
Leapfrog/Verlet method including damping
We assumed velocity-independent force (acceleration) in

We can still use this form, with an → a(xn,vn-1/2,t), where error is O(𝛥t) 
- x error is then O(𝛥t 3) instead of O(𝛥t4) 
To do better, first separate out dissipative part of force:

Consider the approximation

and use this for intermediate (^) velocity and position:

has O(𝛥t3) error

Then we can obtain vn with O(𝛥t2) error:

we do not have vn for an=a(xn,vn,t)

[see by expanding a(v) in v]



Now we can use this in the acceleration an(xn,vn,t); O(𝛥t2) error

<latexit sha1_base64="dV7E9SR9BCDEEPNlWVMco6M7SvM=">AAAB+HicdVDLSgNBEJyNrxgfiXr0MhiEiLDsbmJWbwE96MkIxgSSGGYnk2TI7IOZXiEu+RIvHhTx6qd482+cPAQVLWgoqrrp7vIiwRVY1oeRWlhcWl5Jr2bW1jc2s7mt7RsVxpKyGg1FKBseUUzwgNWAg2CNSDLie4LVveHpxK/fMal4GFzDKGJtn/QD3uOUgJY6uewhviy0zpgA0oFb56CTy1umU3aLRQtbpn1klUuuJuWi7bgn2DatKfJojmon997qhjT2WQBUEKWathVBOyESOBVsnGnFikWEDkmfNTUNiM9UO5kePsb7WuniXih1BYCn6veJhPhKjXxPd/oEBuq3NxH/8pox9I7bCQ+iGFhAZ4t6scAQ4kkKuMsloyBGmhAqub4V0wGRhILOKqND+PoU/09uHNMum6WrUr5yMY8jjXbRHiogG7mogs5RFdUQRTF6QE/o2bg3Ho0X43XWmjLmMzvoB4y3Tyjuki0=</latexit>

+O(�2
t )

Summary of procedure:

vn used here in an

More than twice as much work as the standard Leapfrog method

but the O(𝛥t4) error is now maintained (work pays off)
Test by running friction.ipynb on the web site (tomorrow’s discussion)


