis X

H= J SiSj; (6.26)

hisj i
where the sum is over nearest neighbors (i; j) on the lattice. Every parallel pair of neighboring spins
cortributes J to the energy and every antiparallel pair contributes +J. When the coupling constart is
positive, the interaction favors ferromagnetic order.

The main feature of the Ising model is that ferromagnetism appears spontaneously in the absenceof
any driving eld when the temperature T is lessthan a critical temperature T, and the spatial dimension
d > 1. Above T, the spatial arrangemert of spins is spatially disordered, with equal numbers of spins in
the states+1 and 1. Consequetly, the magnetization is zero and spatial correlations betweenspins decay
exponertially with their separation. Below T, the magnetization is non-zeroand distant spins are strongly
correlated. All thermodynamic properties of the Ising model can be obtained from the partition function
Z = exp( H), wherethe sumis over all spin con gurations of the system,with = 1=kg T and kg is
the Boltzmann constart.

While equilibrium properties of the Ising model follow from the partition function, its non-equilibrium
properties depend on the nature of the spin dynamics. There is considerablefreedom in formulating this
dynamicsthat is dictated by physical considerations. For example, the spins may changeoneat a time or in
correlated blocks. More fundamertally, the dynamics may or may not consene the magnetization. The role
of a consenation law dependson whether the Ising model is being usedto describe alloy systems,where the
magnetization (related to the composition of the material) is necessarilyconsened, or spin systems,where
the magnetization doesnot haveto be consened. This lack of uniquenessof dynamical rulesis genericin non-
equilibrium statistical physicsand it part of the reasonwhy there do not exist universal principles, such as
free energy minimization in equilibrium statistical mechanics, that prescribe how to solve a non-equilibrium
spin system.

Spin evolution

In this section, we discussa particular realization of the kinetic Ising model that evolvesby non-consenative
single-spin- ip dynamics. This model, rst introducedby Glauberin 1963, represerts a simple way to extend
the Ising model to non-equilibrium situations. Here we will focus on the one-dimensionalsystem, as this
model is exactly soluble by analytical methods. Later on we will study the Ising-Glauber model in higher
dimensions, and well as di erent types of spin dynamics, including consenative Kawasaki spin-excdange
dynamics, and cluster dynamics, in which correlated blocks of spins ip simultaneously. In the Glauber
model, spins are selectedone at a time in random order and eact changesat a rate that dependson the
changein the energy of the systemas a result of this update. Becauseonly single spins can change sign in
an update, s; ! sj, wheres; is the spin value at site j, the magnetization is generally not consened.

There are three types of transitions that can arise when a single spin ips: energy raising, energy
lowering, and energy neutral transitions (Fig. 6.3). Energy raising events occur when a spin is aligned with
a majority of its neighbors and vice versafor energylower everts. Energy conservingevents occur when the
net magnetization of the neighbors is zero. The basic principle to x the rates of the various typesof everts
is the detailed balance condition. Mathematically, this condition is:

P(fsg)w(s! s)) = P(fslgw(s’! s): (6.27)

Here f sg denotesthe state of all the spinsin the system,fsjog denotesthe state derived from fsg in which
the spin at i is ipp ed, and w(s'! sjo) denotesthe transition rate from fsg to fsjog.

The meaning of the detailed balance condition is simple. In the abstract spaceof all 2\ possible spin
states of a systemof N spins, Glauber dynamics connectsstates which di er by the reversal of a single spin.
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Figure 6.3: (a) Energy lowering, (b) energyraising, and (c) energy conservingspin-ip events on the square
lattice.

When detailed balance holds, the probability currents from state f sg to fsjog and from fs})g to fsg (the left
and right sidesof Eq. (6.27)) are equal so there is no net probability current acrossany link in this state
space. If P(fsg) are the equilibrium Boltzmann weights, then the transition rates de ned by Eq. (6.27)
ensurethat any initial spin state will eventually relax to the equilibrium thermodynamic equilibrium state
for any non-zero temperature. Thus dynamics that satisfy detailed balance are required if one seeksto
understand how equilibrium is approached when a systemis preparedin an out of equilibrium state.

In the following discussionof analytical methods, we specializeto the caseof one dimension. Here the
detailed balance condition is su cien t to x the actual ip rates. Following Glauber, we assumethat the
ip rate of the j™ spin depends on the neighbors with which there is a direct interaction, namely, s; and
sj 1. For an isotropic system, the rate should have left/righ t symmetry (invariance under the interchange
i+1%$ i 1)andup/down symmetry (invariance under the reversalof all spins).>. For a homogeneousne-
dimensional system, these conditions constrain the rate to have the form w(s'! sjo) = A+ Bsj(sj 1+ Sj+1).
This ip rate is simply the energy of the i"" spin up to an additive constart. We now write this ip rate in
the following suggestive form

8
h i 23(@ ) forspinstate "™ or ##H#,
w(s! )= 5 1 5S (S 1+s+) =_ 5 for spin state "'# or ##"; (6.28)
" 5(1+ ) forspinstate "#' or #%#:

When the two neighbors are antiparallel (no local eld), the ip rate is simply a constart that we take to
be 1/2 ( = 1) without lossof generality. For > 0, the ip rate favors aligning s; with its neighbors and
vice versafor < 0.

Wenow x by exploiting detailed balance:

w(s! Sjo)_ 1 5si(s5 1+ Sj+1) _ P(fsjog)_ e 71

w(s’! s) 1+ 5Si(S 1+s4) P(fsg) e I (6.29)
with Si(sj 1+ sj+1). We simplify the last quantity by exploiting the 1 algebra of Ising spins to
write

e Ji _cosh( Jj)+sinh( J;)_ 1 tanh(2 J%) 1 i;tanh2 J
e 31~ coshJj+sinh J; ~ 1+tanh(2 J%) 1+ % tanh2 3’

wherein the last step we usethe fact that tanh ax = atanh x for a= 0; 1. Comparing with Eq. (6.28), we
deducethat = tanh2 J. Thusthe ip rate is

w(sj) = % 1 %tanhZ Jsi(sj 1+ Sj+41) (6.30)
ForT! 1, ! Oand all three typesof spin-ip events shown in Eq. (6.28) are equiprobable. Conversely,
forT! 0, ! 1,andenergyraising spin-ip everts are prohibited.

The probability distribution P(fsg;t) that the system has the microscopic spin con guration s at time
t satis es the samemaster equation (6.2) as the voter model. Consequetly, the equation of motion for the

LActually the most general rate that satis es the constraints of locality within the interaction range, symmetry, and isotropy
iswesj) = (1=2)L+ s 15j+1) 1 ( =2)sj(Sj 1+ Sj+1)
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low-order correlation functions are:

d% = 25w(s) ; (6.31a)

ds;;
d—t’] = 2 sis[w(s)+ w(s)l (6.31b)
where the subscriptsi and j denotethe i™ and j™ site of a one-dimensionallattice.
Using the transition rates givenin (6.30) and the identit y sj2 = 1, the rate equation for the averagespin
Sj is

d 3
d—?= Sk + E(Sj 1+ Sj+1): (6.32)
With the initial condition Sj(0) = j o, the solution is (seethe highlight on the Besselfunction solution to
discrete di usion)
St)=1;( e - (6.33)

The new feature comparedto the corresponding voter model solution is the presenceof the temperature-
dependert factor . Now the averagespin at any site decaysasSj(t) (2 t) ¥2e @ It For T > 0, the
decy is exponertial in time, S e © , with relaxation time p= (1 ) 1, while for T = 0 the deca is
algebraicin time, S; * (2 t) '7?. The magnetizatonm =N ', S satises dn = (1 )m, sothat m
decays exponertially with time at any positive temperature,

m(t) = m(@Q)e @ It: (6.34)

and is consened at zerotemperature, just asin the voter model. The Ising-Glauber in one dimension model
nicely illustrates critical slowing down|slo wer relaxation at the critical point (T = 0in onedimension)than
for T > 0.
The mean spin can also be directly solved for a generalinitial condition, S;(t = 0) = ;, with ; an
grbitrary function between+1 and 1. Then the Fourier transform of the initial condition is sx(t = 0) =
" 2€K". Using this result, the Fourier transform of the solution to the equation of motion (6.32) is
Sk(t) — Sk(t: O)e( cosk 1)t — X eikm m X |n( t)eikne t:

m n

Now de ne ~ = m+ n to recastthe exponertial factors asa single sumto facilitate taking the inverseFourier
transform:
X X
Sc(t)y= € ml m( e t:

m

From the expressionabove we may simply read o the solution asthe coe cien t of ek :
X
S‘: ml‘ m( t)et. (6.35)

m

As we shall encourter next, this solution is useful for solving the two-spin correlation function.

Let's now study the pair correlation function, Sij = hsisji. As a preliminary, it is useful to highlight
a geometrical equivalence between the kinetic Ising model and di usion-limited reactions. As given by
Eq. (6.17), there is a one-to-onemapping betweena spin con guration and an arrangemernt of domain wall
quasi particles. Two neighboring antiparallel spins are equivalent to a domain wall that is halfway between
the two spins, while two neighboring parallel spins hasno intervening domain wall (Fig. 6.4). Energy raising
spin ips are equivalent to creating a nearest-neightbor pair of domain walls, while energy lowering moves
correspond to annihilation of two neighboring walls. Energy conserving ips correspond to the hopping of a
domain wall between neighboring sites. At T = 0, where domain wall creation is forbidden, Ising-Glauber
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Figure 6.4: Mapping between states of the Ising or the voter models in one dimension and domain wall
particles betweenneighboring pairs of antiparallel spins. Shavn are the equivalencesbetween: (a) an energy
conservingmove and di usion of a domain wall, (b) energylowering movesand annihilation of two domain
walls, and (c) energy raising movesand creation of a pair of domain walls.

kinetics is then equivalert to irr eversible di usion-c ontrolled annihilation, A+ A ! 0. In this processa
population of identical particles di uses freely and mutual annihilation occurswhen two particle comeinto
cortact. Similarly, for T > 0, Ising-Glauber kinetics is equivalert to di usion-controlled annihilation with
pair creation. As we will see,we can usethe known results about the Ising-Glauber kinetics to infer the
time dependenceof the particle density in the corresponding reaction processes.

We focuson translationally invariant systemswherethe correlation function dependsonly the separation
of the two spins, Gk Si; + k. The master equation (6.31b) becomes

dd% = 2Gk(t)+ (Gk 1+ Gk+1) (6.36)
for k > 0. This equation needsto be supplemeried by the boundary condition Gg(t) = 1. Thus the pair
correlation function ewlvesin nearly the sameway as the mean spin. However, becauseof the existence
of the xed boundary condition at the origin, the master equation also admits an exponertial equilibrium
solution. that is determined by assumingthat Gx(1 )/ ¥ and substituting this form into Eq. (6.36) with
the Ieft-harb‘l side setto zero. Thesestepslead to the following condition for : 2 = + ! whosesolution
is =1 1 2]= =tanh J. The equilibrium pair correlation function therefore decays exponertially
in the distance betweenthe two spins,

Ge(l)=¢e ¥ ; (6.37)

with correlation length ' = 1=In(coth J). This result coincideswith the correlation function obtained
directly from thermodynamics. As expected, the correlation length divergesas T ! 0, indicative of a
phasetransition, and vanishesat in nite temperature.

k /K K
(a) (b) (c) h/k

Figure 6.5: (a) Equilibrium correlation function and (b) an arbitrary antisymmetric initial condition. To
nd Gg(t) for k > 0, we superposethe solutions for the three initial conditions showvn. This superposition
satis es both the initial condition and the boundary condition.

>

We now discusshow to solve the time dependenceof the correlation function with a prescribed initial
condition Gg(t = 0) and the boundary condition Go = 1. Since the master equation for the correlation
function hasthe sameform asthat for the mean spin apart from an overall factor of 2, the general solution
will be built from components of the form as (6.35) with the replacemen of ! 2 . We now needto
determine the appropriate linear combination of these componert solutions that simultaneously satisfy the
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initial condition Gk (t = 0) and the boundary conditions. One pieceof the full solution is just the equilibrium
correlation function Gy(1 ) = 4. To this we add the general homogeneoussolution that satis es the
prescribed constraints. Pictorially , the appropriate initial condition for the homogeneoussolution consists
of an arbitrary odd function plus an antisymmetric piece that cancelsthe equilibrium solution for k > 0
(Fig. 6.5. The antisymmetry of these piecesensurethat Gy = 1 and that the prescribed initial condition is
satis ed for k > 0.

The generalsolution for k > 0 therefore is:

3
Ge(t)= k+e 2 GOl (2 1)

=1
® . X

= *+e? [GO) Ik @t+e? GO+ Ik -2 1)
=1 =1
* ‘

= K+e? (GO Ik @1 (2D (6.38)

-
We restrict ourselvesto the caseof T = 0, where two special caseslead to nice results:

1. Antiferromagnetic initial state, Gx(0) = ( 1)X. In this case,every site of the dual lattice is initially
occupied by domain wall particle. For this initial state, the nearest-neighbor correlation function in
Eq. (6.38) reducesto

X
Git)=1 22  [I1;2) 1.;(20)]=1 2e ?1y(2t);
jodd

wherewe have usedl, = | ,.

2. Random initial state, G¢(0) = m%, where my is the initial magnetization. Then the nearest-neighbor
correlation function is

X
Gi)=1=e *(m§ 1) [l1 ;) Il j@)I=1 2e *(m§ 1)[lo(20)+ 11(20)]:
i

From thesetwo solutions, the domain wall densitiesare

8
1 G §I0(2t)e 2t pAlf: antiferromagnetic;
()= — L= 5 t ) (6.39)
2 21 mg a1 m§
T [lo(2t) + 11(2t)] € —pﬁ uncorrelated:

If the initial magnetization mg = 0 for the random initial condition, then the asymptotic domain wall density
universally vanishesas
t @t (6.40)

independert of the initial domain wall density! Becausethe number of domain walls decreasewith time,
their separation correspondingly increases.The systemtherefore coarsensas domains of parallel spins grow
with the diusiv e length scalet’™. A nal important point is that Eq. (6.39) also represerts the exact
solution for di usion-limited annihilation A+ A! 0!

Domain length distribution

In the previous section, we obtained the density of domain walls or alternativ ely, the averagedomain size.
Now we ask the more fundamental question: what is the distribution of domain sizesin a one-dimensional
system of length L? Let Py be the probability to nd a domain of sizek, namely, a con guration in which
of k consecutiwe spins are aligned and the two spins at the ends of this string are both oppositely oriented
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to the string. To have a system-sizeindependent quartity, we de ne this probability per unit length. We
now seekthe time dependenceof this domain size distribution.

We canobtain partial information about this distribution ,f_;om basicphysical considerations. For example,
the domain wall density Wrﬂjch scalesast 172 isgivenby |, Pk, while the domain sizedistribution obeys
the normalization condition |, kP« = 1. Further, from the the di usiv e nature of the ewolution, the only
physical length scalegrows as t'=2. These facts suggestthat the domain size distribution has the scaling
form

Pe(t)' t 1( kt ¥¥2): (6.41)

Herethe prefactor ensuresthat the meandomain size(per unit length) is xggl to one,that is, Rx ( x)dx = 1,
while the asymptotic decay of the total density (6.40) givesthe condition ( x)dx = (4 ) ¥? C.

By simple physical reasoning,we can also infer the short-distance tail of the scaling function ( x) from
the long-time decay of the domain density. Consider the role of the shortest possible domain (of length 1)
on rate equation for the domain density . When a domain that consistsof single spin ips, three domains
mergeinto a single larger domain illustrated below:

I S e S N S

Since such events, in which two domains disappear, occur with a unit rate, the domain density decas
accordingto

d
i 2P: (6.42)
Using Eqg. (6.40), we obtain P; %t 3%2_ On the other hand, expanding in a Taylor seriesgives
Pr= (0)t '+ YOt 32+ . Comparing thesetwo results, we deducethat (0) = Oand %0) = &.
Therefore the scaling function vanisheslinearly in the small-argumert limit:

( x) %x; as x! O (6.43)
This linear decreasein the small-sizetail of the probability distribution is a generic feature of many one-
dimensional interacting many-body systems.

While scaling argumerts provide considerable information about the asymptotic behavior of the size
distribution, we are interestedin the distribution itself. The exact solution is not yet known, and we presen
an approximate solution that is basedon the Independentinterval Approximation that correctly describesthe
main qualitativ e aspects of the domain sizedistribution. The basis of this approximation is the assumption
that the sizesof neighboring domainsare uncorrelated, an assumption makesthe the domain sizedistribution
analytically tractable. As we shall see,this approach can be applied to a variety of one-dimensionaldomain
ewolution and reaction processes.

Under the assumption that the sizesof neighboring domains are uncorrelated, the domain distribution
obeysa closedset of master equations. In an in nitesimal time interval t, the sizedistribution changesas
follows:

P
Pe(t+ t) Pe(t)= 2 tPe(t)+ tPug + tPe; 1 —

X PP Py .

+ tPy tP1—: (6.44)

i+j=k 1

The rst line accourts for length changesdue to a domain wall hopping by 1. Theseevents are equivalent
to an e ectiv e di usion of a single domain. The factor 1 P;= ensuresthat the neighboring domain has
length greater than one sothat there is no possibility that two domain walls meet. The secondline accourts
for changesin the domain distribution dueto merging of domains. Becauseany mergerrequiresthe presence
of a domain of length one, the terms that accourt for such events are proportional to P;. The gain term
accourts for the merger of three domains of lengthsii, j, and 1, with i + j + 1 = k. The lossterm accourts
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for the merger of a domain of sizek with a domain of any other size. Taking the limit t! 0 then yields
the master equation

dP P, X P
—t" 2P+ P 1+ Prat + 5 PP (P 1+ Py): (6.45)
i+j=k 1

Thesemaster equations equations apply for any k 1, subjectto the boundary condition Po = 0. From
the master equg,tion, one can ched that the total density = |, Py indeed satis es the exact equation
(6.42) andthat |, kdPc=dt= 0. Sincethe typical domain sizegrowsinde nitely , it is sensibleto treat k as
a continuousvariable. In this limit, we replacethe integerk by the real-valuedvariable x sothat the di usiv e

terms in the master equation are simply replaced by the Laplacian. Using ' Ct %2, P;' &£t 32 and
the scaling form (6.41) then givesthe integro-di erential equation for the scaling function
z

2
@ 1ldx) | 1

X
o "2 ax Tac (y)(x ydy=0 (6.46)

Givep the convolution in the last term of this master equation, we introduce the Laplace transform, (s) =

c'?t o ( x)e ¥dx, to reducethe integro-di erential equationto the ordinary nonlinear di erential equation

d 2 1
=42 —. 6.47
ds 25 2s’ (6.47)
with the boundary condition (0) = 1. Sincewe know the rst two terms in the seriesexpansionof , the
small-s behavior (s) isgivenby (s) 1 C 1s+ . Moreover, the linear behavior (6.43) implies the
decay (s)' (4s?) ltass! 1.
Eq. (6.47) is a Riccati equation and it can be reducedto the second-orderlinear equation

d? d 1

—+ — = 25 — =0

ds?  ds s 4s2
by the standard transformation (s) = Zs%. We then eliminate the linear term in this equation by
writing = yv and then forcing the term linear in °to be zero. This requiremert gives the condition

Inv®= s 1=(2s), from which we nd that the transformation (s) = 1 2s? 25% Iny(s) reducesthe
Ricatti equation (6.47) to a linear Schredinger equation

d?y 2

—Z + = 0: .

42 2 s)y=0 (6.48)
Eq. (6.48) is the parabolic cylinder eqlbalion whose solutbog is a linear combination of the two linearly
independert solutions, y(s) = C+Di=(s 2)+ C Di=( s 2), with D (x) the parabolic cylinder function
of order . From the large-s behavior (s)' (4s) 2, together with the asymptotics of D (s), it follows that
C = 0. Therefore the Laplace transform is

(s)=1 2¢° 2sdis|n D1:2(Sp 2): (6.49)

The constart C. can be evaluated explicitly from the normalization condition %0) = C,! and the
properties® of D (x). Using thesefacts, we nd C, = (3 =4)=(1 =4) = 0:337989.::; this result should be
comparedwith the exactvalue C = (4 ) 72 = 0:28209.

The domain size distribution at large length can also be obtained from the small-s limit of the exact
solution (6.49). The large-x tail of ( x) is exponertial asfollows from the behavior of the Laplace transform
near its simple pole at s = , (8)' 2 (s+ ) ' The constart is given by the rst zero of the
parabolic cylinder function, D 1=»( 2) = 0, located at 0:5409. Therefore the domain sizedistribution
asymptotically decays exponertially for large x

(x)" Aexp( x); (6.50)

p +1

P
2The following properties are needed D (0) = (1T2=2) D%(0) = < 2 o and D (x)  x exp( x?=4)1+ O(x ?)].
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with anboliﬂde A = 2C . The approximate value for the decay coe cient s larger than the exact value
(3=2)= 16 = 0:368468.

While the independert interval approximation is not exact, it is very useful. By invoking the this ap-
proximation, we are able to write a closedmaster equation for the evolution of the domain sizedistribution.
The independert interval approximation then yields the main qualitativ e behavior of the domain size dis-
tribution including: (i) the linear small-sizelimit of the distribution, (ii) the large-sizeexponertial tail, and
(iii) correct integrated properties, such asthe t =2 decay of the number of domains. As we shall seein later
applications, the independert interval approximation appliesto a wide range of coarseningprocesses.

6.3 Glaub er Mo del in Greater Than One Dimension

Finite spatial dimension

When the spatial dimensionis greater than one, the Ising model with Glauber kinetics is no longer solvable.
Becauseof the importance of understanding coarseningphenomenain real systems,a variety of continuum
models have beenconstructed that capture the essencef the Ising-Glauber model, and that are amenableto
approximate analytical studies. Thesecortin uum descriptionswill be the focusof the next chapter. However,
within a description basedon individual spins, there is still much that can be learned.
by 1 by by a3 by
by b —— 1t S B B O

v v v v

Ising-Glauber voter

Figure 6.6: Comparison of the rates of an update evert in the Ising-Glauber model at zerotemperature and
in the voter model on the triangular lattice.

First, we addressthe question about why the Ising-Glauber model is not soluble, while the closely
related voter model is solublein all dimensions. This dichotomy stemsfrom a simple but profound di erence
betweenthe Ising-Glauber model at zero temperature and the voter model. The zero-temperature limit is
the appropriate situation to comparebecauseoncea domain of aligned spins (equivalertly local consensus)
is achieved in either model, there is no medanism for a spin (or voter) in the interior of this domain to
changeits state. In one dimension, the Ising-Glauber and the voter model are identical becausethe three
distinct typesof transitions of energy lowering, energy neutral, and energy raising,

HUHH H#H#H U HH R
respectively, occur with the samerates of 1, 1/2, and 0.
However, the two dynamics are di erent in a subtle but profound way in higher dimensions. In greater
than one dimension, we again determine the transition rate for Glauber dynamics by using detailed balance
(seealso the discussionsurrounding Eq. (6.51)). We thus obtain

w(s! s P(fsg) e s 1 tanh( Js-Ps-) 1 stanh JPS-
' i) _ i — D — 'p | p >

w(s?! s)  P(fsg) et Is s 1+tanh( Js; ) 1+ sitanh J Sj; (6.51)

where the sum is over the nearest neighbors of s;, and in the last step we usedtanh(s;x) = s; tanhx for
s; = 1. Thusup to an overall constart that may be setto one, the transition for a given spin is
" #
1 X
w(s) = > 1 sjtanh J s (6.52)
j
At zerotemperature, this rule forbids energyraising updates, while energy lowering updates occur with
rate 1 and energyconservingevents occur with rate 1/2. Pictorially sud an update is equivalert to majority
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rulela spin ips to agreewith the majority of its neighbors (Fig. 6.6). In contrast, in the voter model, a
particular voter can ip to the opposite state of its local majority with a probability equal to the fraction
of neighbors in the minority state. That is, proportional rule dynamics. This proportionalit y of the update
rule is the feature that makesit possibleto factorize the master equation for the voter model into a product
of one-dimensionmaster equations that are then soluble in arbitrary spatial dimensions. There is no such
simpli cation for the Ising-Glauber model. Moreover, when the spatial dimension is nite, the master
equation is non-linear becauses; appears inside the hyperbolic tangert. For these reasons,most of our
understand of the Ising-Glauber model in greater than one dimension is basedon simulation results or on
cortinuum theories, someof which will be discussedin the next chapter.

Figure 6.7: Spatial evolution in the voter model (top 2 rows) and the Ising-Glauber model at T = 0 (bottom
two rows) on a 256 256squarelattice. Lines 1 & 3 shown snapshotsat timest = 4; 16; 64, and 256 starting
with an initial bubble of radius 180 for the voter model and the Ising-Glauber models, respectively. Lines 2
& 4 shaow the sameevwolution starting with a random initial condition with equal density of the two species.
The voter model gure is from Dornic et al., Phys. Rev. Lett. 87, 045701(2001); courtesy of I. Dornic. The
Ising-Glauber model gure is courtesy of V. Spirin.

Another important feature of proportional rule is that it leadsto a processwith little surfacetension
betweendomains of opposite-opinionvoters. For example,a straight boundary betweentwo opposite-opinion
domains becomesfuzzier in voter model evolution (secondline of Fig. 6.7). Additionally , even though the
voter model undergoescoarseningthe weaknesf surfacetension meansthat the interface density disappears
very slowly with time, namely, as1=Int. In cortrast, for the Ising-Glauber model at zerotemperature, there
is a surface tension that scalesas the inverse curvature. This fact is most easily shovn by a continuum
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approach that will be deferred until the next chapter. However, if we accept the existence of a surface
tension that scalesas the inversecurvature, then a single-phasedroplet of radius R in a background of the
other phasewill shrink accordingto R/  1=R, or R(t)2 = R(0)?> at and thus disappearin a nite time
(third line of Fig. 6.7). Additionally , the surfacetension will quickly eliminate high curvature regionssothat
the coarseningpattern is quite di erent from that of the voter model

0.5
04+
03+
N
0.2
=——= square lattice i
0.1 s——= triangular lattice b
0 L
0 0.25 0.5

1/log,L
Figure 6.8: Probability that an L L system (o square lattice,  triangular lattice) evertually reachesa
strip e state, Pg (L), as a function of 1=log, L for L up to 512. Each data point, with error bars smaller
than the sizeof the symbol, is basedon  10° initial spin con gurations.

Perhaps the most basic questions about the Ising-Glauber model in greater than one dimension are
concernedwith the analog of the domain-size distribution. What is the nature of the coarseningwhen a
systemis prepared in a random initial state and then suddenly quendied to a low temperature? What is
the nal state? How long doesit take to reach the nal state? When the spatial dimension is greater than
one and the temperature is below the critical temperature, the system organizesinto a coarseningdomain
mosaicof up and down spins,with the characteristic length scalegrowing ast'=?. Well-establishedcontinuum
theories of spin dynamics with non-consened order parameter show that the typical length scaleof domains
grows di usiv ely, namely, ast**2. For a nite system, this coarseningstops when the typical domain size
reachesthe linear dimensionL of the system.

0

10

0.0 0.5 1.0 15 2.0

Figure 6.9: Time dependenceof the survival probability S(t) on L L squares. Main graph: S(t) versus
t=M 1o to highlight the long-time exponertial tail. HereM  hki¥™* is the k" reducedmomert of the time
to reach the nal state. Scaling setsin after S(t) has decayed to approximately 0.04. Inset: S(t) versus
t=M ;=10 to highlight the scaling and the faster exponertial deca in the intermediate-time regime.

However, whenthe nal temperature T of the quend is strictly zero, peculiar and unexpected anomalies
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arise when the size of the systemis nite. At early stagesof the relaxation, there is little di erence in the
dynamicsof T = O and T > 0 systems. However, when the elapsedtime is suc that the characteristic time
of the coarseningis comparableto the time di use acrossthe system, the two dynamics diverge. Perhaps
the most striking feature of the T = 0 dynamics is that a systemtypically gets stuck in an in nitely long-
lived metastable state. These metastable states consist of straight stripesin two dimensionswhile in higher
dimensionthese metastable states are more complex and not so easily characterized. In two dimensions,the
probability of getting stuck in a metastable state is approximately 1=3asL ! 1 (Fig. 6.8, while ford 3
the ground state is essetially never reached.

Peculiar behavior is also exhibited by the survival probability S(t) that the system has not yet reached
its nal state by time t. If the relaxation was purely di usiv e with a characteristic time scale L2, then
the natural expectation is that the probability that a randomly-prepared system has not yet reach the nal
state, S(t), would decay ase © . However, on the square lattice, S(t) is cortrolled by two dierent time
scales(Fig. 6.9). Initially , the characteristic time of the exponertial decay scalesasL ?, while at longer time
this decay time grows asL 3.

Figure 6.10: Diagonal strip e con guration on the squarelattice with periodic boundaries. The lower portion
shows part of one interface rotated by 45 . Zero-temperature Glauber dynamics is equivalent to particle
deposition at the bottom of a valley (light-shaded square){ corresponding to the spin-ip event "'# { or
particle evaporation from a peak (lled square){ corresponding to #!"

The sourceof the long-time anomaly in S(t) arisesfrom the approximately 4% of the con gurations in
which a diagonal strip e appears (Fig. 6.10). On the torus, this con guration consistsof one stripe of " spins
and another of # spins which, by symmetry, have width of order L=2. Each of these strip eswinds onceboth
toroidally and poloidally on the torus; they cannot ewolve into straight strip esby a cortin uous deformation
of the boundaries. Consequetly a diagonal stripe con guration ultimately reachesthe ground state.

Diagonal stripes are also extremely long-lived. To understand this long lifetime, we view a diagonal
boundary as an ewlving interface in a referenceframe rotated by 45 . In this frame (Fig. 6.10 lower), a
spin ip is equivalent either to \particle deposition" at the bottom of a valley ("% ) or \evaporation" from
a peak (#!" ). In a single time step eat such event occurs with probability 1/2. For an interface with
transversedimension of order L, let us assumethat there are of the order of L such height extrema. Ref. ?
predicts = 1, but we temporarily keepthe value arbitrary for clarity. Accordingly, in a single time step,
where all interface update attempts occur once on average,the interface certer-of-mass moves a distance

y L=2=L to give an interfacediusivit y D ( y)> L 2. We then estimate the lifetime giaq Of @
diagonal strip e as the time for the interface to move a distance of order L to meet another interface. This
gives gag L2=D L* . Using the results of Ref. ?, we expect gag / L3. The survival probability
re ects thesetwo time scales(Fig. 6.9).

In greater than two dimensions,the probability to readc the ground state rapidly vanishesasthe system
size increases. One obvious reasonwhy the system \misses" the ground state is the rapid increasein the
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number of metastable states with spatial dimension. This proliferation of metastable states makesit more
likely that a typical con guration will evertually reach one of these states rather than the ground state.

Mean Field Theory

Mean eld theory represents a special limit of a spin systemin which uctuations are negligible. One natural
way to construct a mean- eld description of a spin systemis to replacethe actual environment surrounding
ead spin by an averageervironment, that is then determined selfconsistertly. Another simple way to achieve
the mean- eld limit is to embed the Ising model on a complete graph of N sites, where all the N(N  1)=2
pairs of spin interact with at the samestrength. For this system,the Hamiltonian is

3 X
H = ﬁ SiSj: (6.53)

i<j

The coupling constart is chosento scaleinverselywith the systemsizesothat the energyis extensiwe, i.e.,
scaleslinearly with N. The Ising model on a complete graph has the same equilibrium properties as the
Curie-Weisse ective eld theory.

By directly adapting the argumert that gavethe transition rate on a lattice in greaterthan onedimension
(seeEq. (6.52)), the transition rate for Glauber dynamics on the complete graph is simply

" #

X
Sj . (6.54)

w(si)=% 1 sjtanh WJ

i

P
where the sum  s; is over all other spinsin the system. Now the equation of motion for the mean spin,
or the one-point average,obeys dd% = 2hsjwii. Now we exploit the fact that thlgre are no uctugions in
the magnetization to Writg, i (m)i = f (hmi). With this identity we have itanh - sii = tanh - ;fsii =

tanh m, with m= N 1 .bsii the averagemagnetization. Thus the equation for the mean spin is

% = S+ tanh m: (6.55)

Summing theserate equations,the averagemagnetization satis es the rate equation

— = m+ tanh m; (6.56)

In cortrast to onedimension, the magnetization is generally not consened. The rate equation hasthree xed
points, oneat m = Oandtwo at meq, with the latter determined by the roots of the familiar transcendertal
equation m = tanh( Jm). A linear stability analysis shows that the zero-magnetization state is stable for

J  1but unstablefor J > 1, and vice versafor the state with m = meq. Thusthere is a phasetransition
at ¢J = 1. Near this critical point, the magnetization vanishesasmeq ' [3( )]*2 or, asa function of
the temperature,

Meq (Te T)1:2 (6.57)

asT! T.. The emergenceof two equivalert, but symmetry-breaking ground states when the Hamiltonian
is termed spontaneous symmetry breaking.
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Landau Theory

Landau theory posits that the free energy F(m): (i) is an analytic function of the order parameter (here,
the magnetization m) and (i) obeysthe symmetries of the Hamiltonian (here, re ection symmetry s ! S
and F(m) = F( m)). For small magnetization, the magnetization is small and the free energy may be
expanded as a Taylor seriesin even powers of m

F(m)= ag+ aam?+ aym*+ (6.58)

Since we anticipate that there is an ordered low temperature phase and a disordered high temperature
phase,the coe cien t a; should change sign at the critical temperature T.. The simplest assumption is that
near the critical point, az C(T T¢). The Landau theory is equivalent to the Curie-Weisse ectiv e eld
theory. With its remarkable simplicity, the Landau theory is powerful and applies widely. Nevertheless,
this theory doesnot hold below the critical dimension, d < dc, becausethe partition function and the free
energy becomenon-analytic in the thermodynamic limit.

Moreover, we can extend the static mean- eld theory to treat the time dependenceof the magnetization.
This approach will be discussedin more detail in the next chapter, but for the presen discussion,we use
the fact that the negative of the derivativ e of the free energycan be view asan e ectiv e force that drivesthe

magnetization. Then the free energythat givesthe equation of motion (6.56) from dm=dt= F=m, is
F=C+ %mz YIncosh m: (6.59)

Expanding this free energy as a power seriesin the magnetization gives the Landau expansion F(m) =
C+3(c )m*+ L 3m*+ . Below the critical temperature T, the free energy has two minima at
Meq While for T > T, there is a single minimum at m = 0.

Figure 6.11: The free energy (6.59) versusthe magnetization.

Above the critical temperature, the magnetization decays to zero and we expandtanh m in Eq. (6.56)
in powersof m to give

dm 1 3

— = = : 6.60

= (e Im 3(m (6.60)
In the high temperature phase,the cubic term is negligible so that the magnetization decays exponertially
intime, m exp( t=)with = ( ¢ ) 1. At the critical point, the relaxation becomesalgebraic,

m t 172 (6.61)
in the long time limit. Below the critical temperature, the magnetization also decays exponertially toward
its equilibrium value, jm  mej e, with =1 =cosH( Meq). Thus, as the critical point is
approaded, either from above or from below, the relaxation time scaledivergesas

iTe Tj & (6.62)

The divergenceof the relaxation time as T ! T, is a sign of the generic feature of critical slowing down
where the approac to equilibrium becomesextremely slow.
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6.4 Kawasaki Spin-Exc hange Dynamics

The transition rate

As mertioned at the outset of this chapter, there aretwo fundamental classef spin dynamics: magnetization
conserving and magnetization non-conserving. The former classis appropriate to describe alloy systems,
where the two di erent spin states naturally correspond to the two componert atoms that comprise the
alloy. In studying the dynamics of phase separation of an alloy into domains of pure metal, a plausible
dynamics is that the positions of di erent speciesatoms are exchanged; there is no alchemy where one
type of atom can be corverted to the other type. In this section, we investigate a simple realization of
order-parameter conservingdynamics that is also known as Kawasaki dynamics.
In Kawasaki dynamics, neighboring antiparallel spins simultaneously reversetheir states so that

Wl # (6.63)

Alternativ ely, the two spins can be regardedas being exchangedand hencethe term spin-exchange Clearly,
such movesdo not alter the magnetization. Thus the magnetization is strictly consened in every update
evert. The existenceof this strict consenation law has far-reaching consequenceshat will becomemore
clear when we discusscortin uum theories of spin dynamics in the next chapter.

1/2 1/2 (1+g)/2 (1-9)/2
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Figure 6.12: Energy neutral update everts (a) & (b), energylowering events (c), and energy raising evens
(d) for Kawasaki dynamics in one dimension. The spins that ip are showvn bold. Also shown are the
corresponding domain walls and the transition rates for thesefour events.

Again, there are three typesof update events: energy raising, energy lowering, and energy neutral. As
illustrated in Fig. 6.12,the energy neutral update is equivalent to the simultaneous hopping of two nearest-
neighbor domain walls. As long as a bound domain-wall pair remains isolated from all other domain walls,
the bound pair can hop freely between neighboring sites on the lattice. This pair can be viewed as an
elemerary excitation of the spin system. The di usion rate of a domain wall pair merely setsthe time scale,
sothere is no loss of generality in setting this rate to 1=2, asin Glauber dynamics. Becausesud di usiv e
moves do not alter the energy they automatically satisfy the detailed balance condition. The rates of the
remaining two update events are then set by detailed balance. Since spin exdhangeinvolvesthe interactions
among four spins|the two spinsthat ip and their two neighbors|the rates depend on the total energy of
the three bonds connecting these four spins. The detailed balance condition is

W3 = P 1o eyp@a 0); (6.64)
W 1 3

where wy is the transition rate out of a state with energy gl and pq its equilibrium probability. Using the
conveniert Glauber notations of wg = (1+ )=2andw 1 = (1 )=2 for energyraising and energylowering
transitions, the detailed balance condition hasthe the sameform asin Glauber dynamics, f’— = exp(4 J).
Therefore = tanh2 J, just asin Glauber dynamics.

To determine the formal expressionfor the transition rates, we rst must guarantee that spinsi and
i + 1 are antiparallel. This constraint can be achieved by the factor (1 sjsj+1 )=2 that equals+1 if the
two spins are antiparallel and equals zero otherwise. The inner workings of the ip rate then dependson
the interaction energy betweenthe pairs s; ; and s;, and betweens;.; and sj.» . The ip rate should be a
symmetric function of thesetwo bond energiesand the rate should be proportional to (1 + )=2, 1=2, and
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(1 )=2,whenthe signsof thesebond energiesare  , + , and ++ respectively. Theseconstraints impose
the following form for the transition rate:
h 1
Wi (Si;Si+1) = > 1 E(Si 1Si + Sj+1 Si+2) E(l SiSi+1): (6.65)

An important feature of this transition rate is that the evolution of spin correlation functions are no longer
closed. One-spin averagesare coupled to three-spin averages,two-spin averagesare coupled to four-spin
averagesetc. Thusthe equation of motion for a particular correlation function generatesan in nite hierarchy
of equationsfor high-order correlations. This coupling to higher-order correlation functions arisesin a wide
range of many-body problems and a crucial art is nd a tractable and accurate scheme to truncate this
in nite hierarchy.

Frustration at zero temp erature

In this section, we investigate the ewlution of a one-dimensionalsystem by Kawasaki dynamics at zero
temperature. BecauseKawasakidynamicsis more constrainedthan Glauber dynamics, a systemwill almost
always get stuck in one of the very large number of metastable states; a similar phenomenonoccursin higher
dimensions. In the context of the presert discussion,a metastable state is one whose energy is above the
ground state energyand for which the only possibletransitions by Kawasakidynamicswould raisethe energy
(seeFig. 6.12(d)). At zero temperature such transitions cannot occur so that the system s stuck forever
in a metastable state in which ead domain particle is separatedby more than a nearest-neighbor distance
from any other domain particle. Equivalertly the lengths of all spin domains are two or longer. The number
of such con gurations in a system of length L asymptotically grows as g-, whereg = (1+ 5)=2 is the
goldenratio. It is striking how often this beautiful nhumber appearsin statistical physicsproblems. At zero
temperature the multitude of frustrated states is an obstacle that prevents the system from reaching the
ground state. At non-zerotemperature, these states merely slow the approac toward equilibrium.

To study how the systemewlvesto a metastablestate, we study the casewhereenergylowering transitions
only are allowed, as illustrated in Fig. 6.12(a){(c)). The resulting behavior diers only slightly from the
situation where di usiv e movesare also allowed, but the former caseis much simpler to treat analytically.
The dynamics is perhaps best visualized in terms of the domain walls that occupy the sites of the dual
lattice. According to Fig. 6.12(c), an update step consistsof picking three contiguous domain wall particles
at random and then removing the two side particles. Since pairs of domain walls are removed sequetially
from triplets of consecutive domain walls, the processis equivalent to the random sequetial adsorption of

\forks" wherewer a string of three consecutive domain wall particles exists. Becauseof this equivalence,
we can usethe tools of random sequettial adsorption (Chapter 5) to solve the problem.

Let Ex be the probability that a string of k sites (in the dual lattice) are all occupied by domain walls.
This probability evolvesby the master equation

dd% = (k 2)Ex 2Exs1  2Eks (6.66)
for k 3. This equation re ects the di erent ways that the transition ! can occur and alter the

number of empty strings of length k. There arek 2 ways that this transition can occur in the interior of a
k-string. There are also 2 ways that this transition can occur with two sites at the edgeof the k-string and
one site outside, and also 2 ways with one site at the edgeof the k-string and two sites outside.

We solve this rate equation by introducing the exponertial ansatzEx = (t)exp[ (k 2)t] (seealso
the discussionsurrounding Eq. (5.3)). For the initial condition of an antiferromagnetic spin state, the dual
lattice is completely occupied. Thus Ex = 1initially , sothat (0) = 1. Substituting this ansatzinto the rate
equation (6.66) leadsto the ordinary di erential equation

‘Z—t = 2((e'+e?: (6.67)

Integrating this equation givesthe string probabilities for k 2,

Ex()=exp (k 2t+e 2+2 ' 3: (6.68)
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Sincetwo domain walls are lost in ead update evert and these everts occur with rate E3, the domain

wall density E, satises ‘é—t = 2Ej3. Using Eq. (6.68) for E3 and integrating then yields the domain
wall density
z t
()=1 2 dsexp s+e ®+2 5 3: (6.69)
0
The nal \jamming" density is nite, jam (1) = 0:450898: ::. Thus there is not very much relaxation

as almost half of the domain walls still remain in the nal jammed state. Moreover, the relaxation to the
jamming density is exponertial in time,

() jam' el (6.70)

We seethat the systemneither reachesthe lowest energystate, nor doesit exhibit critical slowing down. The
underlying reasonfor both of theseunphysical behaviors is that the dynamics samplesonly a very restricted
portion of the phasespace.

Coarsening at in nitesimal temp erature

While the one-dimensionalchain with Kawasaki dynamics quickly reachesa jammed state when the temper-
ature is zero, the ground state will be reached for any non-zerotemperature, no matter how small. At very
low temperatures, energy raising updates will occur, albeit very rarely, sothat the systemis able to sample
all of the phasespaceand cometo equilibrium. Becausethe correlation length divergesasthe temperature
approadheszero, one can set the temperature su cien tly small sothat the correlation length is much larger
than the length of the system. Consequettly, the ertire systembelongsto one domain and the equilibrium
state of the systemis e ectiv ely the sameasthe ground state.

The large separation of time scalesbetweenenergy raising updates and all other update everts leadsto
an appealing description of the domain ewolution within the framework of an extremal dynamics. Sincethe
rate of an energy raising update equalse # 7, the typical time for such an evert is e’ V. Wedene a
time scalesud that e* 7 represerts the time unit. Energy neutral and energy lowering everts then occur
instantaneously in this time unit. Starting from an initial state, the system instantly reachesa frustrated
state in which no further energy neutral or energy lowering movesare possible. After a time has elapsed
(on average) an energy raising event occurs that is then followed by a burst of energy neutral and energy
lowering everts until the system reaches another frustrated state. This pattern of an energy raising evert
followed by a burst of complemenary everts cortinuesuntil a nite systemreadesthe ground state. As we
will now shaw, this dynamics leadsto the typical domain sizegrowing in time ast=3. This growth law is a
generalfeature of order-parameterconservingdynamics. One of the appealing featuresof Kawasakidynamics
in one dimension is that this important result of =3 coarseningemergesfrom a direct and unambiguous
calculation. In contrast, we will seein the next chapter that it is much more subtle to deducethe t=2 scaling
law from continuum approaches.

At long times, the systemwill ewlveto a low-energystate that consistsof alternating domains of typical
length *. The ewolution in the low-temperature limit is cortrolled by rare, energy raising updates where a
pair of domain walls nucleatesaround an existing isolated domain wall. Once this triplet of domain walls
forms, a bound pair of these domain walls can diuse freely with no energy cost until another isolated
domain wall is encourtered. When such a collision occurs, two of the domain walls annihilate sothat a static
single domain wall remains. As illustrated in Fig. 6.13, the creation of a mobile bound domain wall pair
is equivalert to an isolated spin splitting o from a domain and then di using freely within a neighboring
domain of length * of the opposite orientation. If this diusing spin returns to its starting point, the net
e ect is no changein the domain con guration. However, if the spin managesto traverseto the other side
of the domain, then one domain hasincreasedits size by one and another has shrunk by one. This e ective
di usion of domain lengths is the mechanism that drivesthe coarseningof the system.

What is the probability that the spin can actually traverseto the other side of the domain? This is a
classic rst-passage probability problem (seethe highlight on the next page). Once the spin hassplit o, it
is a distance one from its initial domain and a distance™ 1 from the domain on the other side. Sincethe
spin di uses freely, with probability 1=" it evertually reachesthe other side, while with probability 1 1="
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Figure 6.13: lllustration of the e ective domain di usion from Kawasaki dynamics at in nitesimal temper-
ature. The secondline shaws an energy raising event where a spin (shown bold) splits o from a domain.
Eventually this spin joins the next domain to the right. Also shown is the ewolution of the domain walls.
The net result of the di usion of the spin acrossthe middle domain is that this movesone step to the left.

the spin returns to its starting position. Thus the probability that the “-domain hops by one step equals
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1=". That is, the di usion coe cien t of a domain equalsthe inverseof its length.

D(C)=" 1% (6.71)

First passage probabilit y and the gambler's ruin problem

Consider a random walk in a nite interval of length N. The two boundary sites are absorbing, i.e., the
random walker immediately disappearsupon reaching thesesites. Supposethat the starting position of the
random walk isn, with 0 n N. What is F,, the probabilit y that the walker rst reachesthe boundary
at site N? We can write a simple recursion formula for the rst-passage probabilit y. With probability 1/2,
the walk stepsto site n 1, at which point the exit probabilit y to site N is Fn 1. Similarly, the walk steps
to site n + 1 with probability 1/2, where the exit probability is Fn+1 . Thus the rst passageprobabilit y
satis es the discrete Poisson equation

1
Fn = E(Fn 1+ Fn+1); (672)
with the boundary conditions Fo = 0 and Fn = 1. The solution is simple:
n
Fn = W: (673)

This rst passageprobabilit y also solves a neat probabilit y theory problem. In a fair coin-toss game, the
probabilit y that a gambler ruins a Casino equalsthe wealth of the gambler divided by the combined wealth
of the gambler and casino. Gambling is most de nitely a bad idea...

Thusin the low-temperature limit, the spin dynamicstranslatesto an e ectiv e isotropic hopping of ertire
domains by one step to the left or to the right® (Fig. 6.14). Domains of length one disappear wheneer one
of their neighboring domain hops toward them. Concomitantly, the lengths of the neighboring domains are
rearrangedsothat four domains mergeinto two (Fig. 6.15).

The net e ect of domain hopping is domain coarseningbecausedomains of length onedisappear wheneer
one of their neighbors hops toward them. We now determine the typical domain length from the following

3There is an anomaly involving domains of length 2 that can be ignored for the purp osesof this discussion.
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Figure 6.14: E ectiv e domain di usion from Kawasakidynamics at in nitesimal temperature.
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Figure 6.15: The outcome after domain merging.

heuristic argumert. Becauseead domain performs a random walk, coalescencepccurs whenewer a domain
di uses of the order of its own length. In a coalescencea domain typically grows by an amourt ° that is
also of the order of *. The time betweencoalescencewerts is t 2=D(’). We then have

Thus domain growth is subdi usiv e
t1=3: (6.74)

It is corventional to de ne the dynamical expnent z in terms of the growth of the typical length scale
in a coarseningprocessvia = t?. For the non-consened Glauber and the consened Kawasaki dynamics,
the dynamical exponent is:

1=2 nonconsenative dynamic
z= _ ynamics (6.75)
1=3 consenative dynamics
While we have derivedtheseresultsin onedimension, they are genericfor all spatial dimensions. Consenation
laws are a crucially important ingredient in determining the nature of non-equilibrium dynamics.

6.5 Cluster Dynamics

Glauber single-spin ip dynamics and the Kawasaki spin-exdiange dynamics are local in that they involve
ipping a single spin or a pair of spins. Becauseof their simplicity and their plausibility in describing the
ewolution of real systems,theserules were the basisof many simulational studies of coarseningand dynamic
critical phenomena. However, a dynamics that is basedon ipping a small number of spinsis perforce not
computationally e cien t. Compounding this ine ciency , the dynamics signi cantly slows down close to
criticalit y.

To mitigate the e ects of critical slowing down, Swendsenand Wang developed a clever dynamical update
rule in which an ertire suitably-de ned cluster of spinsis ipp ed simultaneously. A crucial feature of this
dynamicsis that it signi cantly reducesthe e ect of critical slowing down becauseclusters becomelarge near
the critical point, sothat a large number of spinsis ipp ed in a single update near criticalit y. Becauseof
this computational e ciency , suc cluster algorithms have beenusedextensively to elucidate the equilibrium
behavior of many-body statistical medanical and lattice eld theory models. The Swendsen-Wang and the
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Wol algorithms are two of the earliest and most prominent such examplesof this type of cluster dynamics.
In this section, we analyzethe domain sizedistribution in one dimensionat zero temperature for thesetwo
dynamical rules.

For local non-consenative dynamics, suc as the Glauber model, the time T_ required for a system of
length L to reach the ground state increasesasL ? becauseof the underlying di usiv e nature of the dynamics.
In contrast, for the Swendsen-Wang cluster algorithm, this time to reach the ground state is much smaller,
and grows only logarithmically with the systemsize,T. InL. The Wol algorithm is even more dramatic;
the time to reach the ground state remains nite ewven asthe length of the systemdiverges.Remarkably, the
domain length distribution can be obtained analytically for both Swendsen-Wang and Wol dynamics, even
though the solution remains elusive when spins are ipp ed individually accordingto Glauber dynamics.

Swendsen-W ang dynamics

In one dimension, an Ising spin chain consists of alternating spin-up and spin-down domains. In the
Swendsen-Wang algorithm, an entire domain of aligned spins is chosenat random and all these spins are
ipp ed simultaneously asillustrated below:

S | W
e |z}
By construction, all such update everts decreasethe energy We also take the ip rate to be one without
loss of generality. We now present a master equation solution of this dynamics.
In eath update evert, there is a net lossof two domains. Sincethe ip rate is unity, the number density
of domains decreasesaccordingto
d
&
Hencethe density of domains decreaseexponertially with time, and for the antiferromagnetic initial condi-
tion in which (0) = 1, the domain density is

2: (676)

(t) = e Zt; (6.77)

The averagedomain length is the inverseof the domain density and thus grows exponertially with time,
ki = €. When this averagelength reachesthe systemlength L the dynamicsis complete. This criterion
yields the time to reach the ground state T, / InL.

Now let's turn to the domain length distribution. We de ne ¢ as the density of domains of length
. Domains undergo a three-body aggregation process: when a domain is ipp ed, it mergeswith its two
neighbors. The length of the resulting domain equalsthe length of the three constituent domains. Therefore

¢ ewlvesaccordingto

de 1 X

pr 3+ — G G C«: (6.78)

i+j+k="

The factor of 3¢ accourts for the lossthat occurs when a domain of length * or either of its neighboring
domainsis ipp ed. The last term accourts for the gainin ¢ dueto the ipping of a domain of length j that
then mergeswith its two neighboring domains of lengths i and k, with the constraint that ~ = i + j + k.
The simplest way to deducethe prefactor 2 is to make this master equation consistert with Eq. (6.76).
Alternativ ely, the corvolution terms are products of the length density of the ipp ed domain times the
normalized length densities of its two neighbors. Newly created domains do not a ect their neighbors, nor
arethey a ected by their neighbors. Thusif the domainsareinitially uncorrelated, they remain uncorrelated.
Becauseno spatial correlations are generated,the rate equations are exact!

We can obtain a cleaner-laoking master qguation by introducing P ¢ =, namely, the probability for a
domain of length * (with the normalization . P- = 1). Using Egs. (6.76) and (6.78), P- ewlvesaccording
to . X

— = P+ P; Pj Py: (6.79)
dt i+j+k="
As we have seenpreviously, the corvolution form of the gain term c[:'ges out for applying the generating
function method. Thus we introduce the generating function F(z) = . P-z into (6.79) and nd that it
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satis es % = F + F3. Wethen solve this di erential equation by writing 1=(F2 F) in a partial fraction
expansionsothat the resulting equation can be integrated by elemenary methods. The solution is
F t
F(z;t)= p o(z)e (6.80)

"1 Fo(2)2(L e Zt);

where Fo(2) is the initial generating function.

For the antiferromagnetic initial condition, the initial condition is Fo(z) = z. Expanding the generating
function in powers of z then yields the domain number distribution

2 1 e?
Py = . e! (6.81)
4

in which domains have odd lengths only. Sincethe averagedomain length grows exponertially with time,
hi = €, we expect that this scalecharacterizesthe ertire length distribution. Employing Stirling's approx-
imation, we nd that asymptotically the length distribution approachesthe scalingform P- ! e 2 ( ‘e 2!
with the scaling function

( x)= p%e x=2. (6.82)

Becausethe scaling function diverges ( x)  x 172 for x 1, there is a large number of domains whose
length is smaller than the average. As in the example of constant kernel aggregation,domains whoselength
is larger than the averageare also exponertially rare, although here there is an additional weak algebraic
correction.

It is afun exerciseto extend the zero-temperature Swendsen-Wang dynamics, with energylowering moves
only, to the g= 1 Potts model. Now a domain mergeswith only one of its neighbors. Sincethere is a net
loss of one domain in a single update, the number density obeysd =dt = . Therefore (t) = e ! while
the averagedomain length again grows exponertially with time. The domain length size distribution now
ewlvesby two-body aggregation,sothat this distribution satis es

dP X
d—tk = P+ PiPj: (6.83)
i+i=k
To solve this equation, we again intro duce the generatingfunction into this equation to give % = F+F?
whosesolution is simply
t
F(z;t) = Fo(2)e (6.84)

T (1 e YHFo@)
Expanding this generating function in a power serieswe immediately obtain
P(t)=e '@ e Hk L (6.85)

Asymptotically, the distribution attains the scaling form Px(t) e '( ke ') with the purely exponertial
scaling function ( x) = exp( x). The enhancemeh of smaller than average domains disappearsin the
g! 1 Ilimit.

Wol dynamics

In the Wol cluster algorithm, a spin is selectedat random and the domain it belongsto is ipp ed. This
protocol further acceleratesthe dynamics comparedto the Swendsen-Wang algorithm becausethe larger the
domain, the more likely it is to be updated. Schematically, the Wol dynamics is

f‘i{kz_#f‘ ' i~z (6.86)

so that a ipp ed domain again simply mergeswith its neighbors. Since eat spin is selectedrandomly,
the time incremernt assaiated with update is the same. The total domain density therefore decreaseswith
constart rate

o

= 2 (6.87)



120 CHAPTER 6. SPIN DYNAMICS

As aresult, the domain density decreasedinearly with time, (t) = 1 2t andthe entire systemis transformed
into a singledomainin a nite time, t. = 1=2. Correspondingly, the averagedomain length, rki = (1 2t) 1,
divergesast ! t..
The ewolution of the domain length distribution is governed by the natural generalization of (6.79)
dP- X
W = P+ ] P; Pj Pk (6.88)

i+j + k="
. . P <
The generating function F(z;t) = . P-z satises

@ 2 @

— =z(F* 1)—: 6.89

a ( ) @ (6.89)

To solve this equation, we rst transform the variables from (t;z) to ( ;y) (t;t Inz) to absorb the

negative term on the right-hand side. This transformation leadsto
& _ F2 g:

@ @

We now employ the same procedure as that usedin the solution of aggregation with the product kernel
(seethe discussionof Eqs. (3.23){(3.25) in chapter 3) to transform amongthe variables( ;y;F) and reduce
(6.90) into the linear di erential equation % = F2. The solution to this equationis simply y = G(F)+ F? ,
with G(F) determined by the initial conditions, or, equivalently

(6.90)

t Inz=G(F)+ F2t: (6.91)

For the antiferromagnetic initial condition Fo(z) = z, sothat G(F) = InF. Substituting G(F) = InF
into (6.91) and exponertiating yields the following implicit equality satis ed by the generating function

z=Fé Ft: (6.92)

The length distribution Py is just the k™ term in the power seriesexpansionof F (z). Formally, this term
may be extracted by writing Py in terms of the contour integral

F(2)

Zk+1 dZ;

1
Py = —
KT 2T

and then transforming the integration variable from z to F (seethe discussionof the Lagrange inversion
formula in Chapter 3). This proceduregives

|
1 F(2) 1 F dz
Pe = =—— —=dz= — —7 —dF;
K= o7z BT 5 Iz(F)k+1 dF
_eM e 1 2t .
- T € H Fk 2 dF, (693)

where we usethe fact that g—é = ¢ F2t(1 2F 2t) in the above integral. Now we nd the residuessimply by

expanding eF’tin a power seriesand keepingonly the coe cien t of Fl in the integrand. Becausethe power
seriesis evenin F, only Py for odd valuesof k is non zero. This proceduregives:

" #
@ (0 D2 gyt 92
k 1 2t k 3

2 7 2 7

Pc=¢e

After somesimple algebra, the domain length distribution is

2k + 1)k 1

o t“ exp[ (2k + 1)t]: (6.94)

Pok+1 (t) =
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Near the critical time (t! 1=2), Stirling's approximation gives,for the leading behavior of domain length

distribution 1 1
2_
Pt)’ —z o= el k=1, (6.95)

with = 1 2t. It would be natural to expect that the distribution has the characteristic length scale
k = 4c 2= (1=2 t) 2. However, this length does not fully characterize the distribution. While most
domains are short near the critical time, becausethe domain length distribution hasan algebraick 372 tail
that iscuto at avaluek / 2, the averagedomain length divergesas 1.

There is a similarity between coarseningby the Wol dynamics and the gelation transition in product-
kernel aggregation. In both cases,a giant componert emergesin a nite time. For the Wol dynamics,
the gelation transition is discortinuous; the gel massis zero prior to the transition and it becomesone
immediately after the transition. Thus gelation in the Wol dynamicsis a rst-order (discortinuous) phase
transition. In cortrast, for product-kernel aggregation, gelation is a second-order(contin uous) transition.
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CHAPTER 6. SPIN DYNAMICS

Problems

Problems

1.

Evaluate the averageopinion for a Democrat in a seaof uncommitted voters: S(x;0) = (x).

4.1 Glaub er Spin-Flip Dynamics

1.

2. verify that for the Hamiltonian H =

Solve for the domain number distribution in the Potts model with Glauber dynamics. Hint: P, is replaced by
Pi=(q 1) in Eq. (6.45). b
Jij sisj the spin ip rateiswi = £ 1 tanh s i Jii S

i<j 2

3. Obtain the entropy in the mean- eld model

4. Determine Py (t), the probability to have M up spinsand N M down spins* for the zero temperature

dynamics.

5. Examine Py (1) for the critical dynamics.

6. In the low temperature regime (1 > > (), the distribution Py (t) is bimodal with peaks of width / pW

around M = % N (1 m3i ). The system spendsalmost all time in the proximit y of the peaksyet occasionally
it leaves one peak and reachesthe other. Estimate the transition time.

4.2 Glaub er spin-exc hange dynamics

1.

Show that the correlation functions obey an in nite hierarchy of equations. Write the evolution equation for
S;.

2. Obtain the number of frozen con gurations in the zero-temperature for Kawasaki dynamics.

3. Solve for the domain wall density at zero-temperature for random initial conditions.

4.2 Extremal dynamics

1.

Analyze a domain coarsening processwhere the smallest domain mergeswith one of its neighbors.

4.5 Asymmetric exclusion pro cess

1.

Solve for the steady state in a closed system with random addition and deletion of particle at ead lattice site.

4In all problems in this paragraph the system is nite .



