
Physics of Complex Systems, 
with Applications to Liquid State Physics, Econophysics, and 
Failure Cascades in Interdependent Networks

An informal talk based on work by BU students and collaborators, 
including:
Poole, Sciortino, Sastry,  Lascaris, Luo, Strekaleva, Stokely, Su, Araujo, 
Huber, Glotzer, Barabasi, Larralde, Peng, Makse Amaral, Viswanathan, 
Zapperi, Sadr, Starr, Dokholyan, Liu, Plerou, Grosse, 
Mantegna, Havlin, Buldyrev, Pammolli, Riccaboni, Petersen, 
Preis, Schneider, Gopikrishnan, Plerou,  Liu, Cizeau, Wang, 
Yamasaki,  Rosenow, Amaral, Qian Li, Guanliang Li, Wei Li, 
Huang, Ivanov, Podobnik, Matia, Weber, Vodenska-Chitkushev, 
Chessa, Lee, Meyer, Gabaix), Carbone, Ben-Jacob, Kenett, 
Moat, Fu & YOU?

details in a popular article:
http://polymer.bu.edu/hes/press12sciencenews-interdependentnetworks-bigfigs.pdf
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**QUESTION 1: What IS 
the question? 
“Understanding” the 64 
anomalies of water?
A:  One anomaly  is easy, 
and gives clues for many 
more:  Why ice floats...?

**QUESTION 2: 
Why care about water?
A1. Practical
A2. Scientific  

**QUESTION 3: 
What do we actually do?  
A:  “Liquid-Liquid phase 
transition hypothesis”

Puzzles of water....
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Figure 1: Schematic illustration indicating 
the various phases of liquid water (color-
coded) that are found at atmospheric 
pressure. Courtesy of Dr. O. Mishima.

Figure 2: Generalization of Fig. 1 to 
incorporate a second control parameter, the 
pressure. The colors are the same as used in 
Fig. 1. Courtesy of Dr. O. Mishima.

TRUE!         Hypothesis (Poole/FS/UE/HES)
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H Eugene Stanley

Figure 2. Schematic dependence on temperature of (a) the isothermal com-
pressibility KT, (b) the constant-pressure specific heat CP, and (c) the thermal
expansivity �P. The behavior of a typical liquid is indicated by the dashed
line, which, very roughly, is an extrapolation of the high-temperature behavior
of liquid water. Note that while the anomalies displayed by liquid water are
apparent above the melting temperature Tm, they become more striking as
one supercools below Tm.

2.2 Why do we care about this anomalous behavior?

To begin with, if we do not understand water we will never understand biology.
That is a major reason to care. Scientifically, water is the prototype complex
fluid. It is not a simple, ‘bag-of-marbles’ liquid, but a ‘bag of tetrahedra’. These
tetrahedra are not only irregularly shaped, but are charged. Two of the arms are
positively-charged, corresponding to the protons on each water molecule, and two
are negatively-charged, corresponding to the lone pairs. In addition to short-range
forces, these ‘charged tetrahedra’ interact with long-range Coulomb forces.

2.3 What do we do?

Our approach is based on the fact that water has a tetrahedral local geometry. In
this sense water shares features with other liquids such as silicon (studied in Ban-
galore by Prof. Srikanth Sastry). Because water is both tetrahedral and charged, a
simple Lennard–Jones potential is not su⇤cient to describe its complexity. One way
to modify the Lennard–Jones potential to provide at least a simplified description

648 Pramana – J. Phys., Vol. 64, No. 5, May 2005

***TEST # 2:  Thermodynamic response functions quantify fluctuations

(b) Specific Heat
(a)Compressibility

(c) Coeff. 
Thermal 
Expansion

QUESTION: Why apparent singularity about -50 C ??
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FIG. 1: Fluctuating density of a molecular dynamics run at 200MPa and 248K with 343 ST2 water molecules between the
density of LDL and HDL versus the time. On the right the histogram of this run is shown. Two snapshots of the system are
shown, one in the LDL (blue dominated) and one in the HDL (red dominated) phase. Only the oxygen atoms are shown, they
are colored according to their local q6 order parameter on the second shell, a parameter which distinguishes between LDL and
HDL. Values around 0.2 are typical for the high density phase and are colored red. Values around 0.4 are typical for the low
density phase and colored blue.

values below for bimodal distributions. Therefore the lower the Binder cumulant is below 2/3, the more bimodal is
the distribution. The binder cumulants minimum of course is at the phase transition temperature, hence we have
to look for the minimum of the Binder cumulant for different temperatures. We observe nearly the same minimum
for all three system sizes 343, 512 and 729 see figure 2. Therefore we conclude that this minimum also exists in the
thermodynamic limit at 210MPa.

Trying to follow the first order phase transition line we look at lower pressures namely 190MPa, were we do not
find any indication for a first order phase transition anymore. The histograms may still be bimodal for small system
sizes (N = 216 molecules), but the peaks are no longer well separated. For bigger sizes the bimodality vanishes. We
assess again the degree of bimodality using the Binder cumulant by extrapolating using different system sizes how
the Binder cumulant behaves for a system in the thermodynamic limit (see figure 3). We find that the minimum of
the Binder cumulant is going to 2/3 and therefore there is no indication for a first order phase transition at 190MPa.
The energy is changing from −44 kJ/mol to −37 kJ/mol for temperatures increasing from T = 248 K to T = 251 K,
while the density is shifting from over 1g/cm3 to 0.90g/cm3, which is typical for supercritical liquids .

Since we found a first order phase transition at high pressures, but not at low pressures, we investigated the
intermediate range of pressures. As figure 4 shows we find a very nice agreement of the order parameter distribution
function in our model with the ordering operator distribution for the three dimensional Ising model [19] at 200MPa and
247.3K, and therefore locate the critical point at this temperature and pressure. We calculated the distribution using
histogram reweighting [20] at temperatures 246K, 248K and 250K, all at 200MPa in a constant pressure, constant
temperature ensemble using 343 molecules.

Our estimated critical pressure and temperature differ slightly from the values estimated by Liu et al. [11], see
table I. This can be explained by the fact that we treat the long range electrical forces by the reaction field method
as in the original ST2 paper [21], while Lui et al use the Ewald summation technique. Poole et al. also used the ST2
potential with the reaction field but in the NVT ensemble, both critical points fall into the same region.

To show that both phases are liquid, we analyze the phase we interpret as LDL. (The LDL is more similar to ice
than the HDL phase in both: density and structure measured by Q6. Hence the LDL phase is the phase that a crystal
could be mistaken with.) In figure 5 we use the order parameter Q6 and show that it scales as the square of the
system size as expected for liquids.

We also investigate the structure of the phases LDL and HDL to check whether these phases correspond to the
phases called LDL and HDL in literature. For this we use the intermediate scattering function as defined in Eq. 2.
We show the resulting structure for two different pressures and two different temperatures in figure 6. The first two

Test 18:  time dependence for state point near ph.tr. line:
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NATIONWIDE BLACKOUT(28 Sept. 2003)

27 Sept 2003: 
1 DAY 
BEFORE THE 
CASCADE OF 
FAILURES

POWER GRID

SCADA

SCADA = 
Supervisory 
Control And Data 
Acquisition 
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SCADA

Stage 1: NATIONWIDE BLACKOUT (28 Sept. 2003)

POWER GRID
SCADA = 
Supervisory Control 
And Data 
Acquisition

The first 
second: 
ABOVE the 
critical 
breakdown 
threshold
[only Rome 
power is out]
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Stage 2: NATIONWIDE BLACKOUT(28 Sept. 2003)

POWER GRID

SCADA

SCADA=Supervisory 
Control And Data 
Acquisition

A few 
seconds 
later:  
STILL 
ABOVE the 
critical 
breakdown 
threshold 
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Stage 3: NATIONWIDE BLACKOUT (28 Sept. 2003)

SCADAA few 
seconds later 
still: Now 
BELOW the 
critical 
breakdown 
threshold !!!

POWER GRID

SCADA= 
Supervisory 
Control And 
Data 
Acquisition
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Network	
  
A

Network	
  B

Critical Breakdown Threshold for 2 Interdependent Networks

•  Economy: Networks of firms, insurance companies, and banks which interact 
   and depend on each other. 

•  Physiology: The human body is composed of inter-dependent networks (hip!)   
   
•  Biology: A specific cellular function is performed by a network of interacting                     
proteins, which depend on other networks 

Failure in network A 
 causes failure in network B 
 causes further failure in network A …..CASCADES

What are the critical breakdown thresholds for such 
interdependent networks? What is size of cascade failures?
  

Buldyrev, Parshani, Paul, Stanley, Havlin, Nature, 464, 1025 (2010)

FURTHER EXAMPLES OF INTERDEPENDENT NETWORKS:
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•  Until now***, studies focused on the case of 
a single network which is isolated AND is not 
influenced by other networks. 
                            *** Buldyrev, Parshani, Paul, Stanley, Havlin, Nature, 464, 1025 (2010)

•Isolated systems rarely occur in nature nor in   
technology  [non-interacting molecules rarely 
occur--otherwise liquids could not exist!].   

• Take home message:  Results for interacting 
“interdependent” networks are strikingly 
different from  those of single networks. 

2  INTERDEPENDENT
 NETWORKS (summary): 
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Can a law describe bubbles and crashes in ! !
financial markets?
Tobias Preis 1,2 and H. Eugene Stanley 1

Figure 1 | Scale-free behavior 
of financial market fluctua-
tions. Financial market time 
series feature identical proper-
ties on very different time 
scales. All four curves are sub-
sets of a 14 million transactions 
dataset taken from a German 
DAX future time series. The 
price curves cover time periods 
of roughly 1 day (top curve), 1 
hour, 10 minutes,  and 1 minute 
(bottom curve). Local maximum 
and minimum values are marked 
as blue and red circles.

Physics World, May 2011
DETAILS IN:
T. Preis, J. Schneider, HES``Switching Processes in
Financial Markets,'' PNAS 108, 7674 (2011).
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Trend #1

Trend #2

Trend #3

Preis/HES/Schneider (2011 PNAS; May 2011 Physics World)  
BIG QUESTION: How to quantify/analyze?????
ANS:   ::                                     
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The Economist
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Each stock is a unit, interacting 
with other stocks (units) and 
bathed in a magnetic field H.         
J depends on the two stocks, and 
H depends on the stock. Both can 
change with time.

Possible models:
(a) Units can be in Q different 
DISCRETE states: “Potts 
Model” (Potts 1952).  

(b) n-dimensional units. Each can 
be in a CONTINUUM of states:    
“n-Vector Model” ( HES 1969)

“How?”  “Models?”: Herd vs. News?

MH⇧
M

H ⇤1⌅aH↵/aH
⇥

M

H1/⌃
, (11b)

and

⌅H⇧
⌅

HaT /aH
⇥

⌅

H1/ (11c)

are termed the scaled magnetization and scaled tempera-
ture, while the function F (1)(x)⇥M(1,x) defined in Eq.
(11a) is called a scaling function.

In Fig. 1, the scaled magnetization MH is plotted
against the scaled temperature ⌅H , and the entire family
of M(H⇥const,T) curves ‘‘collapse’’ onto a single func-
tion. This scaling function F (1)(H)⇥M(1,⌅H) evidently
is the magnetization function in fixed nonzero magnetic
field.

V. WHAT IS UNIVERSALITY?

Empirically, one finds that all systems in nature be-
long to one of a comparatively small number of such
universality classes. Two specific microscopic interaction
Hamiltonians appear almost sufficient to encompass the
universality classes necessary for static critical phenom-
ena.

The first of these is the Q-state Potts model (Potts,
1952; Wu, 1982). One assumes that each spin i can be in
one of Q possible discrete orientations � i (� i
⇥1,2, . . . ,Q). If two neighboring spins i and j are in the
same orientation, then they contribute an amount ⌅J to
the total energy of a configuration. If i and j are in dif-
ferent orientations, they contribute nothing. Thus the
interaction Hamiltonian is [Fig. 2(a)]

H⇤d ,s ↵⇥⌅J⌦
⇥ij�

⌃⇤� i ,� j↵, (12a)

where ⌃(� i ,� j)⇥1 if � i⇥� j , and is zero otherwise. The
angular brackets in Eq. (12a) indicate that the summa-
tion is over all pairs of nearest-neighbor sites ⇥ij�. The
interaction energy of a pair of neighboring parallel spins
is ⌅J , so that if J�0, the system should order ferromag-
netically at T⇥0.

The second such model is the n-vector model (Stan-
ley, 1968), characterized by spins capable of taking on a
continuum of states [Fig. 2(b)]. The Hamiltonian for the
n-vector model is

H⇤d ,n ↵⇥⌅J⌦
⇥ij�

S� i•S� j . (12b)

Here, the spin S� i⇧(Si1 ,Si2 , . . . ,Sin) is an
n-dimensional unit vector with ⌦⌥⇥1

n Si⌥
2 ⇥1, and S� i inter-

acts isotropically with spin S� j localized on site j . Two
parameters in the n-vector model are the system dimen-
sionality d and the spin dimensionality n. The parameter
n is sometimes called the order-parameter symmetry
number; both d and n determine the universality class of
a system for static exponents.

Both the Potts and n-vector hierarchies are generali-
zation of the simple Ising model of a uniaxial ferromag-
net. This is indicated schematically in Fig. 2(c), in which
the Potts hierarchy is depicted as a north-south ‘‘Metro
line,’’ while the n-vector hierarchy appears as an east-
west line. The various stops along the respective Metro
lines are labeled by the appropriate value of s and n .
The two Metro lines have a correspondence at the Ising
model, where Q⇥2 and n⇥1.

Along the north-south Metro line (the Q-state hierar-
chy), Kasteleyn and Fortuin showed that the limit Q
⇥1 reduces to the random percolation problem, which
may be relevant to the onset of gelation (Stauffer and
Aharony, 1992; Bunde and Havlin, 1996). Stephen dem-
onstrated that the limit Q⇥0 corresponds to a type of
treelike percolation, while Aharony and Müller showed
that the case Q⇥3 has been demonstrated to be of rel-
evance in interpreting experimental data on structural
phase transitions and on absorbed monolayer systems.

The east-west Metro line, though newer, has probably
been studied more extensively than the north-south line;
hence we shall discuss the east-west line first. For n⇥1,
the spins Si are one-dimensional unit vectors which take
on the values ⇤1. Equation (12b), H(d ,1), is the Ising
Hamiltonian, which has proved extremely useful in in-
terpreting the properties of the liquid-gas critical point
(Levelt Sengers et al., 1977). This case also corresponds
to the uniaxial ferromagnet introduced previously.

FIG. 2. Schematic illustrations of the possible orientations of
the spins in (a) the s-state Potts model, and (b) the n-vector
model. Note that the two models coincide when Q⇥2 and n
⇥1. (c) North-south and east-west ‘‘Metro lines.’’

S361H. Eugene Stanley: Scaling, universality, and renormalization

Rev. Mod. Phys., Vol. 71, No. 2, Centenary 1999

(1) “herd effect” (exchange int. J).    (2) news effect (external field H)

(c) modified Edwards-Anderson 
“spin glass” (w/ t-dep interactions)
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SCALE FREE SPECIFIC HEAT NEAR HELIUM SWITCH POINT
Note: Same FUNCTION for 3 different scales: 6 orders of 
magnitude!!!
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Preis/HES/Schneider (2011 PNAS; May 2011 Physics World)
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                           T. Preis

GERMAN MARKET

TICK BY TICK DATA SET

DAX FUTURE

2007—2008

14m records

US MARKET

DAILY DATA SETS

ALL 500 S&P500 STOCKS

1962 — 2009

2.6m records

Preis/HES/Schneider (2011 PNAS, May 2011 Physics World)
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Example: S&P 500 index

“Big switch” (???): 19 Oct. 1987 (25% worldwide “earthquake/tsunami”)
21



BY EYE:    

Returns non-Gaussian (known qualitatively, but under-appreciated!)

Large events cluster (like earthquakes) (also known qualitatively)
“Aftershocks” Omori-correlated (Lillo/Mantegna 03; Weber/Wang/Petersen/Havlin/HES 07)

QUESTION: can your eye see the power law? that it is inverse cubic?

Bankers with YOUR money (6/08):

“wait”:
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  “Inverse cubic law” holds over 6 orders of magnitude on y-axis 
    (8 for pdf: inverse quartic)

200,000 data points per stock, 1000 stocks
 Hence total of 200,000,000 data points

events 8 orders of 
magnitude MORE 
RARE than 
everyday values 
conform to the 
SAME pdf

Gutenberg-Richter 
earthquake law:
mag = 7 quake obeys same 
law as mag = 1 quake

Gopikrishnan,
Plerou, HES Mandelbrot: 1.7
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THANK YOU....

• broadbrush today....details in 
http://polymer.bu.edu/~hes/

• for details, google Gene Stanley....all 
papers are a 1-click pdf download 
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