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The pendulum.

Figure 1: Simple pendulum (left) and physical pendulum (right).

We study the motion of a pendulum, i.e. a solid object which swings without
friction around a pivot O under the action of the force of gravity. Such object
could be a point-like object tied to O by an inextensible string of negligible
mass, as shown in the diagram at left in Fig. 1, or a rigid object of arbitrary
shape bound to the pivot through a thin axle around which it can rotate
freely, as exemplified in the diagram at right in the same figure. The former
(as in the diagram at left) is called a “simple pendulum”, the latter (as in
the diagram at right) is called a “physical pendulum”.

We imagine that the pendulum has mass M, length [ and moment of inertia
I’ about its center of mass C, relative to an axis of rotation parallel to the
axis of rotation around the pivot. We denote by r the distance of C' from O
and by 6 the angle that the line joining O and C' forms with the vertical. @ is
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the angle of oscillation of the pendulum and we will assume that 6 is small,
so that sin # can be well approximated by 6.

The equation of motion for the angle 6 is

d?0

where [ is the moment of inertia about the axis of rotation through O and
7 is the magnitude of the torque of the gravitational force f,. 7 is given by

T=—Mgrsinf (2)
which, by our assumption of small oscillations, can be well approximated by
T=—Mgré (3)

On the other hand, I can be expressed in terms of I’ by
I =1+ Mr? (4)

The value of I’ will of course depend on the shape and mass of the pendulum.
However, under the assumption that the overall dimension of the pendulum
is specified by some length I, I’ will be of the form

I' = aMI? (5)
where « is a constant which depends on the shape of the object, but not on
[ or M. For example, for the rod shown in the diagram at the right of Fig. 1

1
I'= —MI?

so that o = 1/12. Substituting Eqgs. 4, 5 and 3 into Eq. 1 we get

d*0
(Mr* + aMI?) o —Mgro (7)
or ,
=0 g

— =10

dt? r+al?/r
But this is an equation of the type
d*0



whose solution, as we know well, is the harmonic motion
0(t) = Asin(wt + ¢) (10)

We conclude that, for small oscillation, the pendulum will move of harmonic

motion with
g
S N — 11
“ r+al?/r (11)
P
T — on [T HOl/T (12)
g

For example, in the case of the simple pendulum, where r = [ and I’ = 0
(hence o = 0) we have

and, therefore, period

7= o/t (13)

s

In the case of the rod with the pivot placed at one end we would have r = /2

and thus, with o = 1/12,
2
T =2my| 2t (14)
39

This shows, in particular, that the period of oscillation of the rod will be the
same as the period of oscillation of a simple pendulum of 2/3 the length of
the rod.

Damped oscillations.

We study the motion along the x axis of an object of mass m subject to an
elastic force of magnitude f. = —kx and to a damping force of magnitude
proportional to the velocity of the object f; = —bv = —bdx/dt. The equation
of motion is

APz dz
ma:m@:fe—i-fd:—kx—ba (15)
or » i
T x
i = 1
mdt2+bdt+k:x (16)

Since the exponential function reproduces itself under derivation [d exp(at)/dt
= aexp(at)], we try a solution of the form

o(t) = Ae™ (17)
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Carrying out the differentiations, we get
(ma? + ba + k)Ae® =0 (18)

which will be solved if
ma? +ba+ k=0 (19)

Equation 19 has the two solutions

b b\ k
- 4 = 20
%12 2m < ) ( )

2m)  m

If b/(2m) > \/k/m this solves our problem. Both a; and ay are negative
real numbers and the most general solution to the equation of motion can be
written as

x(t) = Ae*t 4 Aye®?t = Ajelonlt 4 AQG—\azht (21)

where the constants A; and A, can be chosen in such a way as to satisfy
the initial conditions for z(0) and v(0). The motion described by Eq. 21 is
the superposition of two decreasing exponentials. It is a strongly damped
motion. Two examples of such motion are given in Fig. 2: in the graph at
the top v(0) = 0, while in the graph at the bottom z(0) = 0.

Figure 2: Damped oscillatory motion: strong damping.



If b/(2m) < \/k/m, however, the solutions of Eq. 19 turn out to be complex
numbers, with as the complex conjugate of ay:

b k b >
= ——d 5| — = | — 22
12 2m ! m ( ) ( )

It is convenient to introduce the notation

b
— 2
i 2m ( 3>
k
k b\
/2 2 2
= _ _ = — 2
w m (2m> “o = ( 5>
With this
Qo= —7+w (26)

We get a clue on how to proceed in this case from the theory of complex
numbers, which tells us that

e'? = cos ¢ +15in ¢ (27)
This prompts us to look for a solution of the form
x(t) = Ae™ " cos(w't) (28)

Taking the derivatives we get

d
d—f = —yAe " cos(w't) — W Ae M sin(wW't) (29)
and
d*a 24—t ' P A=t o / 12 4 =t '
=z =7 Ae 7 cos(w't) 4+ 2yw' Ae” " sin(w't) — w'“Ae " cos(w't)  (30)

Substituting into the equation of motion we get
my? Ae " cos(w't) + 2mayw’ Ae ™" sin(w't) — mw'2Ae™ " cos(w't)
—byAe " cos(w't) — bw' Ae” " sin(w't)
+kAe " cos(w't) =0  (31)



simplifying the common factor Aexp(—~t) and equating the coefficients of
the cos(w't) and sin(w't) terms separately, we get

my? —mw'?* —by+k = 0 (32)
2myw’ —bw' = 0 (33)

Using for v and ' their values, as given in Eqgs. 23 and 25, we find

b \? k b \° b
— ) —m|=—(—]) | —b—+k
m<2m> mlm <2m> ] 2m +

b? b? b?
2 - = 4
ym k + am o T k=0 (34)
and ;
<2m2m — b) Ww=0b-0buw =0 (35)

and thus we see that the equation of motion is indeed satisfied.
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Figure 3: Damped oscillatory motion: weak damping.

Repeating the steps above with

x(t) = Ae " sin(W't) (36)



we see that this also satisfies the equation of motion. We conclude that in

the case b/(2m) < \/k/m (small to moderate damping) the most general
solution to the equation of motion is

z(t) = e "[Acos(w't) + Bsin(w't)] (37)

or, equivalently,
x(t) = e "C cos(W't + ¢) (38)

The constants A and B in Eq. 37, or the constant C' and the angle ¢ (called
the initial phase) in Eq. 38 can be chosen so as to satisfy the initial conditions
for 2(0) and v(0). The motion is an oscillatory motion with amplitude that
decreases exponentially in time. An example of such motion is given in Fig. 2:
in the graph at the top v(0) = 0, while in the graph at the bottom z(0) = 0.

Forced oscillations.

We study the motion of the damped oscillator considered in the previous
section in presence of an external oscillatory force f.(t) = F'sin(wt). The
external force is also called the driving force. The equation of motion is now

: dr

d°x .
ma—mﬁ—fequd—l—fe——kx—bdt+Fsm(wt) (39)
or » ;
m d—tf +b d—f + kx = F'sin(wt) (40)

Given any two solutions of this equation z1(t) and xo(t), their difference
satisfies the homogeneous equation m d*z/dt* + bdx /dt + kx = 0, which we
studied in the previous section. It follows that the most general solution of
Eq. 40 can be written as x(t)+xo(t), where x(t) is any solution of Eq. 40, while
xo(t) is the most general solution of the homogeneous equation. Since we
have already found the most general solution to the homogeneous equation,
we can now restrict our attention to finding a particular solution of Eq. 40,
which we seek in the form

x(t) = Asin(wt — ¢) (41)

In other words, we are looking for a particular solution which is an oscillatory
function with the same frequency as the driving force, but allowing for an
amplitude A and a phase ¢, to be determined.

7



Differentiating Eq. 41 we get
dx

pri Aw cos(wt — @) (42)
d2
ditf = —Aw?sin(wt — ¢) (43)

Substituting into Eq. 40 we find
—mAw? sin(wt — ¢) + bAw cos(wt — ¢) + kAsin(wt — ¢) = Fsin(wt) (44)

At this point we could use the addition formulae for sine and cosine to express
the trigonometric functions in the Lh.s. of this equation in terms of sin(wt)
and cos(wt) and equate the coefficients of the sin(wt) and cos(wt) terms
separately. It actually saves a little algebra to write instead

Fsin(wt) = Fsin(wt—¢+¢) = F sin(wt— ¢) cos ¢+ F cos(wt — @) sin ¢ (45)
Substituting into Eq. 44 we get

—mAw?sin(wt — ¢) + bAw cos(wt — @) + kAsin(wt — ¢)
= F'sin(wt — ¢) cos ¢ + F cos(wt — ¢) sin ¢ (46)

which gives us the two separate conditions
—mAw® + kA = Fcos ¢ (47)

and
bAw = F'sin ¢ (48)

Taking the ratio of Eqgs. 48 and 47 gives us

(49)

or

bw bw
Qb = arctan (k‘—W) = arctan (W) (50)

with wy = /k/m.



4.5

T
amplitude

/

/

35 /
/

Figure 4: Amplitude and phase of a forced oscillation.

Squaring and summing Eqs. 47 and 48 gives
[(mw?® — k)? + b*w?)A? = F? (51)

or

F - F
\/(mwQ — k)% + bw? \/m2(w2 — wd)? + b2w?

Figure 4 illustrates the behavior of the amplitude A and phase ¢ of the forced
oscillations. The amplitude of the oscillation exhibits a peak at the resonant

A:

(52)

frequency w = \/ wg — b%/(2m?), while the phase grows from 0 to 7 as w varies
from 0 to oo, taking value 7/2 at w = wy.

Waves in one dimension.

We consider a system of identical beads of mass m equally spaced at a dis-
tance ¢ on a string of negligible mass subject to a tension 7. We denote by
7;,v; the coordinates of the i bead (see Fig. 5). We imagine that in the
equilibrium position the beads have coordinates

We wish to determine the motion of the system when the beads are taken
away from their equilibrium positions. We make the assumption that the y
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coordinates of the beads stay much smaller than the distance between beads
0. Under this assumption

)2
T =0 =\ — (g — )2 = 6= (?Jz+125%) +O0[(Yir1 — )| = 6 (54)

and we only need to consider the time dependence of the coordinates y;(t).

/T/T\

Yi-1 Y Yy X

Xij—1 Xj Xj+1
o)

Figure 5: Waves: beads on a string.

The y component of the force that bead ¢ — 1 exerts on bead ¢ through the
tension of the string is (see Fig. 5)

Jyiica =T 5

(55)

Similarly, the y component of the force exerted by bead ¢ + 1 on bead i is

5 (56)

fyiizn =T

It follows that the equation of motion for y;(t) is

Py Yi — Yi—1 Yi — Yit1 Yir1 + Vi1 — 2y
Mmooy = Jyiio1+ fyiivn =T 5 =T 5 =T
(57)
We look for oscillatory solutions of the form
yi(t) = Asin(kx; — wt + @) (58)
This gives
Yir1(t) = Asin(kz; 41 — wt + ¢) = Asin(k(x; +0) — wt + ¢)
= Asin(kz; — wt + ¢ + ko)
= Asin(kz; — wt + ¢) cos(kd) + A cos(kz; — wt + ¢) sin(kd) (59)
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Similarly

yio1(t) = Asin(kz;_1 — wt + @)
= Asin(kz; — wt + ¢) cos(kd) — A cos(kx; — wt + ¢) sin(kd) (60)

When we substitute these expressions back into the equation of motion
(Eq. 57) the terms with sin(kd) cancel and we are left with

d*Asin(kx; — wt + ¢)

m I = —mAw?sin(kz; — wt + @)

2 ko) — 2
= TAsin(kz; — wt + ¢) COS((S) (61)

We see that this equation will be satisfied provided that we take
2T[1 — cos(kd)]
= w(k) = 62
o= o) — 2= (62)
A
\ ® 4
K o

Figure 6: Dispersion formulae.

This relation is called a dispersion formula. The dispersion formula given
by Eq. 62 is illustrated by the solid line in Fig. 6. Since k is arbitrary, we
conclude that we have an infinity of possible solutions to the equations of
motion, each choice of k and ¢ leading to a different solution. We should
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however notice that an increase of k by 27/ does not lead to a different
solution, since (remember that z; = id)

2 210
Asin KkvL;)xi—wt—l—gf)] = Asin [kxi—wt—i-(b—l— ?
= Asin[kz; — wt + ¢ + 2mi] = Asin[kz; — wt + ¢ (63)
For this reason, one should limit the range of k to
T ™
—— <k<-— 4
o~ T4 (64)

Values of k outside of this range do not lead to different solutions. (This
range is implicitly shown in Fig. 5, where we see that the solid line ends
abruptly at the end of the allowed range of values of k.)

We are interested in going to the continuum limit of a massive string. For
the purpose we let the mass of the beads be

m = pd (65)

and take the limit 6 — 0. In this limit the coordinates x; fill the entire z-
axis, the string of beads becomes a continuous string of linear mass density
w1 and the vertical displacements y;(t) become a continuous function of x and

l: yi(t) = y(xht) - y(x7t)'
In order to take the limit § — 0 we first replace m with pé in Eq. 57 to
rewrite the equation of motion in the form

d*y Yir1 + Vi1 — 2y;

nae =T 5 (66)
We then notice that
 Yirr Y =2y 1 y(zi) —y(@) y(x) — y(zioy)
i DI 2y 2 () o) ) =
1
= lim [y (5 + 6/2) — o/ (@ — 6/2) + O] = ¢/ (z:)  (6)
Thus the equation of motion becomes
2 2
Oy(z.y) _ . 0y(x,y) (68)

ot? 0x?
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where we have used the partial derivative symbols, since now y is a function
of the two variables x and ¢.

In the limit 6 — 0 the solution of Eq. 58 becomes
y(x,t) = Asin(kzr — wt + ¢) (69)

which solves the continuous z equations of motion provided that w and k are

related by
271 — T
W= lim\/ 1= cos(kd)] _ /T (70)
50 162 !

This dispersion formula is illustrated by the dashed line in Fig. 6. It is
actually straightforward to verify directly that, with w related to k by w =

\/T'/ |k, the expression of Eq. 69 satisfies Eq. 68.

The equation of motion 68 is called the equation of D’Alembert or the wave
equation. The solution given in Eq. 69 represents a sinusoidal wave which

propagates with velocity
|T
=44/— (71)
1

w is related to the frequency of the wave v by

w=27v (72)

v =

| &

k is called the wave-number of the wave and is related to the wave-length A
by

A= 73

4 (73)

Energy of the wave.

The wave will carry both kinetic and potential energy. In order to evaluate
the energy of the wave it is useful to go back to the system of oscillating
beads. The kinetic energy of bead 7 is clearly

dy;
Ki:%(dzf (74)

Insofar as the potential energy is concerned, the force exerted on bead i by
bead i — 1, given by (see Eq. 55)

Jyiici =T 3
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can be derived from a potential energy

T (yi — yi1)?
Uy = o W) (75)

Indeed, we have
dU; i1 Yi — Yi—1
—_ =T = f 76
dyi S fy, i—1 ( )
Incidentally, U; ;_1 also accounts for the force that bead i exerts on bead i —1,
since

dU; ;1 Yi-1— Yi

We conclude that the energy of the system of oscillating beads consists of a
kinetic energy term

m dy;\ 2
K=3K=55 () (79)

i

and a potential energy term

T i — Yio1)’
U= S U = 3 W) (19

7

Note that the potential energy is the sum of terms associated to the pairs of
successive beads, or, equivalently, to the intervals between successive beads.

When we go to the continuum limit, K and U take the form

K=y (o= [ (G e =0

e T~ Wi—yi)? T ~Wwi—va), T Oy~ 2
L P VL

i

The total energy is the sum of the two
1| ,0yy2 Oy~ 2
E- / (Y (Y 2
GRS CNE e
The integrand in Eq. 82
1| ,0y\2 0y \2
= (= T(Z2
=+ TG &
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is called the “energy density” of the wave. It gives the amount of energy
in the system per unit of length. Note that, while the total energy E is
conserved, the energy is not locally conserved and so the energy density &
can vary with time. One can derive, however, an interesting equation about
the way the local energy content changes. For the purpose, let us consider
the amount of energy in an interval o < x < z;. This is given by

AE = ;lu(gi)z + T(gzﬂ dz (84)

Taking the derivative with respect to time we get

dAFE 1] 9 0 0
= G (G| s

o oydty 0y Py
_Lovmaﬂ+TMﬁwtm: (85)

The last term in the above equation can be integrated by parts:

x1 2 z1 2 1
/ 7 0y do = [ oY% g4 [Tﬁyﬁyl

o Ox Oxot o 0x20t dr ot ],
m 0%y Oy Oy Jy dy Jy
S ) S A P g A B et}
[ ~Taaa e Toy i (86)
Putting everything together we get
dAFE =1 9y [ 0%y 0%y dy Oy Jy Oy
Y ) P AR Tl Y
i L [“ o Lo " o] " Tovar, 7

But on account of the equation of motion, Eq. 68, the integral in the r.h.s. of
the equation above vanishes, and thus we have more simply

AFE
d _Tﬁy@ T@y@

——=T= -T-= 88
dt Ox Ot o Ox Ot 20 (88)
This equation has a simple interpretation. We can take
0y dy
O(x,t)=-T—— 89
(2,0) =~ 5L (59)



as the flux of energy flowing along the system. Then Eq. 88 tells us that
the derivative with respect to time of the energy of the wave in the interval
between xy and x; is equal to the flux of energy coming into the interval less
the flux of energy leaving the interval:

dAFE
dt
In particular, if the wave is totally contained in the interval zg, x1, so that

y(z,t) vanishes for x = xg and = = 1, then the flux of energy also vanishes
at z¢ and 1 and the total energy in xy, z is conserved.

= O(x9,t) — P(21,1) (90)

Finally let us notice that, if we consider a wave like the one in Eq. 69,
y(z,t) = Asin(kz — wt + ¢), we have (Jy/0t)? = A%w? cos?(kx — wt + @),
(0y/0x)* = A%k? cos®(kx — wt + @) and thus its energy density is

1
&= §A2 [1w? + Tk?] cos®(kx — wt + ¢) = puw?A* cos®(kx — wt +¢)  (91)

where we have used Eq. 70 to replace Tk? with uw?. In particular we see
that the energy of the wave is proportional to the square of the amplitude of
oscillation.

Superposition of waves.

Both Eq. 57, for the oscillations of a string of beads, and Eq. 68, for the
oscillations of a continuous string, are linear equations. This means that, if
yM and y® are two solutions to the equation, so is the linear combination
cly(l) + CQy(2)7 where ¢; and ¢y are two arbitrary, constant coefficients. This
is why the special solutions we found are so important. Indeed, considering
for example the equation for the continuous string, one can superimpose the
solutions of the form Asin(kx — wt + ¢) into

y(x,t) = / T AR sin[kz — w(k)t + o(k)] dk (92)

—0o0

where w(k) = /T/u|k|, and one can show that this is the most general
solution to the wave equation, Eq. 68.

As a parenthetical remark, we observe that Eq. 92 can be rewritten in the
form

y(x,t) = /0 A(k)sin[kz — w(k)t + ¢(k)] dk

—00
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+ /OO A(k)sin[kz — w(k)t + ¢(k)] dk

/ ) sin[k(x + vt) + ¢ (k)] dk
+ / Ysin[k(z — vt) + ¢(k)] dk (93)
where we have used w = v|k| = —vk for k < 0, w = vk for £ > 0. But the

integral [°__ A(k) sin[k(x +vt) 4 ¢ (k)] dk is obviously some function F(z+uvt)
of the combination of variables = + vt, while the integral [;° A(k)sin[k(z —
vt)+¢(k)] dk is some function G(x —wvt) of z —vt. Thus we conclude that the
most general solution to Eq. 68 is the superposition of an arbitrary function
of x + vt (a wave traveling to the left with velocity —v) and an arbitrary
function of x — vt (a wave traveling to the right with velocity v). However
this is special to the case of the wave equation in one space dimension.

We return to the superposition of waves with two examples.

In the first example we use the superposition to find the most general solution
to the wave equation subject to the boundary conditions that the displace-
ment y(z,t) vanishes for x = 0 and x = L, i.e. we study the motion of a
string of length L fixed at the end points. We note that the superposition of
waves

y(z,t) = Alsin(kr — w(k)t + ¢) — sin(—kz — w(—k)t + ¢)] (94)
can be rewritten in the form
y(x,t) = Alsin(kz) cos(w(k)t — ¢) — cos(kz) sin(w(k)t — ¢)

+sin(kz) cos(w(k)t — ¢) + cos(kx) sin(w(k)t — ¢)]
= 2Asin(kz) cos(w(k)t — @) (95)

(we have used the addition formulae for the trigonometric functions as well
as the fact that w(—k) = w(k)). It is clear from the final expression that
y(x,t) vanishes for x = 0, and thus satisfies one of the boundary conditions.
Imposing the other boundary condition, namely y(L,t) = 0, gives us then

2Asin(kL) cos(w(k)t — @) =0 (96)

which will be satisfied if and only if k is a multiple of 7/L, i.e. k = mn/L.
Thus we find, for the most general solution to the equations of motion of the
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string with fixed ends,

y(z,t) = > Aysin(rn/L) cos(mnuvt/L — ¢,) =0 (97)
n=0

where A, and ¢, are arbitrary amplitudes and phases. Wave of the form
of Eq. 96 are called standing waves. The most general solution is thus a
superposition of a standing wave of wavelength 2L and period 2L/v and of
all its higher harmonics. Our construction shows that a standing wave can be
thought of as the superposition of two waves of equal amplitude and opposite
phases traveling in opposite directions.

The second example we consider is the superposition of two waves with dif-
ferent but close wave-numbers which, as we will see, gives origin to beats.
We take the two wave-numbers to be

Ak
ki = ko + - (98)

The corresponding w will be

Ak A
wi:w<k0i2>:wgi; (99)

where we have taken the last identity as the definition of wy and Aw.

We superimpose these two waves with equal amplitude A and, without loss
of generality, with vanishing phases, and get

y(x,t) = Afsin(kix — wit) +sin(k_x — w_t)] (100)
This can be rewritten as

y(z,t) = Alsjn <(k+ +ko)x ; (wy +w-)t N (ky — k_)x ; (wy — wﬁ)

i (et B = (s )t (b ke — (0w )\
[ Jjor

2 2

which, using the addition formulae for trigonometric functions, becomes

y(z,t) =
= 2Asin <<k+ t+ko)z ; (Wi + w—)t) cos <(k+ —k )z ; (wy — W—)t)
= 2Asin(kor — wot) cos(Ak z — Aw t)(102)
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Figure 7: Superposition of waves: beats.

From this last equation we see that the resulting wave has the shape of a
sinusoidal wave sin(kox — wot), but with an amplitude 24 cos(Akxz — Awt)
which is modulated in space and time. Since we have taken the wave num-
ber Ak and frequency Aw/(27) of the modulation to be much smaller than
ko and wy/(27), the modulating wave encompasses many wave lengths of
the underlying sinusoidal wave: the superposition of the two waves exhibits
“beats” in space and time. This type of superposition is illustrated in Fig. 7,
where the two top diagrams show the individual waves which are superim-
posed, the third diagram from the top shows the two waves drawn on top of
each other, and the bottom diagram shows the actual superposition of the
two waves.

To conclude, we notice that the modulating profile cos(Akx — Awt) also
represents a traveling wave. Its velocity, however, is not v = wy/ko, but
rather

Aw  dw(k)
Ak T dk

Vg = (103)
ko

vy is called the “group velocity” of the wave packet formed by the superim-
posed waves, while v = wq/kq is called the “phase velocity” of the modulated

wave. In the particular case of the waves propagating on the continuous
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string with dispersion formula w = wv|k| group velocity and phase veloc-
ity coincide, but with a different dispersion formula, for example with the
dispersion formula of Eq. 62 for the string with beads, the two would be
different.

Reading.

Read Fishbane et al. Chapter 13 pages 366-387, Chapter 14 pages 397-426
and Chapter 15 pages 435-446.
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