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In these lecture notes, partly based on a course taught at the Karpacz Winter School in
March 2014, we explore the close connections between non-adiabatic response of a system
with respect to macroscopic parameters and the geometry of quantum and classical states.
We center our discussion around adiabatic gauge potentials, which are the generators of
unitary basis transformations in quantum systems and generators of special canonical
transformations in classical systems. In quantum systems, eigenstate expectation values
of these potentials are the Berry connections and the covariance matrix of these gauge
potentials is the geometric tensor, whose antisymmetric part defines the Berry curvature
and whose symmetric part is the Fubini-Study metric tensor. In classical systems one
simply replaces the eigenstate expectation value by an average over the micro-canonical
shell. For complicated interacting systems, we show that a variational principle may be
used to derive approximate gauge potentials. We then express the non-adiabatic response
of the physical observables of the system through these gauge potentials, specifically
demonstrating the close connection of the geometric tensor to the notions of Lorentz
force and renormalized mass. We highlight applications of this formalism to deriving
counter-diabatic (dissipationless) driving protocols in various systems, as well as to finding
equations of motion for slow macroscopic parameters coupled to fast microscopic degrees
of freedom that go beyond macroscopic Hamiltonian dynamics. Finally, we illustrate these
ideas with a number of simple examples and highlight a few more complicated ones drawn
from recent literature.
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Geometry plays an important role in many aspects of modern physics. In these lecture notes, we will highlight one
situation where geometry plays a crucial role, namely the dynamics of closed systems. We will do so by introducing the
concept of gauge potentials, which are infinitesimal generators of unitary transformations. Specifically, gauge potentials are
defined as A; = ihd,, where the derivative is understood as acting on a smooth manifold of basis states parameterized
by the (potentially multi-component) parameter A. Among gauge potentials, a very important role in these notes will be
played by adiabatic gauge potentials where the family of basis states are chosen as the eigenstates of some Hamiltonian
#(1).! These adiabatic gauge potentials are the fundamental objects of both adiabatic perturbation theory and geometry of

1 If we associate adiabatic transformations with parallel transport, the adiabatic gauge potentials are nothing but connections. We, however, prefer to
avoid using this terminology to highlight the physical meaning of A4;.
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quantum or classical states. We will see, for instance, that in a moving frame the Hamiltonian picks up an effective Galilean
term H — H — AA;, which yields important non-adiabatic corrections to the dynamics. These corrections can be measured
through standard linear response techniques or by their back action on A if it is treated as a dynamical degree of freedom.
In classical systems, gauge potentials correspond to generators of infinitesimal canonical transformations parameterized by
A. The adiabatic gauge potentials are in turn generators of special canonical transformations q(1) and p(A) which leave the
Hamiltonian invariant. In particular, the adiabatic gauge potentials ensure that the Hamiltonian corresponding to coupling
A’ = A+ 8X in new coordinates ¢’, p’ “commutes”, i.e., has vanishing Poisson bracket, with the Hamiltonian corresponding
to coupling A in the original coordinates q, p. Such special canonical transformations in classical systems are analogous
to special unitary transformations in quantum systems which diagonalize the instantaneous Hamiltonian. The vanishing
Poisson brackets in classical systems then correspond to vanishing commutator between two diagonal matrices representing
the instantaneous diagonalized Hamiltonian in quantum systems.

We begin the lecture notes in Section 1 by introducing the major concepts in more detail using two simple examples:
the quantum spin-1/2 and the simple harmonic oscillator (both quantum and classical). Next, in Section 2, we introduce the
concept of adiabatic gauge potentials for quantum and classical systems in full generality. For simple integrable or highly
symmetric systems the adiabatic gauge potentials can be found exactly. For more complex systems, we show in Section 3
that adiabatic gauge potentials can be found approximately by either perturbative or variational methods. We further discuss
applications of exact and approximate adiabatic gauge potentials to designing counter-diabatic (transitionless) driving
protocols, allowing fast state preparation. In Section 4 we introduce the geometric tensor, an object which describes the
geometric properties of quantum ground state manifolds via the Fubini-Study metric and Berry curvature tensors. We show
how these ideas can be generalized to quantum systems that are far from their ground states as well as to classical systems.
In Section 5, we connect adiabatic gauge potentials to the geometric tensor by showing how the geometric tensor can be
measured via dynamical response. Finally, in Section 6 we show one important consequence of these ideas, namely the
emergence of effective Newtonian dynamics for the classical parameter A due to excitation of the quantum or classical system
to which it is coupled. To help understand this general concept, in Section 7 we show explicit examples of this emergent
dynamics, ranging from relatively simple (particle in a box) to more complicated (dynamics of the order parameter in a
quenched superconductor).

1. Invitation: Quantum spins and classical oscillators out of equilibrium

We begin by considering two simple examples where geometry enters into dynamics. The goal of this section is to
introduce the main ingredients of the formalism such as gauge potentials, geometric tensor, counter-diabatic driving,
generalized Coriolis force and mass renormalization. In the following sections we will rigorously introduce these concepts,
derive general statements and illustrate them with additional examples. As a first example, consider one of the staple
problems in quantum mechanics, a single spin-1/2 particle in a time-dependent magnetic field with Hamiltonian H =
—uB - s. We will restrict ourselves to considering the case where the field strength is fixed but the field’s direction can
vary with time. If we parameterize the magnetic field direction by the spherical angles 6 and ¢, express the magnitude as
h = huB/2, and represent the spin in terms of Pauli matrices ¢ = 2s/h, then the Hamiltonian for this problem takes the
form

(1)

# = —h [cos(8)o” + sin(0) cos(¢)o™ + sin(0) sin(¢)o? | = —h ( cosf e 51“9)

e ®sing —cosh

with ground (|g)) and excited (|e)) eigenstates

_( cos(0/2) _ sin(6/2)
8) = (e"" sin(9/2)> » le) = (—ew’ cos(6/2)) " (2)
The simple dynamical problem that we want to consider is the case where the field rotates around the z-axis in the lab

frame. This problem can be solved exactly by going to the moving (rotating) frame, i.e., by diagonalizing the Hamiltonian by
a unitary rotation U to give a diagonal matrix # = UTHU, where

cos(6/2) sin(9/2) )

0. ¢)= (eid’ sin(6/2) —e* cos(6/2) ’

and 7{ = —h&?. Going to a rotating frame corresponds to a time-dependent unitary transformation on the wave function

vy = U6, $)ly). (4)

This unitary transformation can be equivalently thought of as expanding the wave function in the rotated basis. For rotations
around the z-axis, only the angle ¢ changes and |y) satisfies a new Schrédinger equation given by

LAl dwtly))  dut o dly) o dg aut .
d aut ~ ~ N
= C%f (‘h—a U) V) + UTHU ) = (= ¢ 4) 1)), (5)
¢ -

Hm
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where
Ay = —ih (0,UT) U = —in [d, (UTU) — UT94U] = inUT9,U (6)

is a very important operator that we will refer to as the adiabatic gauge potential with respect to the parameter ¢ (here in the
moving frame).” In writing these equations, we have introduced the notation, which we are going to use later, that the tilde
superscript refers to objects in the movmg frame basis. In particular, for any operator O we define O = UtoU. By examining
Eq. (5), it is clear that the combination H,, = H — ¢>A¢ plays the role of the Hamiltonian in the moving frame basis, and
we refer to this operator as the moving frame Hamiltonian. Note that we can remove tilde signs here by doing the inverse
unitary transformation to get H,, = H — ¢.A,, which is equivalent to projecting operators back to the original basis. Let
us try to understand a bit more about what this gauge potential does in our system by calculating its matrix elements. For
instance,

(elAglg) = (I | Ay|1) = ({ [iRUT(0,U)|1) (7)
0

= in(} |UT [3¢(U|T)) - UM (8)

— i(e|dyg) = hSizno : 9)

where we have used from the definition of U that U(6, ¢)|1) = |g(6, ¢)) and similarly U(8, ¢)||) = |e(8, ¢)). From the
remaining matrix elements, it becomes clear that we can think of A as the derivative operator A4 = 1h8¢ As we will see later,
this is a very general property defining the gauge potentials. It is straightforward to check by comparing the matrix elements
that A4, = fio? /2, which is nothing but the angular momentum operator S*. Indeed in this case adiabatic transformations of
the Hamiltonian are simply rotations around z-axis generated by the angular momentum. Likewise it is easy to check that
Ag = ho? /2. Similarly, if instead of rotations we were to consider a particle in some potential which depends on xo — x and
translate xo, then we will see later that the (adiabatic) gauge potential with respect to xq is Ay, = ihdy, = —ihdy = p, which
is nothing but the momentum operator.

To see how the gauge potential connects to geometry, we note that its expectation value in the moving frame ground
state | 1) is the ground state Berry connection multiplied by Planck’s constant, Ay = ifi(g|0yg) = —hsin?(6/2)[1].> The Berry
connection is related to both the ground state Berry (a.k.a. geometric) phase ¢p and the Berry curvature F,,, = (9,A,—d,A,)/h
via

1
gaB:E%Al'dk:\/Fuvd)"ﬂ/\d)"w (10)

where for the remainder of this review we use the convention that repeated indices are summed over, unless stated
otherwise. More generally, one can think of the gauge potentials as connections defining a notion of parallel transport of
wave functions in parameter space via the covariant derivative D,, = 9, + iA4,/h such that D, |,) = O for all energy
eigenstates |y, ). This is the fundamental geometric definition that will later allow us to define curvature and distances via
the covariance matrix of this connection.

The form of the moving frame Hamiltonian [Eq. (5)] immediately suggests another interesting application of the gauge
potentials, namely counter-diabatic or transitionless driving [2-4]. Indeed the term responsible for transitions between
energy levels in the instantaneous frame is —¢A¢ because the Hamiltonian H is diagonal by construction. Therefore if we
add the term ¢A¢ to the lab frame Hamiltonian then the moving frame Hamiltonian will be just H and there will be no
transitions between energy levels. This observation defines the counter-diabatic Hamiltonian

Heo = )+ Lo, an
under which the system will remain in its instantaneous ground state for arbitrary smooth protocol ¢(t). In this example,
the second term has a simple interpretation. It is well known that in a rotating frame the Hamiltonian acquires an extra
contribution equal to the product of the angular velocity and the angular momentum. The second term in Eq. (11) simply
counters this contribution, such that the rotating frame Hamiltonian is # = —ho™.

Next, let us use this simple example to discuss the connection of adiabatic gauge potentials to the dynamical response of
the system to slow perturbations. A natural way to analyze this response is to go to the movmg frame and then apply the
framework of adiabatic perturbation theory [5,6]. The latter effectively treats the Galilean term #; = —¢A¢ in the moving
frame Hamiltonian as a small perturbation around #y = —ho?. If we imagine gradually ramping up the velocity starting

2 Aswe explain later the word adiabatic highlights the fact that U in Eq. (6) is a particular unitary operator connecting eigenstates of the Hamiltonian +
at different parameters ¢. Since in these notes we are mostly dealing with adiabatic gauge potentials we will often omit the word “adiabatic” and simply
use gauge potential.

3 Traditionally the Berry connection Ay is defined without the factor of i. However, it is the operator .44 = ihd, which has a well defined classical limit.
As we are treating classical and quantum systems here on equal footing it is more natural to define A4 as an expectation value of A, and refer to it as the
Berry connection.
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Fig. 1. Ramping the angle ¢ leads to a deflection in (dy#) which is proportional to the Berry curvature Fyy.

from ¢ = 0 to some constant value then, up to order $2, the system will follow the ground state of the moving Hamiltonian
‘Hm. For constant velocity ¢ this Hamiltonian is time independent and hence we can use the static perturbation theory to
find the non-adiabatic corrections to transition probabilities and various observables in the original lab frame. For example,
the transition amplitude to be in the instantaneous excited state |e) at first order in adiabatic perturbation theory is
_ lelHalg) é (1Al 1) hsin%
Eg —E? 2h 4h

If we think of the actual time-dependent wave function | (t)) as the ground state of this weakly-perturbed Hamiltonian in
the moving frame, then at lowest order in perturbation theory,

(12)

e

[¥(t)) = aglg) + acle), (13)

where as always the normalization condition gives |ag| &~ 1— |ae|?/2 and the phase of a, is given by the sum of the dynamical
and geometric phases.

Let us use this perturbative result to calculate the expectation value of the operator My = —dyH. In thermodynamics
the equilibrium expectation value of M, is known as a generalized force with respect to 6. For example, if the Hamiltonian
had a conventional form H = pg /2m + V(0), then My = —0yV and its expectation value is the average angular force (a.k.a.
torque) acting on the particle. By analogy we extend the definition of the generalized force to non-equilibrium states and
define My(t) = (¥ (t)|Mp|r(t)) as a non-equilibrium generalized force. At leading order in the ramp rate ¢,

My(t) = (W ()M | (1)) = (gIMplg) + ae(glMyle) + a; (el Mglg) + O(¢?). (14)

It is straightforward to check that the matrix elements of My are (g|My|g) = (e|Myle) = 0 and (g|Mgyle) = (e|Mylg) =
—h, so

¢ sind . hsind .
My(t) ~ 2h ( T (=h)=—¢ = hFpp, (15)
where in the last equation we have used the Berry curvature fify, = 99Ay — d4A9 = —hsin6/2 for the spin-1/2 ground

state. We will see later that this identification of the Berry curvature times the ramp velocity as the leading non-adiabatic
correction to the generalized force is a universal result. In turn this means that the Berry curvature underlies the Coriolis or
Lorentz-type forces, which are well known from elementary physics, as illustrated in Fig. 1.)

In addition to the generalized force, we can look at other observables such as the energy. The leading correction to the
energy is of order ¢? and is given by

AE = (YH|Y) — (gIHIg) = (lag|* — 1)Eg + |ae|’Ee = —|ac|*Eg + |ae|*Ee

. sin@ )\ ., sin%6
~ 2hh| p—— | = he? ) 16
(¢ 4h) o (16)

An interesting consequence arises if we ask the question “where did this extra energy come from?” For instance, consider a
setup as illustrated in Fig. 2 in which the spin-1/2 is placed below a bar magnet that is rotating without friction around an
axis inline with the spin. If the magnet has moment of inertia Iy and the spin is in its ground state, then as we start to rotate
the magnet, the spin will attempt to follow its rotation. By conservation of energy, the work W done on the magnet in order
to accelerate it to angular velocity ¢ will be equal to the total energy change in the full magnet + spin system:

1 . , 1 sin%0\ .
W= 510([)2 + AEgpin(@p) = 5 (10 + hzﬂ) P2 (17)



6 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

Fig. 2. Possible experimental realization of the rotating magnetic field. The rotation of the bar magnet is dressed by exciting the quantum spin and leads
to mass renormalization (see text).

Mass M
Charge Q

Fig. 3. A charged pendulum in crossed electric and magnetic fields.

Clearly the non-adiabatic excitations of the spin appear as an extra moment of inertia for the magnet, x = h?sin?6/4h,
making it appear to have net moment of inertia l.¢f = Iy + «. The additional positive contribution x comes from the dressing
of the magnet by the spin. Not surprisingly, this mass renormalization is stronger if the gap in the system gets smaller. So with
this simple example, we have seen that doing perturbation theory in a slowly-moving frame yields important corrections
to the dynamics, such as an effective force due to the Berry curvature and a renormalization of the moment of inertia of the
macroscopic degree of freedom causing the parameter change.

The second example we will consider in this introduction is a simple harmonic oscillator with an offset in both its position
(x0) and its momentum (pg). This example is also relatively simple, but importantly has a well-defined classical limit. This
system is described by the Hamiltonian:

N 2
= PP L 2w (18)
2m 2

We use hat-notation for position and momentum operators to distinguish them from the parameters xo and pg. Translations
in xo are fairly easy to generate by, for example, moving a harmonic trap or spring. It is not as obvious how one gets a
time-dependent py. One possibility is to consider a pendulum with a charged particle at the end of it in static electric and
magnetic fields (see Fig. 3 and Ref. [7]). Then the angle of the electric field shifts the equilibrium position of the pendulum
(x0) and the magnetic field prefers a certain angular momentum (pyo).

Exercise 1.1. Show that the setup in Fig. 3 gives the Hamiltonian in Eq. (18) with X — ¢, p — De» X0 = ¢eQE/(mg + QE)
and po = L>QB/c in the small angle limit ¢¢, ¢ < 1.

As with the spin-1/2, we want to go to the moving frame in which we know how to diagonalize #. We can do this with
the unitary U(xo, po) = e~ PX0/heipo/h in terms of which # = U (xg, po)#(x0, Po)U(Xo, Po) = H(0, 0) = ha(fi + 1/2) = H,.
The moving Hamiltonian is thus

Hm = Ho — 5(0-'2{)(0 - I‘JOApov (19)
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Po

Zo

Fig. 4. The Berry phase of the harmonic oscillator is proportional to the area in phase space enclosed by the path (xo(t), po(t)).

where
Ay, = ihUTa, U = ihe=o/hgibro/hy (e—iﬁxo/heiipo/h>
= ie"0/M(—ip)ePo/ = b+ po
Ay, = ihUT8, U = -7, (20)
which stems from the fact that p (—X) generates translations in position (momentum).

For simplicity, let us consider this system for a fixed value of po. Then H,, = Ho — Xo(P + po) and the amplitude to
transition from the ground state |0) to the n th eigenstate (n # 0) of the harmonic oscillator is, at first order in X,

n|(—xo(p + 0
0 ~ (n|(=%o(p + po))| >‘ 21)

Eo — E,
The only non-zero matrix elements of the p operator connect the state |0) to the state |1), so a,-; = 0 and
. (1p|o X i(at —a ix
(11%X0<|p|)— 0(1|( )|0>= 0 ;
2 w2

where £ = /A/mw is the natural length scale of the oscillator, and a' and @ are the standard creation and annihilation
operators. Using the non-adiabatic corrections to the wave function we can easily find the leading non-equilibrium
correction to the generalized force with respect to pg, which should be proportional to the Berry curvature as suggested
in Eq. (15):

AF = {((—9pyH)) — (0l(—8p, H)I0) ~ aj(1]|(—3p,H)I0) + a1 (0](—dp, H)I1)
1

= (22)
w w

250 11510) = o —
= — = X0
) wl?
For consistency one can compute Berry curvature directly from the Berry connection. Indeed, from Eq. (20) it is clear that
Ay, = (0] Ay, 10) = po and A,, = 0. Note the apparent asymmetry between the Berry connections is simply a gauge choice.*
Then hFpx, = 3p,Ax, — Ox,Ap, = 1.1f we consider an arbitrary closed path (xo(t), po(t)) as depicted in Fig. 4, the fact that the
Berry curvature is F, x, = 1/l means that we will get a Berry phase of g = h! fc Ay -dr = fs dxodpoFpyx, = Areas/h,i.e., the
Berry phase is just area of the phase space trajectory enclosed by (xg, po) in units of h. Similarly, the energy of excitations

= MFppupko. (23)

2 \wt? 2
If the center-of-mass motion of the harmonic oscillator was generated by a trap, we know that by a conservation of energy
argument analogous to that for the moment of inertia of the spin-1/2 particle, the trap will feel heavier by an amount equal
to the mass of the particle inside this trap. Here we see that this intuitive result comes from the (virtual) excitations of the
particle created by the Galilean term.

o2 o2
X 1 mx
AE ~ Ef|a)* + Eo(lao)* — 1) = (E1 — Eo)la; > = 2 ( ) =2 (24)

Exercise 1.2. Consider the harmonic oscillator Hamiltonian from the previous section but now initialized in an arbitrary
energy eigenstate |n). Show that as X is slowly ramped, the force —(d,,#) and mass renormalization (y,) are the same as
those in the ground state: —(d,,H) = Xo = Fpx, = 1and ky, = m.

4 As with all gauge potentials, while the expectation value of the gauge potential can depend on gauge choice, physical observables such as the
generalized force are independent of it.
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The harmonic oscillator can be also analyzed classically, where we just consider the same Hamiltonian with x and p as
canonical phase space variables instead of operators. We can apply much of the same machinery to go to a moving frame,
solve for corrections to the motion, etc. If the parameters xo and pg evolve along some generic path (xo(t), po(t)), then we
can go to the moving frame by performing a canonical change of variables to p’ = p — pg and X' = x — xo. We anticipate that
as in the quantum case, the effective Hamiltonian in the moving frame will be

Hm = Ho — ApyPo — AxgPo = Ho + X'Po — p'%o, (25)

where Hy = p/2/2m + ma)zx/z/Z and we used the classical limit for the gauge potentials introduced in Eq. (20). As we explain
in the next section, these gauge potentials in the classical language are simply generators of the canonical transformations
to the moving frame, i.e., from x, p to x’, p’. The equations of motion in the moving frame are thus

. oH b

X = m o _ B — Xo (26)
ap’ m

. oH .

p=- axf” = —mw?x — po. (27)

Note that these equations can be directly obtained by first writing the lab-frame equations of motion and then shifting the
phase space variables x — x’, p — p’. Let us again first consider the setup where po remains constant and only xo slowly
changes in time. Moreover we assume that we start in a stationary state x(0) = xo and p(0) = po. As we know from analytical
mechanics, at leading order the adiabatic theorem tells us that the stationary orbit of a classical system with slowly changing
parameters maps to another stationary orbit with same adiabatic invariants [8].° Since for the chosen initial condition the
adiabatic invariant is zero, the adiabatic theorem simply states that X ~ 0 and p’ ~ 0. Then Eq. (26) implies that the particle
moves at the same velocity as the potential, i.e., p’ = mxo, which is not surprising. If instead X, = 0 and we only ramp py,
then Eq. (27) yields the slightly less obvious result that the particle is deflected to X' = —po/ma?. For the realization of the
harmonic oscillator depicted in Fig. 3, this just reflects the fact that a time-varying magnetic field generates an electric field
by the Faraday effect which pushes the charged particle to one side. In our language this Faraday force is nothing but the
effective Coriolis force due to the Berry curvature by analogy with the quantum case. For example, for a ramp of py,

(—dxyH) = m*x'po = —po = MFxyp, o, (28)

where in the classical case angular brackets imply averaging over the adiabatically connected stationary distribution.
Similarly, the additional energy for a ramp of xy is

. 1 .
AE = H(x = Xo, p = mXg) — H(x = xo,p = 0) = meg, (29)

so as expected the mass of the trap generating the center-of-mass motion of the harmonic oscillator is dressed by an amount
kx, = m. The harmonic oscillator can also be used to illustrate the ideas of counter-diabatic driving. However, we postpone
the corresponding discussion until Section 2.5 because this setup naturally brings additional interesting subtleties related
to utilizing the gauge freedom.

The examples shown in this section illustrate how simple dynamical effects can be obtained using gauge potentials and
adiabatic perturbation theory. We have seen that by going into a moving frame, one can derive both classically and quantum
mechanically the leading corrections to generalized forces and the energy, from which the Coriolis force related to the Berry
curvature and the mass renormalization emerge. Using the spin example, we also illustrated the ideas of counter-diabatic
driving allowing one to design fast protocols in which transitions out of the ground state are suppressed. Both of these
systems are quite simple, and these results could have been obtained via a number of other methods. The power of this
formalism comes from its generality. In what follows, we revisit the ideas in this section in their full generality, turning back
to these two simple examples as useful illustrations throughout.

2. Gauge potentials in classical and quantum Hamiltonian systems

Key concept: Gauge potentials are generators of translations in parameter space. Adiabatic gauge potentials are a special
subset of these which diagonalize the instantaneous Hamiltonian, attempting to leave its eigenbasis invariant as the parameter is
changed. These adiabatic gauge potentials generate non-adiabatic corrections to the Hamiltonian in the moving frame.

2.1. Classical Hamiltonian systems

Classical Hamiltonian systems are defined by specifying the Hamiltonian # in terms of a set of canonical variables p;, g;
satisfying the canonical relations

{gi. pj} = &, (30)

5 We will show later that going to the moving frame first and then using conservation of adiabatic invariants is equivalent to finding leading non-
adiabatic corrections in the lab frame.
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where {. ..} denotes the Poisson bracket:

JA 0B dB 0A
{A(p. q), B(P, q)} = Z (aqjapj - aqjap,) : (31)
J

This choice of canonical variables is arbitrary, as long as they satisfy Eq. (30). There are therefore many transformations that
preserve this Poisson bracket, such as the orthogonal transformation

q = R(A)qo, P = R(A)po, (32)

where R is an orthogonal matrix (RT = R™'). A general class of transformations which preserve the Poisson brackets are
known as canonical transformations [8].

In this work, we will mostly be interested in families of canonical transforms that depend continuously on some
parameter(s) A. It is easy to check that continuous canonical transformations can be generated by functions .4; which we
refer to as gauge potentials:

aA,(A, p, q) 0q; 0A,,
gi(A + 1) = q;(A) op; Y op; {Axn, g5}
0AL(A, P, q) op; 04,
pi(A 4+ 84) = pi(A) + 20 9% = ag, {4, pj} (33)

where A parameterizes the canonical transformation® and the gauge potential is an arbitrary function of g, p, and A. We can
then see that, up to terms of order §A2, the transformation above preserves the Poisson brackets:
A, %A
ap;jdqi  9p;dq;

Consider a simple example of such a continuous canonical transformation, q;(X) = g;(0) — X;, in which the position
coordinate is shifted by X (we use the X notation instead of A notation for the parameters here to highlight their meaning
as the coordinate shift). Let us determine the components of the gauge potential .Ax.(q, p, X) using Eq. (33). First, note that
p; is independent of X, meaning that 0.Ax,/dq; = 0. Meanwhile, the X-dependence of q gives 9q;/0X; = —§; = —0.Ax; /9p;.
These equations are solved by Ay, = p; + C;, where C; are arbitrary constants of integration. The presence of these constants
in this solution is the first exampfe we will see of a gauge choice that gives these gauge potentials their name. This is directly
analogous to the gauge choice in electromagnetism; indeed one can show that the gauge potentials for canonical shifts of
the momentum appear exactly as the electromagnetic vector potential [see Exercise 3.1]. Gauge potentials generalize these
ideas from electromagnetism to arbitrary parameters.

For fixed canonical variables, Hamiltonian dynamics gives a particular canonical transformation parameterized by time

(i + 81, i + SA)) = 85 — 8% ( ) + 0(82%) = 8 + 0(832). (34)

oOH oH
G =—H.q}=——. pj=—H.pl=——. (35)

j j op; j j aq;
Clearly these Hamiltonian equations are equivalent to Eq. (33) with the convention A, = —%. In the same way that

Hamiltonians generate motion in time, we see that the gauge potentials A; are generators of motion in the parameter space.
For instance, we saw that if A; = X; corresponds to shifts in position, it is generated by Ax, = p;.

Exercise 2.1. Show that the generator of rotations around the z-axis,

qx(0) = cos(#)qxo — sin(6)qy0, qy(6) = cos(8)qyo + sin(6)qxo,

px(6) = cos(0)pxo — sin(&)pyo, py(0) = cos(0)pyo + sin(6)pxo.
is the angular momentum operator Ag = pxqy — Pyx-

Exercise 2.2. Another particularly important transformation is dilation, which plays a central role in renormalization group
physics [9-11] and the closely related gauge-gravity duality [12,13]. This transformation involves dilating real space by a
factor A, g(A) = Aqp, and shrinking momentum space by the same factor, p(1) = po/A. Show that dilations are canonical
transformations, and find the gauge potential A4, that generates them.’

Canonical transformations are conventionally expressed through generating functions [8], which are usually defined as
functions of one old variable (qg or pp) and one new variable (g(A) or p(1)). For example, one can use the generating function
G(qo, q(1), A) such that

G G

(W)= ——.

p = > p
*7 9q0 3q(.)

6 We use the partial derivative notation for dq/dA and dp/dA because later we consider time evolution such that phase space variables will be functions
of both A and t.

7 As we will see below, dilation transformations often result in rescaling the Hamiltonian, which in turn can be absorbed in rescaling (dilating) time.
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Differentiating the second equation with respect to A at constant q(1) we find
ap(r)  0A, 9%G

= =— , (36)
axr aq(A) aq(A)oA
Clearly this equation can be satisfied if we choose
le
Ay =—— . (37)
A 0.q(%)

Similarly one can check that the gauge potential can be expressed through derivatives of other generating functions
expressed through qo, p(A), g(A), po and pg, p(1). For instance, defining

G1(qo, p(2), 1) = G(qo, q(2), ) + q(A)p(A)
such that g(A) = 0G;/dp(A) we can check that

G,

) . (38)

qo.p(A)

Ay =

Let usillustrate these relations using the example of orthogonal transformations [Eq. (32)]. Differentiating these equations
with respect to A we find

dq_dR AR R 04

- =t =R a= s

ap dR  dR dR 94

P gy = R'Rpy = - Rp= (39)

an dn dx ~dn aq
It is straightforward to check that the gauge potential for these orthogonal transformations can be chosen to be

dR dRj,

A =—p' R q4=—p— R (40)
One can also check that the generating function for this orthogonal transformation is

Gi(qo. p(*). ») = p'Rqo (41)
such that

G aG

—1 =p'R=po. —— =Rqo=4q.

9o op
Then according to Eq. (38)

3G, L dR ;AR
A = —_—— = = _— = — —R ,
s o p a Qo p Y q

which is identical to Eq. (40).

Exercise 2.3. Using Eq. (40), find the gauge potential A; corresponding to the orthogonal transformation [Eq. (32)] given by
the two-dimensional rotation around z-axis:

R— [cos 6 —sinf
~ \sinf@  cosé
with parameter A = 0 such that
qx(0) qxo
=R(6
(qy(e) @)\ g0
and similarly for py and p,. Show that you recover the result of Exercise 2.1.

Exercise 2.4. Generalize the previous exercise to three dimensional rotations. Namely use that in a three dimensional space
they can be decomposed into a product of three elementary rotations parameterized by the Euler angles «, 8, y [8]:

R = R()Ry(B)R (), (42)

where Ry, Ry, R, are the rotation matrices

1 0 0 cosB 0 —sing cosy —siny O
Ri(a)=1{0 cosa —sina |, R/(B)= 0 1 0 ,R(y)=|siny cosy O0O].

0 sine cosa sinB 0 cosp 0 0 1
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Choosing the Euler angles as parameters according to Eq. (40) find the components of the gauge potentials A,, Ag, A, as
the functions of the Euler angles. Show that the gauge potentials corresponding to infinitesimal rotations around x, y and
z axes, i.e, Ay(B =0,y = 0), Ag(a = 0,y = 0)and A, (¢ = 0, 8 = 0) are precisely the x, y and z components of the
angular momentum.

As we know well from electromagnetism, when we are dealing with waves it is often convenient to deal with complex
canonical variables (wave amplitudes and conjugate momenta). Recalling that normal modes of waves are identical to
harmonic oscillators, let us show how one can introduce this complex phase space variables for a single normal mode,
parameterized by the parameter k (which in a translationally invariant system would be the momentum). Once these
variables are introduced we can use them in arbitrary systems, linear or otherwise. The Hamiltonian for each mode is

pi | mw; ,
Hy = m 5 qi- (43)
Let us define new linear combinations [14]

. Moy 1
=i/ —(a; — ay), = ay + a; 44
Pe=1/— (@ — ak), qk mek( ke + Q) (44)

or equivalently
a; ! (q m i p) a ! (q\/mi—i- ! p) (45)
= — W — ——— , = — Wi + —— .
k=5 k k o k k NG k k N k

We will refer to a; and a; as coherent state phase space variables, since the eigenstates of the corresponding quantum
creation and annihilation operators are precisely coherent states. Next we compute the Poisson brackets of the complex
wave amplitudes

{a, &k} = {a;, ai} =0, {a, ag} = —i. (46)
To avoid dealing with the imaginary Poisson brackets it is convenient to introduce new coherent state Poisson brackets
0A 0B dB 0A
ABe=> |- ) (47)
day day day da;
k

where as usual we treat a and a* as independent variables. From this definition it is immediately clear that

{ag, a;}c = iq- (48)

Comparing this relation with Eq. (46) we see that standard and coherent state Poisson brackets differ by the factor of i:

{...}=—i{...}. (49)
Infinitesimal canonical transformations preserving the coherent state Poisson brackets can be defined by the gauge
potentials:

iaak _ Jd.A; iaa;: _ d0.A;

I  da’ A
We can write the Hamiltonian equations of motion for the new coherent variables. For any function of time and phase
space variables A(q, p, t) (or equivalently A(a, a*, t)) we have

dA_8A+8A.+8A__ A+{A7—l}—aA A, 7) (51)
dt ot agl T apP T ar TWRH T 5 T THe
Let us apply now this equation to coherent state variables a, and aj. Using that they do not explicitly depend on time (such
dependence would amount to going to a moving frame, which we will discuss later) we find
day oH . da N oH
i— =f{ax, H}c = —, i ={a,, H}c = ——.
ar (e Me = goe g = @ Hle = =50
These are also known as the Gross-Pitaevskii equations. Note that deriving these equations we did not assume any specific
form of the Hamiltonian, so they equally apply to linear and non-linear Hamiltonians.

(50)

(52)

Exercise 2.5. Check that any unitary transformation G, = Uy i), where U is a unitary matrix, preserves the coherent state
Poisson bracket, i.e., {dy, é;‘}c = Okq-

Exercise 2.6. Verify that the Bogoliubov transformation [15,16]

vk = cosh(6)ax + sinh(6x)a* ., v, = cosh(6)ay, + sinh(6y)a_, (53)
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with 6, = 6_; also preserves the coherent state Poisson bracket, i.e.,

V> v—kte = (ks ij}c =0, {m Vk*}c ={y_t ij}c =1 (54)

Assume that 6, are known functions of some parameter A, e.g., the interaction strength. Find the gauge potential A, =
> Ak which generates such transformations.

2.2. Quantum Hamiltonian systems

The analogues of canonical transformations in classical mechanics are unitary transformations in quantum mechanics. In
classical systems these transformations reflect the freedom of choosing canonical variables while in quantum systems they
reflect the freedom of choosing basis states.

The wave function® representing some state can be always expanded in some basis:

= vnlno, (53)

where |n) is some fixed, parameter independent basis. One can always make a unitary transformation to some other basis
Im(1)) = Y, Unm(X)In)o or equivalently [n)q = Y, Unm(2)*|m(1)). Then |yr) can be rewritten as

¥) =Y YaUpIm(A) = > Fm()m(n)), (56)
where (1) = = >, Ux ¥y, which is equivalent to the vector notation
V= u*(x)w.

We can introduce gauge potentials by analogy with the classical systems as generators of continuous unitary transfor-
mations, namely

ihdy [Y(0)) = ihd, (UT|y)) = i (3,U7) (UIY)) = =A%), (57)

where we used the fact that [y) is independent of A. We use the tilde notation in the gauge potentials to highlight that they
act on the rotated wave function |y/).

A, = —ihd,UTU = ihUTa,U = (A4,)". (58)
The second equality follows from the fact that
[UUN=8,1=0 = U U = —d,UU". (59)

As in the classical case, the gauge potential generates motion in parameter space. From Eq. (58) it follows that 4, is a
Hermitian operator, which can be formally defined through its matrix elements:

o{nlAxIm)o = iho(n|UTd,UIm)o = ih(n(1)];Im(1)), (60)

so we can think of the gauge potential in the lab frame, .4, = U.4, U, as just ih times the derivative operator

A, = ihd,, (61)

which immediately follows from the fact that (n(A)|.A, |m(A)) = o(n|A4; |m) .

Exercise 2.7. Verify that the gauge potential corresponding to the translations: 1/~/(x) = Y¥(A+x) is the momentum operator.
Similarly verify that the gauge potential for rotations is the angular momentum operator.

Exercise 2.8. It is often useful to think in terms of the action of .4, on operators instead of wave functions. Consider the case
where our basis-changing unitary takes a A-dependent operator O(A) to a A-independent operator © = UOU' = const(}).

e Show that 4, = ihUT9,U differentiates the operator O: [4;, O(1)] = —ihd, O

o In the previous problem, shifting the position is equivalent to defining the new operator X’ = A +X. Show that 4, = P
satisfies the correct commutation relations, with @ = X" and © = X.

o What is the momentum operator P’ in this new basis? Show that it also satisfies the appropriate commutation relations

8 This discussion also directly extends to density matrices.
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Exercise 2.9. Consider the quantum version of the Bogoliubov transformations discussed in the previous section [Eq. (53)].
Show that the quantum and classical gauge potentials coincide if we identify complex amplitudes a; and a; with the
annihilation and creation operators respectively. Note that you can do this one of two ways:

e The easy way - Consider a unitary operator U that rotates the -dependent number operator y,j ¥ to the original basis
aZak. Show that 4, satisfies the appropriate commutation relation with yj, using the results of the previous exercise.

ng n_g
e The hard way — Verify by direct computation on the 6-dependent number eigenstates |ny, n_j) ()/,f) (yf,<) [£2,),
where [£2,) is the y vacuum, that the matrix elements satisfy (my, m_g|4g |, n_x) = ih(my, m_|dp|ne, n_x).

2.3. Adiabatic gauge potentials

Up to now gauge potentials we introduced were generators of arbitrary continuous canonical (classical) or unitary
(quantum) transformations. In these notes we will be particularly interested in a special class of such gauge potentials,
which we call adiabatic. It is easier to introduce them using the language of quantum mechanics first and then extend their
definition to classical systems.

Imagine that we are dealing with a family of Hamiltonians #()) parameterized by some continuous parameter 1. We will
assume that the Hamiltonians are non-singular and differentiable. At each value of X, these Hamiltonian are diagonalized by a
set of eigenstates [m(A)), which we call the adiabatic basis. When the parameters A are varied adiabatically (infinitely slowly),
these states are related by the adiabatic theorem. For the time being, we assume no degeneracies ensuring that the basis
states are unique up to a phase factor.” These basis states |m(A)) are related by a particular adiabatic unitary transformation
and we call the associated gauge potentials adiabatic gauge potentials. Such potentials satisfy several properties, which we
are going to use later.

First let us note that the diagonal elements of the adiabatic gauge potentials in the basis of #()) are, by definition, the
Berry connections

A = (n(M)] A In(R)) = ih(n(A)|8 [n(1)).

Recall that, up to a sign, the gauge potential with respect to time translations is the Hamiltonian itself, and its expectation
value is negative the energy. Another important property of these gauge potentials can be found by differentiating the
identity

(m|H(A)|n) =0 forn #m

with respect to A:

0 = (3,m[H[n) 4 (m[d,H[n) 4 (m|H|d,n)

= En(9umIn) + Em(m[dyn) + (m[0,H|n) = (Em — En) (m|0,n) +(m|0;,H|n) (62)
~————
—i/h(m|.Ay|n)
(m[9,H|n)

— (m|A,|n) = ih , (63)

Ey — Em

where it is important to note that all quantities - the eigenstates |n), the Hamiltonian # and the energies E, - depend on A.
This relation can be also written in the matrix form [17]

iho, H = [A;, H] — ihM;,, (64)
where
IE (1)
M, = — Z T 1m0 () (65)

is an operator that is diagonal in the instantaneous energy eigenbasis, whose values are the generalized forces corresponding
to different eigenstates of the Hamiltonian.

From Eq. (64) and the fact that [#, M, ] = 0, we immediately see that the adiabatic gauge potentials satisfy the following
equation:

[H,ihd, H — [A,, H]] = 0. (66)

This equation can be used to find the adiabatic gauge potentials directly without need of diagonalizing the Hamiltonian. Note
that as the spectrum of the Hamiltonian is invariant under gauge transformations, M, is also gauge invariant. One may use
this to reverse the previous arguments and show that Eq. (66) implies Eq. (64).

9 More generally one can define an adiabatic basis as a family of adiabatically connected eigenstates, i.e., eigenstates related to a particular initial basis
by adiabatic (infinitesimally slow) evolution of the parameter A. For example, if two levels cross they will exchange order energetically but the adiabatic
connection will be non-singular.
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Because energy eigenstates are not well-defined in classical systems, we cannot directly extend Eq. (63) to define
the classical adiabatic gauge potential. However, we can instead use the matrix relation Eq. (64), recalling that in the
classical limit the commutator between two operators corresponds to the Poisson bracket between corresponding functions:
[...1— ih{...}. Then classical adiabatic gauge potentials must satisfy [17]

— OWH =M, — {Ax, H}, (67)

where M;, is the classical generalized force, which is formally defined as the average of —d; # over time. This can be seen by
recalling that time-averaging is the classical analogue of the quantum average over stationary eigenstates. In the non-chaotic
systems that we are focusing on, this time average is equivalent to the average over the stationary orbit containing phase
space points p, q. Note that because M;,_ is an averaged object, it depends only on conserved quantities like energy.

Eq. (66) can likewise be immediately extended to classical systems, serving as a practical tool for finding adiabatic gauge
potentials in classical systems

{H, 0 H —{A, H}} =0. (68)

This equation has a useful implication that the Poisson bracket of the “new” Hamiltonian #' = H(A + 8)) written in “new”
coordinates ¢ = gq(A + 8A), p’ = p(A + §A) with the “old” Hamiltonian 7(A) written in the “old” coordinates q(1), p(\)
vanishes:
oM OH  OH OH 0
9q' dp  op’ 9q
This relation implies that if one finds the canonical transformation which keeps the Hamiltonian effectively invariant as a

function of A, then the gauge potential generating this transformation is precisely the adiabatic gauge potential.
To prove Eq. (69), we start by noting that

(69)

H' =H(q, p, A+ 1) ~ H(q, p, A) + B HEA = H(q, p, 1) — My + { Ay, H}SA, (70)
where the last equality follows from Eq. (67). From the definition of the gauge potentials and the fact that the transformation
from q’, p’ to g, p is inverse of that from g, p to ¢, p/, one finds

H(q, p, 2) ~ H(q', p', &) — {Ax, H)SA. (71)

Combining these two equations we see that

H ~H(G,p, L) — M8 (72)
Therefore to linear order in é2,

OH OH  OH OH

dq" 9p  9p’ dq

where we used that M, is a function of only the energy and other conserved quantities, and thus {M;, #} = 0.
To illustrate this idea let us consider a simple example of the Hamiltonian

={H - MJx H} =0, (73)

2

H=20 4 yig—2). (74)
2m

The canonical transformation q(A) = qo — A and p(A) = po clearly keeps the Hamiltonian effectively independent of A:
p(»)*
2m

such that Eq. (69) is trivially satisfied. Thus in this case the corresponding gauge potential is the adiabatic gauge potential. If
we take a slightly more complicated example
_ Pk

H = — —
2m 2

H =

+ V(q(4))

2
a5 (75)

and perform the canonical (dilation) transformation to new variables q(1) = qo/~/A, p(A) = po+/A then the resulting family
of Hamiltonians reads

()1

These Hamiltonians are not identical at different values of A, but they differ only by an overall scale factor. As a result Eq. (69)
is still satisfied. Therefore the gauge potential corresponding to this particular canonical transformation is the adiabatic gauge
potential. An additional example of an adiabatic gauge potential found in a similar way is discussed in Section 4.4.
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Since the main purpose of these lectures is to connect the geometric notion of gauge potentials to dynamical quantities
that derive from the Hamiltonian, we will be almost exclusively concerned with the adiabatic gauge potential. Thus, for the
remainder of the review, we will often use the term “gauge potential” to mean adiabatic gauge potential unless otherwise
specified. In other words, unitary changes of the energy eigenbasis will play a special role throughout the remainder of these
notes.

2.4. Hamiltonian dynamics in the moving frame: Galilean transformation

Gauge potentials are closely integrated into Hamiltonian dynamics. We will see that they naturally appear not only in
gauge theories like electromagnetism, but also in other problems where we attempt a time-dependent change of basis. We
will come to issues of gauge invariance later, but for now we simply note that the equations of motion should be invariant
under these gauge transformations. Indeed we can describe the same system using an arbitrary set of canonical variables in
the classical language or an arbitrary basis in the quantum language.

2.4.1. Classical systems

Let us first consider the classical equations of motion of some system described by a Hamiltonian that possibly depends
on time for the canonical variables g;(X, t) and p;(A, t), where as before the index i runs over both the particles and spatial
components of the coordinates and momenta. If . = Aq is time independent, then we are dealing with normal Hamiltonian
dynamics

dai| _ . doit _ o
[dt]l_ {qhH}7 I:dt ]l_{plaH}a (77)

where the subindex [ implies that the derivative is taken in the lab frame at A = Ao. Now let us consider the moving frame,
where X also depends on time, i.e., not only do the variables g; and p; evolve in time but also their very definition changes
with time. Then using Eq. (33) we find

d i d i .0 i y
[i] _ [i] 329 g 1) — g A = (g H)
m 1

dt dt oA

dp; dp; . Op; .

it I e = = (p:, — iMpi. = {pi, i 78
[dt]m |:dt 1+ o {pi, H} {pi, Ax} = {pi, Him} (78)

where the subindex m at time derivative highlights that it is taken in the moving frame and we defined the effective moving
frame Hamiltonian by generalizing the Galilean transformation

Hm = H — LA, (79)

We thus see that the equations of motion in the moving frame preserve their Hamiltonian nature. If A stands for a shift of
the x-coordinate of the reference frame, qy(A) = qx(A0) — A, then as we discussed earlier .4; = py and the expression above
reduces to the standard Galilean transformation. If A stands for the angle of the reference frame with respect to the lab frame,
then A, is the angular momentum and we recover the Hamiltonian in the rotating frame. If A is the dilation parameter then

A
o =H =23 aps (80)
]

using the form of the gauge potential derived in Exercise 2.2.
Itis instructive to re-derive the equations of motion in a moving frame using a slightly different, but equivalent approach.
Consider the equations of motion in terms of the lab frame coordinates gy and py:
dqo

dpo
it {qo, 1}, i {po, H} (81)

Now let us go to the moving frame, i.e., let us find the analogous equations of motion in terms of canonical variables
q(qo, Po, A, t) and p(qo, Po, A, t). By the chain rule,

dg 99 .dq . dq . dqg dq .

= =4 — — = — +MAL g — (M. q} 82

prialirries 8k+q08q0+p08p0 ot + {Av @} —{H.q} (82)
and similarly for p (and for each component of multi-dimensional q and p). For the majority of the cases we consider, the
basis choice will not depend explicitly on time (only implicitly through 1), so that 3;.q = 9;p = 0. Then we see that the
equations of motion in the moving frame reduce to Eq. (78).

Exercise 2.10. Find the gauge potential .4, corresponding to the translations of the momentum p = po + 9,(q, A), ¢ = qo,
where g(q, A) is an arbitrary function of the coordinate q and the parameter A, which in turn can depend on time. Show that
the moving frame Hamiltonian with the Galilean term amounts to the standard gauge transformation in electromagnetism,
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where the vector potential (which adds to the momentum) is transformed according to A — A+ V,f and the scalar potential
(which adds to the energy) transforms as V — V — 9;f. Find the relation between the gauge potential A, and the function
f. We use the notation A for the electromagnetic vector potential to avoid confusion with the parameter-dependent gauge
potential A.

It is interesting to note that the Galilean transformation can be understood from an extended variational principle, where
the equations of motion can be obtained by extremizing the action in the extended parameter space-time

S= / [pidq; — Hdt + A;dA] (83)

with respect to all possible trajectories p;(A, t), g(A, t) satisfying the initial conditions. The derivation is a straightforward
generalization of the standard variational procedure found in most textbooks, cf. Ref. [8]. Extremizing the action at constant
time t clearly gives back the canonical transformations [Eq. (33)]. Extremizing this action at constant A with respect to
time reproduces the Hamiltonian equations of motion in the lab frame. If we extremize the action along some space-time
trajectory A(t) such that dA = Adt we will clearly reproduce the Hamiltonian equations of motion with the Galilean term
[Eq. (79)].

While we are focusing in these notes on conventional canonical transformations, it is easy to use this variational formalism
to consider more general transformation where we treat time on equal footing with the other parameters. In particular, we
can consider a transformation that maps (t, ) to new coordinates (t, ). When the parameters represent translations in
the physical coordinates themselves, this class of transformations are space-time transformation that mix time and space
degrees of freedom, such as Lorentz transformations in special relativity. For these extended class of transformations, both
A and t can be viewed as functions of ; and 7. By noting that di = g—;du + 2dr and dt = ;,%dﬂ + 2Ldr, we can rewrite
the action [Eq. (83)] as

at ar axr at
S = pidgi—dt | H— — A, — ) +du | A— —H— . (84)
ot aT o ou
It is clear that in this generalized moving frame defined by (7, 1) the Hamiltonian and the gauge potential are given by
H_Hat A8k A =4 oA Hat
Tt ot TR T M o
and the corresponding equations of motion are given by [compare to Eq. (78)]
aqi du ap; du
— = {4qi, — i, s 7 =i He) — 5 Dis . 85
o {gi, He) I {ai, A} P {pi, He} Ic {pi, Ay} (85)

For the choice, t = cosh(6)t — sinh(6)u and & = cosh(8)A — sinh(@)z, with 0 being a constant, the expressions above
reproduce Lorentz transformations. Gauge transformations give us a lot of freedom to choose the moving frame that gives
the simplest equations of motion by utilizing symmetries of the Hamiltonian; they allow us to map superficially different
problems onto each other, map time dependent to time independent problems, and so on.

So far our discussion of equations of motion focused on arbitrary gauge transformations. In these notes we, however,
are particularly interested in adiabatic gauge transformations. Dynamics in such special adiabatic moving frames is ideally
suited for developing adiabatic perturbation theory (discussed in detail in Section 6). For now, let us show that the adiabatic
gauge potentials are responsible for non-adiabatic corrections to the energy change of the system:

E(t) = f das dpy H(as, i, 20, Py, £ (86)

where p(q;, pi, t) is the time dependent density matrix. There is a word of caution needed in understanding this integral
as it is usually the subject of confusion. The Hamiltonian and the integration variables here go over all phase space and in
this sense they are time independent, while the density matrix evolves according to the Hamiltonian dynamics. Thus, if we
choose our integration variables q and p to denote lab-frame coordinates, we get
dH(qi, pi,A)  OH. .
— 2 - i =h((ALH - M
i BA ({Ax, #H} %)
dp(qi, pi, t)
P JH
T {p,H}
where we have rewritten 9, # using Eq. (67). Putting this back into Eq. (86) and employing the cyclicity of the integral

/ dadp A(q. p)IB(g. p). C(q. p)} = / dadp B(g. p)(C(q. p). A, P))

for any A, B, and C, we find

dE .
= / daidps [4 ({4 #) — My) p + #lp, 7)]

. . 0
_i / daidp; p My, + / daidpy A, (7, p) + / daidpi LT (87)
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The first term here gives the standard adiabatic work averaged over the distribution function, as M, is the generalized force.
The second term gives the non-adiabatic corrections. In particular, it vanishes to the leading order in A if the initial density
martrix is stationary, since then {py, #} = 0. So the leading non-adiabatic contribution in the last term in Eq. (87) due to the
adiabatic gauge potential is of order A or higher.

2.4.2. Quantum systems
Very similar analysis goes through for the quantum systems. Interestingly the derivations for quantum systems are even
simpler than for classical ones. Consider the Schrédinger equation

ihd;|y) = H|Y) (88)

after the transformation to the moving frame: |) = U()L)|1Z):

A8, U)|¥) + ihUd ) = HU|Y). (89)

Multiplying both sides of this equation by U and moving the first term in the L.H.S. of this equation to the right we find
ihd; ) = [UTHU — A4 ) 19) = [H — LA W) = Hnl). (90)

Here # = UTHU is the original Hamiltonian written in the moving basis while —iA, is the Galilean term. The moving
Hamiltonian H,;, = H — A.A;, thus retains the same form as in classical systems.

In the adiabatic moving frame it is easy to get the analogue of Eq. (87) by differentiating energy with respect to time and
using Eq. (90):

d -~ . - Coe . [ . i.
T a(WIHllﬁ) =My laH|Y) — E)\“//HA)»! HllY) = =AM, — —EMWI[A» HllY). (91)
Because the Hamiltonian # is diagonal in the instantaneous basis, the expectation value (1|3, 7|¥) is nothing but negative
the generalized force defined in Eq. (65). We also note that expectation value of any operator is invariant under choice of
basis so we can remove tilde sign in all final expressions. Let us point out that the second term vanishes at leading order in
A if the initial state is an energy eigenstate. Then up to higher orders in 4, |v/) remains the eigenstate of the instantaneous
Hamiltonian and the expectation value of the commutator [.4;, H] vanishes. It is easy to see that these considerations apply
to mixed states as well.

From Eq. (90) we see that one gets a generalized Galilean correction to the Hamiltonian which is proportional to the gauge
potential 4;. Later in these lectures, we will see many ways in which this term manifests in the dynamics of closed systems.
We will do so after discussing in more detail the geometric properties that are encoded in the A; operator.

2.5. Counter-diabatic driving

We will conclude this section by briefly discussing another interesting application of the adiabatic gauge potentials, which
has been termed in literature in three different ways: counter-diabatic driving, shortcuts to adiabaticity and transitionless
driving [2-4,17-24]. We will stick with the term counter-diabatic driving, which was introduced in the first paper by M.
Demirplak and S. Rice [2,3]. We will not attempt to review this already extensive literature, instead focusing on two simple
but illustrative examples. In the next section we will comment how these ideas can be extended to complex systems using
approximate adiabatic gauge potentials. For the remainder of this section we will use the quantum language, having already
explained the equivalence to classical systems.

In the previous section we discussed that the Galilean term is the one causing transitions between energy levels of the
original Hamiltonian #. In order to eliminate these transitions, it suffices to simply add a counter-diabatic (or counter-
Galilean) term A.A4; to the driving protocol such that the system evolves under the Hamiltonian

H(O) + A4 (L) (92)
Then if we go to the moving frame of the original Hamiltonian #, the effective Hamiltonian will be
Hm = H — LA, + 1A, = H. (93)

By definition 7 is the diagonalized version of #. Thus, if the system is initially prepared in a stationary distribution, say the
ground state, it will always remain in such a stationary distribution no matter how fast the protocol is. We now study this
for a variety of examples to see how counter-diabatic driving can be realized in practice.

2.5.1. Particle in a moving box
We will start from the simplest and most intuitive example of a particle of mass m confined to some potential V(g — X)
which depends on the parameter X, say the minimum of this potential. This setup generalizes our earlier example from
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Section 1 beyond a harmonic potential. We want to move this potential from some initial point X, to final point X; without
exciting the particle inside. From Exercise 2.7 we know that the gauge potential corresponding to translations is the
momentum operator: Ay = Ay = p. Thus the counter-diabatic term should be Xp such that the desired time-dependent
Hamiltonian is
p* A

Hm=§a+Vm—XUD+Mﬂn (94)
This Hamiltonian is hard to realize because one needs to couple directly to the momentum operator [cf. Exercise 1.1]. This is
not always easy, especially for neutral particles. However, one can bring this Hamiltonian to a more familiar form by making
another gauge transformation corresponding to the momentum shift p — p’ = p + mX [see Exercise 3.1] resulting in a
moving frame Hamiltonian

272 . mXA(t

Hep = o+ V(g = X(0) — mkng — 21,
The last term here, which comes from completing the square, can be omitted as it does not depend on q and p. The third term
is nothing but an effective gravitational field, which compensates the acceleration of the system. In the classical language
this term ensures that in the accelerating frame there are no additional forces acting on the particle due to the acceleration.

It is important to emphasize that the Hamiltonians H’ and A are related by the unitary transformation, which defines the

gauge choice. Therefore, under evolution with #, the system will not follow the ground state of the desired Hamiltonian
‘H, but rather the ground state of the gauge equivalent Hamiltonian #/'. This is intuitively clear: the ground state of A at
any fixed X has a zero momentum while the particle following the ground state of ' clearly has non-zero velocity and
momentum in the lab frame. However, note that p and p’ coincide whenever X = 0, which is equivalent to the statement
that the gauge transformation between the Hamiltonians # and #’ reduces to the identity. Therefore the protocol in Eq. (95)
results in the system following the ground state of # only at these special points of zero velocity X = 0. Moreover if one
chooses the protocol with both vanishing velocity and acceleration at the initial and final points (X = 0, X = 0), then the
counter-diabatic drive is smooth and does not require any jump of the potential at the beginning or end of the ramp.

(95)

2.5.2. Particle in a time-dependent vector potential
We can similarly consider a Hamiltonian with time-dependent momentum shift, which is equivalent to a charged particle
in a time-dependent electromagnetic field (cf. Fig. 2):

p — P(t))?
= PZPOY Ly, (96)
2m
As we discussed earlier in Eq. (20), the gauge potential corresponding to the momentum shift is Ap = —q therefore the
counter-diabatic Hamiltonian in this case will be
(P — P(t)Y? :
Hm=4—3a—f+vmy—mnq (97)

This example is even easier to interpret than the previous one; the compensating term in the counter-diabatic protocol
simply reduces to adding an electric field opposing the one created by the time-dependent vector potential.

2.5.3. Scale invariant driving
Let us now consider a slightly more complicated example of a classical one-dimensional non-relativistic particle in an
external potential V(q, 1) described by the Hamiltonian
2
H= L + V(q, A).
2m
Assuming that the parameter A changes in time according to some protocol, our goal will be to find the corresponding
adiabatic gauge potential A; and hence the counter-diabatic term A.A4;. Let us note as earlier that in general chaotic systems,
the adiabatic gauge potentials do not exist [25]. So the general problem does not have a solution; instead one can either find
approximate solutions for 4, (see Section 3) or find particular protocols - such as translations - where a solution exists.
We will focus on a latter possibility here, finding a protocol for which A, takes a simple form. Although we consider a one
dimensional system, the protocol we discuss can be straightforwardly generalized to higher-dimensional cases.
The adiabatic gauge potential should satisfy Eq. (68). A sufficient condition to satisfy this equation clearly is
dA VvV 9A 2
» P —*=§<p—+v>. (98)
where & = £(1) is an arbitrary function of A. Let us seek an adiabatic gauge potential of the form A, = pf(q, A), where f is
an arbitrary function. Then Eq. (98) reduces to

A% 29 2
o Wy P (P ) (99)
aq m aq 2m
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which is obviously satisfied if we require that

of & v
—=—-2, HhV+—f=E&V. 100
3q 5 aqf & (100)
The first equation implies that f = —£q/2 + n, where n(1) is another arbitrary function of A. Substituting this to the second
equation above gives
& Vv 9V
HV —2q——+—n=¢V, 101
WV =S85 g ¢ (101)
which clearly puts a constraint on the possible driving protocols which can be made to satisfy our ansatz for A;.
A particular form of the potential which satisfies this constraint realizes the so-called scale-invariant driving proto-
col [21]:

V(g 2) = — Vo(q—X(A)) (102)

y*(2) y(2)
where y()1) and X(A) correspond to squeezing and translations of the potential respectively. Plugging this ansatz into
Eq.(101) we find

~ 2y, - 7/l V/ N B V/ WL R VL B VY 103
y3 da 0 y4 dn ® y3dr® 2)/3q ot R 0 (103)

which can only hold for generic function Vj if

) =-—F = -2 (10)
Thus, for arbitrary protocols X(1) and y (1), the adiabatic gauge potential is

A = —%qp +n(A)p (105)
such that the counter-diabatic Hamiltonian reads

o= 2 Y (q ;();()”) —ip (@q - 17(?»)> . (106)

As in the previous example one can shift the momentum p to

ﬁzp—mk(a ) —n(M)

resulting in a gauge equivalent Hamiltonian

. _ P 1 qa—X()\  mi? (E() > md , _d
ch—%wzmvo( ) )‘T(Tq‘"(“) + 7 g (00 = m-(n(2))g. (107)

As before j coincides with p at the points of zero velocity i = 0, so this is where adiabatic (transitionless) driving of the
original Hamiltonian occurs.

The path in parameter space y(A) and X() can be arbitrary. In particular, choosing y(A) = 0 and X(1) = A we see from
Eq.(104) that £ = 0 and n = 1, such that we reproduce the previous example of a particle in a moving box. If we choose
the squeezing protocol where y = A and X = 0, we instead find that £ = —2/A and n = 0, such that the counter-diabatic
Hamiltonian is
)

P m j
om kz Vo(q/A) — fxq ) (108)

showing that one only has to introduce an additional harmonic potential. Interestingly, if Vy(q) is harmonic itself, then the
counter-diabatic protocol simply affects the time dependence of the effective spring constant. So we see that for the scale-
invariant case, one may obtain transitionless driving by adding a rather simple potential, even in the more complicated case
where the path consists of a combination of translations and dilations.

!
Hep =

Exercise 2.11. Write down explicitly the Hamiltonian equations of motion corresponding to Eq. (108). Check that under
substitutions dt = A%dt,q' = g/ and p’ = p the equations of motion become independent of X for any time dependence
A(L):
W vy P (109)
dt m
Based on this, we may conclude that the evolution of the system is strictly adiabatic, which manifests in exact conservation
of the adiabatic invariants, zero heat generation and complete reversibility for any cyclic function A(t).



20 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

Interestingly, the ansatz we chose for .4, is far from unique. For instance, Eq. (98) allows for another simple ansatz:

Ay = pF@. )+ 51, (110)
m

where ¢(1) is another function of A. Then instead of Eq. (100) we get

of v & 1%

el =2 V4 ——f=¢V 111
such that f(q, A) = —&€(A)q/2 + n(x) — ¢(A)V(q) and hence

A) oV aVv av
RV — @q— + () MV — = EV. (112)

2 Toq T TV
The functions £()), n(1), and ¢(A) can have arbitrary dependence on A. If the potential V(q, A) satisfies the differential
equation above, then counter-diabatic driving is again possible by adding a counter-diabatic term proportional to .4, of
the form in Eq. (110). A particular choice of the functions - £(1) = 0, {(A) = —1, and n(1) = 0 - yields the dispersionless
Korteweg-de Vries (KdV) equation for the potential V [26]:

v
9V +V— =0, (113)
aq

which is intimately related to integrability of the model. The non-linear terms in this gauge potential yield a crucial difference
between quantum and classical systems which shows up as a dispersion term in the KdV equation. Nevertheless, it was
shown in Ref. [26] that both quantum and classical systems admit counter-diabatic driving. In general, understanding which
driving protocols correspond to tractable adiabatic gauge potentials even for such few-body problems is an active and vital
topic in the field.

2.5.4. Klein-Gordon theory with a time-dependent mass

Finally, let us apply the ideas of counter-diabatic driving to a somewhat less trivial example of an extended system.
Specifically we will analyze a massive Klein-Gordon theory with time-dependent mass. It is intuitively expected that in a
gapped system the adiabatic gauge potential should be localized within the length scale inversely proportional to the mass
(the Compton wavelength). Let us demonstrate here that this is indeed the case.

We consider the system described by the following Hamiltonian:

1= 5 [ T + (VR + 0070, (114)

where d is the spatial dimensionality and /T and @ are canonically conjugate fields satisfying standard commutation
relations: [I1(x), ®(x')] = —id(x — x) if the fields are quantum (we set i = 1, in this section) and {I7(x), ®(x')} = —8(x —X')
if the fields are classical. Because the Hamiltonian is harmonic, the analysis of quantum and classical systems is identical.
Since the above Hamiltonian is translationally invariant, it is convenient to work in momentum space, where the Hamiltonian
reads

H ! d'k [T IT_y + @i (t) Pk P ] (115)

= — —_— _ w —kls
2] @y kI —k k kP —k

with w,% = k? + m?(t). The problem is now reduced to a set of independent parametric harmonic oscillators. This system
was already considered in Exercise 2.2. Using those results we find that the adiabatic gauge potential reads

dik oy 192 w?
Ay = — U@+ P JT_] with o = - 2%, 116
2 / @) 2 [ITk@— + Drd1-] o= 7 - (116)
By transforming back to real space this becomes
1
App = =3 / / dixd% K (x — X)) ITy Py + Pl ], (117)
where the kernel K(x) is the Green’s function of the screened Laplace equation:
dik  ellx
Kx)= | — - —V2 4+ mHK = 8(x). 118
()f(zmdk2+m2 = (V4 mhK = 8) (118)
The exact expression depends on the dimensionality d; for d = 3 it becomes the Yukawa potential:
e—m\xl
K(x) = . 119
(x) 4 (119)

Note that for any d the kernel K(x — X’) decays exponentially at large separation [Xx — X/| as long as the mass is finite. The
kernel is thus local on the scale of the Compton wavelength 1/m as we originally anticipated. In the limit of vanishing
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mass the adiabatic gauge potential becomes long-ranged (even divergent in the infrared below two dimensions), reflecting
non-locality of adiabatic transformations in gapless (critical) systems.
The counter-diabatic Hamiltonian associated with the time-dependent mass is thus:

H 1/ d'k [T Tk + wi(t) D G @+ Pd1_y)] 5 ¢ 1 dm? (120)
= - —_— _ w —_ — _ _ 5 = —_——
CD 2 (27_[ )d k k k k k k\ L Lk k k k k 4u)£ dt
As in the single particle case, we can shift the momenta IT, — ITj + Py and find the gauge equivalent Hamiltonian, which
does not contain cross terms

1 dk )
Hip = 5/(2“ [T+ QEO)P D], with 27 = wf — ¢ + 3L (121)

Since all the terms have a different k-dependence, the counter-diabatic Hamiltonian cannot be realized by simply modulating
some global coupling. However, if we do a small k expansion, then this Hamiltonian approximately maps back to the Klein-
Gordon theory with both a time-dependent mass and time-dependent speed of light:

QF(t) = mE(t) + vZ(0)k* + O(k). (122)

The latter can be removed by an additional scale and gauge transformation. By a uniform scaling of all the fields, IT, — [Ty
and @, — Py /ay, the transformed Hamiltonian becomes

d) 2t
Hep = «0) / j ;d |: —k+ #(t))@k¢—k + ata((t))(nk¢4< + ¢k171<)i| - (123)
Setting a?(t) = ves(t) makes the effective speed of light constant. A gauge transform IT, — IT, — (Defr/4vefr) Py finally results
in a Hamiltonian which is of exactly the same form as the original one. Note that the prefactor in front of the Hamiltonian
does not cause any transitions and simply tells us that proper time should be measured as ds = vegdt.

For completeness, let us generalize the above results to general inhomogeneous mass distributions considering a more
general Hamiltonian

1 1
H = E/ddxn,? +5 // dxdX @y Vi (A(L)) PL. (124)

Since the Hamiltonian is still harmonic and real, the most general adiabatic gauge potential must be also harmonic and
imaginary

1
A=3 / / dXdX ([TK 0 By + oK TTy), (125)

where Ky y is the real symmetric kernel. Substituting this ansatz into Eq. (66) and explicitly evaluating all commutators one
can show that the kernel K, y must satisfy the following equation:

/dx”(l((x, XWX+ V(ix, XK', X)) = %&V(x, xX). (126)

Although closed form solutions to this equation only exist for a handful of special examples, one can formally solve it by
discretizing space and using eigenvectors {|n)} and eigenvalues {¢,} of the discretized matrix V:
1(n| a3,V |m
(n| K |m) _ _LnloVim) (127)
2 e +en
In the translationally invariant case 9,V is diagonal in momentum space and we immediately recover the homogeneous
result.

Exercise 2.12. Perform the missing steps in the derivation of Eq. (126).

3. Approximate adiabatic gauge potentials in complex systems

Key concept: Adiabatic gauge potentials can be computed from a minimization principle, which in turn can be used to
develop variational methods for finding approximate gauge potentials. These variational gauge potentials are useful for creating
approximate counter-diabatic protocols and finding approximate eigenstates of complex interacting Hamiltonians.

We have seen from Eq. (63) that the adiabatic gauge potentials maybe ill-defined if the energy spectrum is dense and
there are non-zero matrix elements of the generalized force operator, —d, H, between nearby eigenstates. This is known
as the problem of small denominators. If these divergences happen at isolated points such as phase transitions, then
they can be easily dealt with as we will discuss later. But in generic chaotic systems, the situation is more subtle and
requires careful regularization. Intuitively, this issue arises because the exact adiabatic gauge potential would allow one
not only to adiabatically follow the ground state, but also excited states of the system. But the widely-accepted eigenstate
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thermalization hypothesis implies that those are essentially equivalent to random vectors in the Hilbert space, which are
exponentially susceptible to tiny perturbations [27]. Following these states would require exponential fine tuning of .A;.
More formally the eigenstate thermalization hypothesis [27-31] states that the off-diagonal matrix elements appearing
in the numerator in Eq. (63) scale as exp[—S/2], where S is the extensive thermodynamic entropy of the system, while
the energy denominator for nearby states scales as exp[—S]. Therefore the matrix elements of .4, between nearby energy
eigenstates are exponentially divergent with the system size, scaling as exp[S/2]. However, even in generic chaotic systems,
thermodynamic adiabaticity is a useful and well-defined limit. So our goal must be not finding an exact fine-tuned adiabatic
gauge potential, but rather a good approximation which would allow one to eliminate or significantly reduce dissipation in
the system and, in particular, to nearly adiabatically follow the ground state of the system. Note also that, while this argument
is primarily quantum mechanical, it has also been shown [25] that adiabatic gauge potentials are similarly divergent in
classical chaotic systems without reference to quantum mechanics.

In this section, we will discuss methods for finding approximate adiabatic gauge potentials. We begin by reformulating
Eq. (66) for the gauge potential as a least action principle, which will prove useful for concrete calculations. We proceed to
show how variational minimization of this action leads to a class of approximate gauge potentials which do not suffer from
issues of small denominators. We show how similar methods may be used to obtain perturbative approximations to the
adiabatic gauge potentials. Finally, we illustrate the usefulness of these approximations by deriving variational gauge po-
tentials for a variety of many-body systems: interacting chains of two or more spins, the quantum XY chain, and an impurity
in a Fermi gas. In addition to deriving approximate gauge potentials, we show how they may be used to obtain approximate
counter-diabatic protocols, ground states, and excited states for these complicated strongly-interacting systems.

3.1. Adiabatic gauge potentials from the least action principle

While Egs. (66) and (68) defining the adiabatic gauge potential cannot always be solved exactly, we will show how they
may be used to derived a useful and tractable variational ansatz. To do so, let us begin by reformulating these equations as a
minimum action principle, which serves as a seed for developing efficient approximate schemes. We will focus our derivation
on the more general case of quantum systems, keeping in mind that in the classical limit one simply has to substitute the
commutators with Poisson brackets and traces of operators with averages over classical phase space.

Define the Hermitian operator G;(X’) as

G(x) = BAH—F%[){, H], (128)

where the argument X is itself a Hermitian operator. Then Eq. (64) determining the adiabatic gauge potential 4, simply
reads G, (A, ) = —M,.. Instead of directly solving for .4;, we may reformulate it as a problem of minimization the operator
distance between G, (X) and —M; with respect to X. Since G, is linear in X it is natural to use the Frobenius norm for defining
the distance, i.e.,

. 2
i
DXx)=Tr {(am +2 [x, H] + MA> } =Tr[(Gx + M)?*] = Tr (G}) + Tr (M) + 2Tr (M, G,) . (129)
Clearly the distance is indeed minimal (zero) when G, = —M,. Tracing in the energy eigenbasis and using cyclic properties
of the trace, one finds
i i
Tr(MyGy) = Tr (M 0,20 + T (M [, #) = =Tr (M2) - EW (130)
D*(x) =Tr[Gy(x)] — Tr [M;], (131)
where we used that the operator M; commutes with A and that Tr (M, 0, ) = —Tr (Mf) which becomes obvious if we

explicitly write the trace in the eigenbasis of the Hamiltonian. Since the generalized force term does not depend on X, it
does not affect the minimization. Hence, minimizing the distance is equivalent to minimizing the norm of G;. One can thus
consider the norm of G, as the action associated with the gauge potential:

S =Tr[GH(x)]. (132)
It can easily be minimized by expanding X in some operator basis. The distance is minimized whenever .4, satisfies:

38S i

— =0 = H, a)LH-F*[A)‘,'H] =0, (133)

8X |y, h

which, as anticipated, is just Eq. (66).

An even a simpler way to see that X = 4, minimizes the distance between G, (X) and M, is by noting that the diagonal
elements of G, in the eigenbasis of H# do not depend on X: (n|G,(X)|n) = 9, E,. Therefore by minimizing the norm of G, we
are minimizing the sum off-diagonal elements of G,. For X = A;, [G,, H] = 0 by construction, so all off-diagonal elements
of G, are equal to zero and hence the distance D(X') reaches the absolute minimum.
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The action S itself has a simple physical interpretation in terms of the transition rate from a particular energy level to all
other states under white noise modulation of A in the presence of the compensating term A.X. To see this, let us consider a
Hamiltonian

Hy = H(A) + ix, (134)

where L = Ao + €(t) and ¢(t) is an infinitesimal white noise €(t)e(t’) = «8(t — t’). We can expand the Hamiltonian Hy in
small modulation amplitude A(t) = Ao + €(t):

Hx ~ H(rg) + € 0y H(Ag) + €X. (135)

Next we will use the standard Fermi-Golden rule expression for the transition rate I', from the eigenstate |n) with energy
E, to all other states [32]:

r,= / " dwsiw) D Unl@H — iwX)|m)8(En — Ey — @)

R m#n

=[mdwKZ

R m#n

2
8(Em — Ey — how) = «(n|G2(X)|n) — « (n|d; H|n)>. (136)

<n|(8m + %[x, H])|m>

Here S.(w) = « is the spectral density of the noise €(t), which is frequency independent for white noise. Averaging I, over
all eigenstates yields the average lifetime, which is clearly proportional to Eq. (131). Minimizing the average transition rate
is thus equivalent to minimizing the action in Eq. (132).

The lifetime of eigenstates especially in many-particle systems is not a physically observable quantity. A more physical
measure of dissipation is the heating rate. But the latter is always zero if we consider states in the middle of the spectrum,
which effectively correspond to infinite temperature. The easiest way to characterize dissipation that remains valid at infinite
temperature is to instead look at the rate of change of the energy variance 052, which we term here the dissipation rate.
If the system stays in the eigenstate, then there is no dissipation and the energy variance remains zero. Otherwise the
dissipation rate is positive and the energy variance grows in time. In macroscopic ergodic systems satisfying the eigenstate
thermalization hypothesis, the heating rate and the dissipation rate are proportional to each other because of the fluctuation-
dissipation relation with the proportionality constant equal to half the inverse temperature of the eigenstate [27]. Within
Fermi’s golden rule, the dissipation rate starting from the eigenstate |n) is obtained from Eq. (136) by multiplying the

transition probabilities by w?:
do} ~ 2 . 2 2
a dee(w)Zw [{n| (0, H — iwX)Im)|"8(Em — En — @) = —x (n][Gu(X), H]"[n). (137)

R m#n

Clearly the dissipation rate averaged over all eigenstates |n) defines the action given by the Frobenius norm of the
commutator of G, (') with the Hamiltonian. Thus the average dissipation rate for a system subject to external white noise
in A and in the presence of the compensating term from Eq. (134) is equal to the square error of Eq. (133) when & is used as
an approximate solution to Eq. (133).

3.2. Variational gauge potentials

The least action principle [Eq. (133)] often serves as a useful way to calculate 4;, as we will see throughout the following
sections. More importantly, it establishes a variational principle for the gauge potential based on the inequality S(x') > S(A4;).
The benefit of such a variational principle is that it allows us to construct approximate solutions to problems in which Eq. (66)
is hard to solve analytically. We will see throughout the following sections that this variational method is both useful and
tractable, even for complicated interacting Hamiltonians.

Before moving on to a simple example, let us note that the trace norm in the action is similar to the infinite temperature
norm as we are summing over all the eigenstates of  with equal weight. Very often we are interested only in the low
energy manifold, as for example in trying to find the approximate counter-diabatic driving required to keep the system
close to the ground state. If we are dealing with quantum or classical systems with unbounded spectra, the Frobenius norm
of the operators may also be ill-defined, requiring some cutoff regularization. In such situations we may instead define the
finite temperature action:

S(x, B) = (Gi(x)) — (Gu(X))%, (138)

where (...) stands for the averaging with respect to the thermal density matrix p(8) = %exp[—ﬂ%]. The original
Frobenius norm in Eq. (132) can be recovered as the infinite temperature limit (8 — 0) of Eq. (138) up to an addition
of (G, (X))? = (M,)?, which does not depend on X. In the zero temperature limit 8 — oo, the action in Eq. (138) reduces
to the variance of G, in the ground state. Clearly the exact gauge potential minimizes Eq. (138) for any fixed temperature .
However, minima of the action restricted to particular variational manifolds will generally depend on 8. In these notes we
will restrict the discussion of complex systems to lattice models, where the infinite temperature norm can be used. Analysis
of the finite temperature action will be left for future work.



24 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

Exercise 3.1. Consider the following time-dependent Hamiltonian for a two-level system: # = Aoc* + h(t)o*. Find the
gauge potential A, corresponding to a change in the x-magnetic field h by minimizing the action in Eq. (132) using the
ansatz Ay = r()oy. Justify why this ansatz should lead to the exact result. Use the result to construct the generalized force
M;, and check that it agrees with the correct answer.

We will now illustrate how the variational principle can be used for finding the adiabatic gauge potential in an interacting
spin system. Let us consider a system of two coupled identical spin one-half particles in a uniform magnetic field with Ising
interactions:

H = —hcosO(o% + 05) — hsinb(o] + 05) — J,0f03, (139)

with i = 1 throughout this section. The Hamiltonian above corresponds to a real matrix in the z-basis, so the adiabatic gauge
potential can be chosen to be imaginary, and hence contain an odd number of ¥ operators. As a first variational ansatz for
Ay, we will choose the non-interacting form

P %(a{ +o). (140)
It is then straightforward to compute the function G(x):

G(X) = M +i[X, H] = hsin(1 — a)(oF + 05) — hcosO(1 — a)(o] + 65) + af,(0705 + o70). (141)
To evaluate the action, S(a) = Tr [GZ(X )], we note that all Pauli matrices are traceless, so only even powers of Pauli matrices
contribute. Therefore
S(a)
4

where the overall factor of four in the denominator comes from the trace of the identity matrix. Minimizing this action with
respect to «, we find the optimal value o*:

=2h*(1 — a)* + 2072, (142)

05 =0 = Ui (143)
Z = at = ;
Ao |, TR+ )2 J?
leading to the following variational gauge potential
* 1 h2 y y
ST RN (144

We use the *-notation to highlight that this gauge potential represents the best variational solution but it is not generally
exact because our variational manifold is restricted to single spin operators. Nevertheless this variational solution is very
instructive as it clearly shows that the spin-spin coupling affects the magnitude of the gauge potential compared to the
non-interacting case, suppressing it.

We can improve the variational ansatz by adding two-spin terms into the variational manifold

o B
X:E(o{+a§”)+ 5

Evaluating the additional commutators of the two spin terms with the Hamiltonian, we find

—(070} + ofo) )+ (0)05 + ofo3). (145)

G(x) = hsin6(1 — a)(o] + 03) + (yJ, — hcosO(1 — a)) (o7 + 05) + (o], — BhsinO + yhcosO)(oio5 + of03)

+2Bhcost ooy — 2yhsin® ofo; — 2h(B cosf — y sinf)ol o). (146)
From this expression one can easily compute the action by noting that all cross-terms in G>(X) are traceless. Thus,
S(a, B, .
% — h%(1 — ) — 2y(1 — a);hcos + y2J% + (af, — Bhsiné + yhcosd)

+4p2h*cos?0 + 4y2h%sin®0 — 4By h? sinf cos 6. (147)

In general, the variational action is a quadratic function of the variational parameters so variational optimization simply
reduces to solving a set of linear equations whose rank is equal to the number of variational parameters. Here it gives

h? +J2 —J,hsin® 2J,hcos@ o h2
—J,hsin® h*(3cos’0 +1)  —3h%cosOsind (ﬁ) = 0 ) (148)
2J;hcos® —3h?cos@sin® h*(3sin’0 +1)+J2 ) \r" Jzhcoso

This equation can be solved to obtain the variational parameters «*, 8*, y*. For example, for & = 0 (field pointing along the
z-direction), we get
1 h? yo 1 Jh

A0 =0)= it -

(0)05 + ofo)).
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Note that we left the asterisk off of 4y because our variational ansatz exhausted all possible terms odd in ¢¥ and hence
the variational solution must coincide with the exact result [see Exercise 3.2]. Not surprisingly the gauge potential becomes
singular at J, = =4h because at @ = 0 the symmetric eigenstates become degenerate (e.g., (|11) + |{1))/+/2 becomes
degenerate with || | ) for J, = h) and this degeneracy is lifted by applying the x-magnetic field. Likewise for 6 = /2 we
find
1 y y 1JZ Yy _x x Y
Ag(0 =m/2) = 5((71 +05)+ EE(Gl 05 +0703).

Now the gauge potential becomes singular at h — 0 because of degeneracy between || |) and |11) states lifted by a small
magnetic field in the z-direction.

Exercise 3.2. Verify Eq. (146). Compare the variational gauge potential obtained by the minimization of the action in Eq. (147)
with the exact result, which can be obtained from Eq. (63).

Exercise 3.3. Compute the variational gauge potential .4;, using single spin and two spin approximations. Compare with the
exact result.

3.3. Perturbative gauge potentials

In lieu of the variational approach, it is sometimes more convenient to start from a simple limit, such as a non-interacting
model, where the gauge potential can be found exactly and use perturbative methods to correct it. The general idea of
such a perturbative method is very similar to that used to find approximate integrals of motion in a weakly interacting
systems [33,34]. In that work, the interacting eigenstates |i1) are found from the non-interacting eigenstates |n) via unitary
transform |71) = e~5|n), where S = g5; + %gzsz + - - - is anti-Hermitian. Then one tries to perturbatively find S and use it to
dress the integrals of motion. In our language S is directly related to the adiabatic gauge potential.

Instead of developing a fully general approach let us demonstrate how one can obtain the leading perturbative correction
using the two-spin model in Eq. (139). We will generalize this to an interacting spin chain in Section 3.4.1. Treating the
coupling J, as a perturbation, let us find the leading perturbative correction to Ay. Suppose that Uy(0) is the unitary operator
connecting unperturbed eigenstates corresponding to different angles 6 with eigenstates corresponding to & = 0 such that
by definition

A9 = i(8,Up)U].

Next let us denote by

sz gy
Ui, 0) = Pe 0" %A

where P stands for the path-ordered exponential, the unitary which connects the eigenstates of the Hamiltonian corre-
sponding to fixed 6 and different values of J,. At leading order in perturbation theory, clearly

Uy~ 1—iA).
The total unitary connecting the states at J, = 0, 6 = 0 with arbitrary J,, 6 is then U; Uy, such that
Ap = i(3pU1)U] +iU1(35Up)USUT ~ A + .09 A) — i, A, A7], (149)

where the 0 superscripts indicate that the gauge potential corresponds to the non-interacting limit J, = 0.
To find AJOZ exactly, we need to minimize the Frobenius norm of

G(x) = 9, M, _o +ilX, Hol

where Ho = —hcos@(of + o) — hsin0(of + o5) is the non-interacting Hamiltonian. Because #, is non-interacting and
95, contains only two-spin terms, it is clear that the exact ansatz for & should also contain only two spin terms. Unlike in
the previously discussed case of finite J, this is not an artifact of the two-site system but an exact statement, which applies
to arbitrary system sizes. Choosing

% = 2olos +ofo)+ g(olya; +o%0) (150)

we find
G(x) = —(2Bhsinb + 1)oios + 2ahcos b o503
+2h(Bsinf — a cos)o) oy + h(B cosd — asinb)(oioy + ofo}) (151)



26 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

leading to the action

S(e, B)

.= 1+ 4Bhsin6 + 882h%sin?0 + 8a*h?cos?6 — 12aBh? sinf cos 6 + 282h%cos?6 + 202h%sin?6. (152)
Minimizing this action yields the desired adiabatic gauge potential
3 cos @ sin%0 sin9(3cos%6 + 1)
,4]2 :—T( o} +ojo y) T( +cr1c72) (153)
Finally, plugging this expression into Eq. (149), we find
1 sin @ cos
Ag & 5(0{'—1— )+JEZ—(2 3cos? )(ala2 +U1 2)—}—%—(1 3c0529)(0102 +a1az) (154)

Exercise 3.4. Verify that Eq. (154) agrees with the exact result, which can be obtained by solving the linear system in Eq. (148)
perturbatively to linear order in J,.

3.4. Exact and variational gauge potentials for many-body systems

Having introduced variational and perturbative methods for calculating approximate adiabatic gauge potentials, we will
now show how they may be applied to understanding complex many-body systems. We will consider both interacting
and non-interacting systems, the latter of which can be analyzed analytically to highlight various important properties of
gauge potentials. Specifically we will focus on the locality and convergence of the variational ansatz. We will discuss three
characteristic examples: the non-integrable Ising chain, the quantum XY chain, and an impurity in a gas of free fermions.
These examples illustrate some qualitative features of the adiabatic gauge potentials in both gapped and gapless regimes,
as well as close to singularities like the Anderson orthogonality catastrophe for the impurity in a gas of fermions or near
quantum critical points in the XY model.

3.4.1. Non-integrable Ising model
Let us now extend the two-spin example from Sections 3.2 and 3.3 to the Ising spin chain in a uniform magnetic field
described by the Hamiltonian

L
—Zh(cos@of-l—sin@o JZZU 01 (155)
j=1
with periodic boundary conditions. This Hamiltonian is already very complicated as it is known that except for 6 = 7n/2
it is non-integrable, and thus has chaotic eigenstates satisfying the eigenstate thermalization hypothesis (cf. Ref. [35]).
Therefore, in the thermodynamic limit the adiabatic gauge potential does not exist as a local operator that is analytic in
the coupling constants, and thus it cannot be written in a closed form for large system sizes. However, due to the locality
of the Hamiltonian, one can anticipate that except for some special points such as phase transitions, there should be an
accurate local approximation to the adiabatic gauge potential. Therefore, we will extend the ansatz from the previous two-
spin example and use it to find the variational adiabatic gauge potential:

1
X:EZ(aajy-}ﬂ( J+1+‘7 o+1)+y(0 }+1+gy J+1)) (156)
J
As before only terms odd in o contribute to the variational ansatz because # is real. By further using the fact that the
system is translationally invariant, we are only left with three undetermined parameters «, 8, y. To find G, (X) we will need
the following commutators:

zZ o), H] ZZh cosOo —sinfof) + Y 2l(070f, + o7 0},), (157)
j

iZ [of0) 1+ 00}, 1] = —2h Z (2cos6 (o]0}, | — ol'c 1) + sinb (0707, | + 0f 0} 1))
J J
+ 2 Y (0700107 + 0F a0l — 07007, — 0o 0) (158)
J
iZ [0] O‘]_H + U ofi1s #H| = 2h Z (2sin6 (o]0}, — of0},1) + cosO(ci'cf ; + 070l 1))
J J
+ 4 ) (ofof 108 + o) (159)
J
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From this G, (X) reads

Gu(x) = > (hsin6(1 — a)of + (2yJ. — hcos (1 — a))o* — 2h(B cost — y sinB)o?o?, ;)
+] Z ((yhcos® — Bhsin® + af, o0}, | + of 0} ;) + 2Bhcos b ool — 2y hsin6 of o} ;)
j
+I: Y (Blo}0} 107y + 0707 107%) — B0} 0107,y + 0707, 107,,) + 2yl ot 07s,) - (160)
J
As before the tracelessness of the Pauli matrices reduces computing the action to summing squares of coefficients in front
of linearly independent operators:

S
% = h*(1 — a)?sin®0 + (2yJ, — h(1 — @) cos 0)* + 4h?(y sin® — B cosO)?
+2(hy cos8 — hBsinf + J,a)? + (2hB cos 0)* + (2hy sin6)? + 43, B)* + (2], )%, (161)

where the factor 2" in the denominator comes from the trace of the identity operator and an additional factor of L comes
from summing over L identical contributions. Minimization leads to following linear equations, which only slightly differ
from the two-spin system due to the presence of three-spin terms and periodic boundary conditions used in the full spin
chain:

h? 4 2J2 —2J,hsin® 4J,h cos 9 o h?
—2J,hsin®  2h*(3cos?6 + 1) + 4/2 —6h% cos 6 sin O (,3*) = 0 ) (162)
4J,h cos 6 —6h? cos 6 sin @ 2h%(3sin*0 + 1)+ 82 ) \r” 2J;hcos

These equations can again be easily solved, giving the following variational adiabatic gauge potentials for two specific values
of 0:

. 1 1 Jzh 2]z
A0 =0) = 27]4 JzzZ J 27]4 12)22 j J+1"'(I ;+1)

. 1 K222 + h?) 1
A0 =m/D) = 5o thﬂzzz y+53]4 h2 HZ)ZZ X+ ool ). (163)

This expression does not contain any singularities associated with the quantum phase transition for h = +J, and 6 = 0 in
the thermodynamic limit. This is due to the insufficiency of the local variational ansatz to capture singularities associated
with long wavelength excitations. Nevertheless, away from the critical point we will show in the following sections that this
ansatz allows accurate approximations for many objects of physical interest, including counter-diabatic driving protocols,
many-body ground and excited state wave functions, the geometric tensor, and more. Let us also note that the variational
ansatz also allows one to recover the results of perturbation theory in the limit of small coupling J, [see Exercise 3.5]. Indeed
it is easy to see that at linear order in J, we can only generate one or two spin corrections to .4y, at second order we can
generate corrections involving up to three nearby terms, and so on. To find the perturbative result we note that 8 and y
should be linearly proportional to J, so we can simplify Eq. (162) to

h? + 2J2 —2J,hsiné 4],hcos@ o h?
—2J,hsind 2h*(3cos®0 +1) —6h?cosd sind (5) ~ 0 (164)
4,hcos® —6h*cosfsind 2h*(3sin’6 + 1)) \v* 2J,hcos@,
which in turn gives
J; sinf J; cosé 5
o, 2-3 0 s 1-3 0). 165
o ﬂhz( COS)VhZ( cos“0) (165)
leading to

J; sin6 J, cos@
Z o —Z— (2 — 3cos?6 Z(a oty + 0o )+EZT(1_3C0529)Z( ofa},y + 0l y). (166)
j

Exercise 3.5. Find the leading perturbative correction inj, to .4, for a full spin chain described by the Hamiltonianin Eq. (155).
Specifically argue that the two spin-ansatz generalizing Eq. (150) can be used to find Ajoz. Then use Eq. (149) to find the
perturbative expression for 4. Verify that the result agrees with that obtained from the variational approach in Eq. (166).



28 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

Empty
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Fig. 5. Illustration of the effective band structure of the XY chain that results after a Jordan-Wigner transformation. In the ground state, the lower band is
filled and the upper band is empty. Each mode k can be excited by kicking the fermion into the upper band [see Eq. (169)].

3.4.2. Quantum XY model

Next let us analyze the quantum XY chain. This model is sufficiently simple that all calculations can be done analytically,
yet it has a rich phase diagram serving as a prototype of quantum phase transitions and multi-criticality [36]. The model also
provides important insight in the convergence properties of the variational procedure.

The quantum XY chain is described by the Hamiltonian

L
== [hofoft + oo,y + hof] (167)
j=1
where J, , are exchange couplings, h is a transverse field, and we use periodic boundary conditions. It is convenient to re-
parameterize the model in terms of new couplings J and y as

o (1+vy o (1-v
Jx—]<2 >,]y—1( 5 ) (168)

where J is the energy scale of the exchange interaction and y is its anisotropy. We add an additional tuning parameter ¢,
corresponding to simultaneous rotation of all the spins about the z-axis by angle ¢ /2. While rotating the angle ¢ has no
effect on the spectrum of #, it does modify the eigenstate wave functions. To fix the overall energy scale, we set ] = 1. Since
the Hamiltonian is invariant under the mapping y — —y, ¢ — ¢ + 7, we also generally restrict ourselves to y > 0.

We now follow a standard set of tricks to solve such a Hamiltonian [36]. Rewriting the spin Hamiltonian in terms of
free fermions via a Jordan-Wigner transformation, o/ ~ 1 — ZCJ-TCJ' and a;’ ~ [ 1ok ¢, H can be mapped to an effective
non-interacting spin one-half model with

B t ) __(h—cos(k) ysin(k)e™
H=) YiHd = (y sin(k)e® —[h— cos(k)]) ’
k

where 1//; = (c,j , c_i) denotes the usual Nambu spinor. The details of this transformation can be found elsewhere;'° for our
purposes, it is important to note that it has allowed us to reduce the interacting spin model in Eq. (167) to a non-interacting
fermionic two-band model which is at half-filling (Fig. 5).

Computing the exact gauge potential now simply amounts to finding the gauge potential for a set of uncoupled two-level
systems described by ;. This can be done by any means described above, but since we want to compare the results to a
variational approximation later, let us follow the minimal action approach and construct Eq. (132) for all three parameters
h, y, and ¢. By parameterizing the gauge potential

1
A(k) = 3 (an(K)of + ay(K)oy + ez(K)of) (169)
the commutator of the gauge potential with the Hamiltonian becomes
i[A(k), H¢] = [ay(h — cosk) — azy sinksin @] of + [a;y sinkcos ¢ — (h — cos k)ax] oy

+y sink [aysing — oy cos ¢ ] of . (170)

10 we note that the sign convention for ¢, i.e., which direction the spins are rotated around the z axis, differs from Ref. [37]. This, and other differences in
gauge choice, are done to match the conventions of earlier spin-1/2 examples in this review. The choices have no effect on the final measurable quantities
such as the metric tensor.
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Consequently the action for changing h is given by:
Sh

5= [—1+ axy sinksing — ayy sink cos ¢]2 + [ty(h — cos k) — ey sinkssin ¢]2

+ oy sinkcos ¢ — (h — cos k)ory]?. (171)
Minimizing the action yields the following particular solution:
y sink sin ¢ y sink cos ¢

ax(k) = , ay(k)=— , az(k)=0, 172
(k) (cosk — h)? + y2sin’k (k) (cosk — h)? 4 y2sin’k (k) (172)
such that the final gauge potential associated with the magnetic field h reads
1 y sink o
Ap = = sin po — cos ¢poy) Y. 173
"2 X,: (cosk — h)2 4 y2sin’k Vi sindoy #9i) (73)
The calculation for y and ¢ is completely analogous and results in
sink(cos k — h) t o
A, = —— sin o — cos po?) Y,
v Z (cosk — h)? 4 2 smzk]//k( ¢ P91 Vi
y sink
Ay = Z oSk hwk (cos pof + singoyy) Y. (174)

While the resultmg gauge potentials are simple in the momentum-space fermionic representation, they are actually
comprised of a series of long strings of spins in the original model. We have found the exact adiabatic gauge potential for
the XY model, but we can only do this by virtue of its integrability. Thus, it is instructive to have a closer look at the real
space representation of the gauge potentials, in particular in view of the previous discussion on variational gauge potentials
in non-integrable spin chains, where we inevitably have to resort to approximate string expansions. We can now use the XY
model to benchmark our results.

In order to more easily discuss the real space representation analytically, let us restrict the parameters to the transverse
field Ising limit, y = 1 and ¢ = 0. First of all note that, by Fourier transform we have

Tty Zsm (k)¢ ¢y — Ggy). (175)

Inverting the Jordan—ngner transformation then results in the following expression for the fermions in terms of real spins

=2i Z = Gre) = Y (070f1 - 0fu 107 + 00l - 0f 100k (176)
J
where we 1ntr0duced the symbol O, for an XY string of length I. Combining all of the above expressions, one arrives at the
real-space representation of the gauge potential
1 sin(k) sin(lk)

ZO{IO[ where o) = — (177)
- 4L (cosk — h)? + sin“k

In the thermodynamic limit we can replace the sum with an integral, which yields
1 sin(k) sin(lk) 1 (H=! for K2 <1

— | dk : e P A | 2

47 (cosk — h)? + sink h for h* > 1.

This result was first obtained in [18]. Note that the coefficients «; decay exponentially with the string length as long as the
system is not critical. At the critical point, however, all strings have exactly the same weight.
This treatment allows a variational expansion in terms of finite number of strings, i.e., we make the ansatz

M
=Y 0. (179)
=1

By returning to k-space, this results in the fermionic representation

M
Ar=4)" (Z a sin(lk)) viol Y. (180)
k =1

Clearly if the sum goes up to M = L, we recover the exact result. But by truncating, we reduce the number of variational
parameters to M. The action for the ansatz simply becomes

2
SM
z—hL = Z <] +38 Zal sin(lk) sin(k) ) (8 Za, sin(lk) ) —cosk) |. (181)

k =1

a = — (178)
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After expanding the squares and summing over k-space, the expression takes the following simple form:
M M M

5
2?13 = +4+ 1)) of —4h Y e + 1), (182)
=1 =1

Minimizing with respect to o; yields the following set of equations
1
—h(ozj_l+(xj+1)+(1+h2)ozj:—§ i1 (183)

This problem is equivalent to a particle hopping on a chain with nearest neighbor hopping h, a constant potential (1 + h?),
and a source term at site 1. It may be readily solved via discrete Fourier transform o;; = o sin(lk), where k = nz /(M + 1)
for n from 1 to M, giving
1 sin(k) sin(lk)
o) = — Z T
4M+1) (cosk — h)? + sin“k

(184)
k

Comparing this with the exact result, Eq. (177), both expressions are identical if one replaces the system size L with the
string length M + 1. So even though the sum might be infinite, the real space variational result is cut off by the length of
the longest string used. Note that this implies that, when the system is not critical, the variational result for the smallest
strings should quickly approach the exact result once the longest string exceeds the correlation length. This is consistent
with our knowledge that longer strings are exponentially suppressed. However, close to the critical point all the coefficients
are equally important and not taking into account strings longer than M now strongly affects physical quantities. Let us also
emphasize that the variational ansatz coincides with the exact gauge potential for the system of size M + 1, which differs
from taking an exact result for the infinite chain and truncating it to the terms with the range up to M. In Section 3.5.2
we will analyze physical implications of this difference between the variational and the truncated exact solutions for state
preparation.

3.4.3. Impurity in a Fermi gas
For our final example, let us consider a gas of spinless fermions on a one-dimensional lattice subject to an external
potential V;(1):

L/2 L/2
H=— Y (¢gu+hc)+ Y V),
j=—L/2 j=—L/2

where ch and ¢; are creation and annihilation operators and we assume open boundary conditions, though this is not
particularly important for our discussion. The potential can, for instance, be an isolated impurity Vj(A) = Adjp with A
representing the strength of the potential or a moving impurity, Vj(1) = Vo(A — j), where Vj is some potential that slowly
varies in space [24].

To find the exact gauge potential, we will again minimize the action S = Tr[G(X)?]. Because the Hamiltonian # is real
and non-interacting, the adiabatic gauge potential should be imaginary and non-interacting. So the exact ansatz minimizing
S should be

=i a (c,jc,-—h.c.), (185)
ik
where the variational parameters o« = —ay j are real and antisymmetric. While this ansatz is exact, it leads to analytically

intractable system of coupled linear equations, which can only be solved numerically. Instead we will focus on the variational
ansatz involving only local fermion hopping:

x=id g (cjglcj - h.c.) . (186)
J
Explicitly evaluating the commutator of X with the Hamiltonian we find
GX) = 37 () = 20 Ve5) ¢+ D V(i1 L) + 30 Vines(hg + g (187)

J J J
where Vo = oj — j_1 and VV; = V; — V;_; stand for the lattice derivatives. As in the case of spins, the trace of any operator
involving odd number of fermions on any site is equal to zero. There are only two even fermion combinations contributing
to the action: Tr I:CJ»TC]'] =Tr [(cfcj)z] = 1. Then, up to terms independent of X, we have

S{e})
L2

— const+ 3 (3, — 2/ Vey)” + 22(Vay? + 2(VVji Ve
' 2 2 2 2 9

= const+ Y _ (3:V})" + 4eyd (VVj11) +6/>(Voy)” +2(VVjs1) e (188)
j
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Minimizing the action with respect to «; yields the following set of linear equations,

— 3% A0;+ (VWisr) oy = —J3, (V1) (189)

where Ao = a1 — 20 4 o1 is the discrete Laplace operator. This system can always be solved numerically by standard
methods or analytically in some special cases. If the potential V; is smooth on the lattice scale, then discrete derivatives can
be replaced by continuous ones such that the equation above becomes

— 31202 a(x) + (3, V(x, M) a(x) = —]3,8,V(x, 1). (190)

A particularly simple solution can be found for the linear potential: V; = Aj. In this case VV; = A and one can solve
Eq. (189) by a simple ansatz:

J
o4 =—7 (191)
such that the variational gauge potential is the current operator:
]
45 = =i%5 (chag —he). (192)

This solution has to be modified near boundaries [see Exercise 3.8].
Another limit, where Egs. (189) and (190) can be solved explicitly corresponds to the weak potential V; « J. In this case
one can ignore the quadratic term in these equations such that, e.g., Eq. (189) reduces to

=3 Aaj = =3, (VVj1) . (193)
The solution can be expressed through the single-particle Green’s functions
1
% =3 Z Loy (Vi) (194)
j
where
Ly =20y + Ty = §jj (195)

Under Dirichlet boundary conditions for a system confined between —L/2 and L/2, the Green'’s function is a triangle (just

like for the continuous Laplace equation) :

gy o1, L

Fo=2 4 4 —il— =, 196
WE T + 2|J Jl 2 (196)

For the impurity potential V; = A8jo we thus get
* i R A ;
A mp = g Do (it == T ) chg = ¢, (197)
J

While the overall amplitude of the Green’s function grows with system size, the gauge potential does not and obtains a
maximal strength of 1/6/ around the impurity. Note however that, while the perturbation acts locally at site 0, the variational
gauge potential is highly non-local. It is this non-locality of the gauge potential together with the presence of a Fermi-surface
which is the cause of Anderson’s famous “orthogonality catastrophe,” as will be discussed in detail in Section 4.5.2.

Finally, if the potential is a weak perturbation, we can directly use perturbation theory to compute the gauge potential.
In this limit only the unperturbed energy and wave functions enter in the expression. Consequently for the above example
we find

(kl3xV,|q
A=iy g ckcq_zZy] <1+l —c CJH) (198)
k#q
where
1 klo,Vilq) . .
Vi = *ZM G+ 11k) {qli) . (199)
2 €k — €
k#q
€, = —2J cosk, and |q) denotes the single particle eigenstates of the bare hopping Hamiltonian. Note that, in contrast to our

variational ansatz, the exact expression contains longer-range hopping terms. The length of the hopping is denoted by I. For
Dirichlet boundary conditions k = nr /(L+ 1), withn = 1,2, ..., Land (k|x) = /2/Lsin(k(x —L/2)). Unfortunately the sum
in Eq. (199) cannot simply be done analytically. By numerically performmg the sum for V;, = Aéjp one readily verifies that
the gauge potential vanishes for all even hopping terms, i.e., y;2, = 0 for all n. One also finds that the functional behavior
of the nearest neighbor hopping term is identical to the variational result, albeit with different prefactor y;; = 3/2«;. The
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suppression can be understood from the counter-diabatic driving perspective; if one only has access to nearest neighbor
terms, one can cancel excitations caused by inserting the potential. This however generates unwanted next-nearest neighbor
terms. Those are again canceled out by next-next-nearest neighbor terms in the exact perturbative expression, but since they
were not allowed in the variational solution, they will suppress the amplitude of the gauge potential.

Exercise 3.6. Consider the infinite temperature action for the free fermion problem in Eq. (138) with 8 = 0. Show that
this action is equivalent to Eq. (188). Observe that in the infinite temperature action only physical connected terms show up,
i.e., the contribution from the terms like ch cjc; ¢y withj # k automatically cancels. Show also that such terms are independent
of & and thus the infinite temperature action is equivalent to Eq. (132).

Exercise 3.7. Show that Eq. (192) in fact gives the exact expression for .4, for the linear potential apart from boundary terms.
One can show this by adding the second nearest neighbor hopping to the variational ansatz in Eq. (186) and showing that all
coefficients are identically equal to zero. From this its is easy to prove that all higher order hopping terms are zero as well.

Exercise 3.8. Find the effect of the boundaries on the variational gauge potential in Eq. (192) in the continuum limit. This
can be done by solving Eq. (190) with open boundary conditions «(—L/2) = «(L/2) = 0. Show that if AL > J, your result
reduces to Eq. (192) except near the boundaries.

3.5. Variational gauge potentials for counter-diabatic driving and eigenstate targeting

The variational gauge potentials have a broad range of applications both experimental and theoretical. In these notes we
will only touch upon a few such applications with the main goal to demonstrate the principle on relatively simple setups.
In this section we will discuss their applications to designing approximate counter-diabatic driving protocols and finding
approximate eigenstates of interacting systems. In the next section we will also briefly discuss applications for finding the
approximate geometric tensor characterizing the ground state manifold.

In Section 2.5 we showed that adiabatic gauge potentials can be used to design counter-diabatic (transitionless) driving
protocols, which keep the system in exact instantaneous eigenstate of the Hamiltonian for any time evolution. It is thus
natural to expect that approximate gauge potentials can be used to suppress transitions between eigenstates and hence
reduce dissipation in the system. Below we will show how this works in practice for the same set of examples we discussed
above.

3.5.1. Two coupled spins

Consider the two-spin model from Eq. (139). Using the variational gauge potential restricted to single-spin terms, we can
construct a family of variational counter-diabatic protocols connecting eigenstates corresponding to different values of the
angle 6,

HEp = H(O(t)) + 6.4, (200)

where the gauge potential .4} is given by Eq. (144). For simplicity we will consider a linear time dependence 6(t) = vt,
choose h,J, > 0, and focus on the ground state manifold. At t = 0 the magnetic field is pointing along the z axis and the
ground state is given by |1, 1). Propagating this state with the Hamiltonian in Eq. (200) we can get approximate eigenstates
for any value of 6.

A particularly important limit of counter-diabatic driving corresponds to infinite velocity v — oo. In this case the second
term in the Hamiltonian in Eq. (200) clearly dominates the time evolution and the Schrédinger equation can be rewritten as

dy (0 .
(YO _ OAZY(0). (201)
dt
Using the chain rule dy/ /dt = dyr /d9, we can rewrite this equation as
dvyr (0
i% = A5y(0). (202)

Thus we see that the variational gauge potential serves as an approximate Hamiltonian generating adiabatic evolution in the
coupling space. This is of course not surprising as the exact .4, is precisely the generator of adiabatic transformations. So the
family of counter-diabatic Hamiltonians is nothing but interpolation between infinitesimally slow adiabatic evolution with
the original Hamiltonian and the fast evolution with only the gauge potential acting on the system.

For the initial state |¢41(0)) = |1, 1) and the variational gauge potential given by Eq. (144) we can solve Eq. (202)
analytically to get

[¥1(0)) = (cos By |1) +sin By 1)) ® (cos By |1) +sin By 1)), (203)

where

0 h?
Be
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Likewise propagating the remaining two eigenstates in the symmetric sector |v) = (|1} + [41))/~/2 and |y3) = |1 )
according to Eq. (202) we obtain:

M+ 111+ 144)
- v 2 _
7 sin(28y) 7 (204)

[¥3(0)) = (cos By [{) —sinpBy 1)) ® (cos By [{) —sin By [1)) .

Clearly the variational solution violates the periodicity of the ground state manifold with respect to 6. For this reason
it is not equivalent to the standard variational ansatz for [/(6)), which minimizes the energy. Nevertheless the counter-
diabatic propagation has a clear advantage that it allows us to construct the whole manifold of eigenstates, which is beyond
conventional variational methods. If we are interested only in ground state optimization, then one could use the zero-
temperature norm for minimizing the action according to Eq. (138). This, however, yields a non-linear minimization problem
because the ground state wave function itself depends on the variational parameters, and hence goes beyond the scope of
these notes.

[¥3(0)) = cos(2f)

3.5.2. Transverse field Ising model

The same story of course applies to the transverse field Ising model which we briefly studied asthe y = 1Tand¢ = 0
limit of the XY model (see Eq. (167) above). This example is analytically tractable, which makes it a nice system to study
the convergence properties of these approximate counter-diabatic drives and eigenstate preparation protocols. It is again
quite natural to try to prepare the ground state out of a fully polarized state, which in this model corresponds to the ground
state of the system at infinite magnetic field, denoted |y/(c0)). One can generate the ground state at arbitrary h out of this
by simply applying the appropriate gauge field to it, i.e.,

h
(k) = U(hy, 00) [/(o0))  where U(hf,ho:exp(—i / fdfw) (205)
h.

and Ay is given by Eq. (177). Note that in general the exponential needs to be path-ordered but in this case the gauge
potentials at different values of the magnetic field commute, which follows from the fact that the variational gauge potential
can be represented in momentum space as a sum of commuting a,;v Pauli matrices [cf. Eq. (173)] in the Ising ¢ = 0 limit. By
replacing A, by an approximation .4} we arrive at an approximate ground state of our model |1//*(hf)). In order to establish
how well we can approximate the ground state by this procedure using .A; from Section 3.4.2 we look at two observables,
namely the density of excitations on top of the ground state, which is proportional to the logarithm of the fidelity of the
wave function [38], and the fluctuations in the energy. Both are clearly positive quantities that vanish only when we recover
the exact ground state. In Figs. 6 and 7 we show results for preparing a state at hy = 2 and hy = 0. We first note that there is
a stark contrast between the two; for example, the variational expansion converges exponentially for hy = 2 while it only
converges algebraically for hy = 0. This is immediately linked to the presence of a critical point at h = 1 (see Section 4.2.3),
which results in slower convergence due to the Kibble-Zurek mechanism for protocols like hf = 0 that cross it [39-42].
However, as long as the Hamiltonian remains gapped, the expansion converges exponentially. Secondly we see that the
variational expansion performs as well as a truncated form of the exact result, which is obtained by removing all strings of
length greater than M from the exact adiabatic gauge potential (dashed lines in Figs. 6 and 7). While one approximation has
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Fig. 6. Momentum-resolved excitations above the ground state given by applying the variational state preparation method [Eq. (205)] starting from the
fully polarized ground state at h = oo and integrating the variational gauge potential down to hy = 2 (a) or hy = 0 (b). The variational gauge potential
is truncated at maximum string length M, where M = 0 corresponds to .A; = 0, i.e., no change of the initial wave function. Excitations are clearly much
higher for hy = 0 because the system must cross a critical point at h = 1. Solid lines correspond to the variational gauge potential from Eq. (184), while
dashed lines correspond to truncating the exact adiabatic gauge potential from Eq. (177).
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Fig. 7. Dependence of variational preparation on string length M. (a) Excitations integrated over momenta as a function of M. Excitations die off
exponentially in M if one stays in the same phase (h; = 2) but become a power law upon crossing the phase transition (h; = 0). (b) Energy fluctuations
of the variational ground state, showing the same behavior as the excitations in (a). The ground state preparation procedure is the same as in Fig. 6, where
again solid lines use the variational and dashed lines use the truncated exact adiabatic gauge potential.
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Fig. 8. Energy fluctuations in the variational eigenstates of the Ising model at & = 7 /2 after evolving them out of o* product states at & = 0 according to
Eq. (202) using the variational gauge potential .47 (see Section 3.4.1). Results are shown for chain of 14 spins with ] = 1 and h = 2. The red dots are the
results for a single-spin variational gauge potential and the blue dots show the result for the two-spin ansatz. The black line is the energy variance for the
initial eigenstates at & = 0, which is independent of the state chosen within the o* eigenbasis.

slightly more excitations, the other has a lower energy variance, as can be understood from Fig. 6. Abrupt truncation of the
string expansion in real space results in oscillations in k-space which show up in the excitation probability. The variational
result suffers much less from this but in turn has a slightly broader distributions at low energy. As a result, truncating the
exact result causes fewer excitations overall than the variational result, but the excitations that exist cause larger energy
fluctuations because they are higher momentum.

3.5.3. Non-integrable Ising model

We can try exactly the same procedure to prepare ground states of the non-integrable Ising spin chain discussed in
Section 3.4.1. It is particularly interesting to prepare states at different angles 6 out of the eigenstates at & = 0, since the
Hamiltonian is diagonal in o# basis at that point and the eigenstates are trivial product states. The results of attempting
to prepare arbitrary excited states in this strongly interacting model are shown in Fig. 8, specifically looking at the energy
fluctuations of a given variational eigenstate in the final Hamiltonian. A few trends are clear. First, as the number of spin
terms included in A5 - which we denote M - is increased, the average energy fluctuations of any given state decrease.
This implies that the variational eigenstates are confined to narrower and narrower microcanonical energy shells. Similarly,
the eigenstate-to-eigenstate fluctuations of the energy variance decrease with M as well, which is consistent with the
expectation from the eigenstate thermalization hypothesis. The latter is relevant even though the final Hamiltonian at
6 = m/2 is integrable because the protocol passes through non-integrable Hamiltonians for 6 € (0, 7 /2). Thus, it is
impossible to target individual eigenstates with local counter-diabatic driving. At best one can hope to suppress energy
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fluctuations while populating all states within the relevant microcanonical shell, as confirmed by the data. Finally, we note
that the energy fluctuations on average decrease as a function of the target energy density. This is perhaps not surprising,
as the ground state will generally be much easier to target for this gapped protocol than eigenstates in the middle of the
spectrum. Interestingly, there is no downturn at large energy densities, despite the fact that entropy density also decreases
on that end of the spectrum and one might expect to easily prepare the maximally excited state. We leave further analysis
of such state preparation in strongly interacting systems for future work.

4. Geometry of state space: Fubini-Study metric and Berry curvature

Key concept: The geometry of the wave function in parameter space can be characterized by the geometric tensor, which is
the covariance matrix of the gauge potentials. Its symmetric and antisymmetric parts define the Fubini-Study metric and the Berry
curvature respectively. One can generalize these to classical systems using their representation as two-time correlation functions.

4.1. Geometry of the quantum ground state manifold

Up till now, we have treated quantum and classical systems on an equal footing. In this section we will mostly focus on the
geometric properties of the ground state manifold in quantum systems. For this reason, with the exception of Section 4.4,
we restrict our discussion to the quantum case. We will return to classical systems later in the notes when we discuss
non-adiabatic dynamical response.

The first notion of the quantum geometric tensor appeared in 1980 in Ref. [43]. Formally the geometric tensor is defined
on any manifold of states smoothly varying with some parameter A: [/o(A)).!! For now we will be primarily interested in the
family of ground states of some Hamiltonian. We will assume that the ground state is either non-degenerate or, in the case of
degeneracy, ground states are not connected by the matrix elements of generalized force operators My = M;, = —9H/0Aq.
The geometric tensor naturally appears when one defines the “distance” ds between nearby states |{o(A)) and |yo(A + dA)):

ds? = 1—f> = 1— (YoM Yok + dA) P, (206)

where f = [(¥o(X)|Wo(A + d)))| is the so called fidelity of the ground state. Note that 1 — f2 is always positive. Therefore,
the Taylor expansion about dA = 0 does not contain any first order terms in dA, and starts with a quadratic term:

ds? = drg Xapdhrs + O(|dA]?), (207)

where x,p is as object known as the geometric tensor. To find this tensor explicitly let us note that 1 — f 2 is nothing but
the probability to excite the system during a quantum quench where the parameter suddenly changes from A to A + dA. In
other words, f2 is simply the probability to remain in the new ground state after this quench, which is conserved under time
evolution after the quench. The amplitude of going to the excited state |v,) is

Gn = (Yn(h + V) Yo(A) ~ dre(n] D 4[0) = —diy (1|30, (208)

where the arrow over the derivative indicates that it acts on the left (derivatives without arrows implicitly act to the right).
To shorten the notations, we introduce 3, = 8;, and |n) = |,(1)). Recall that [see Eq. (60)]'?

i(n]dg[m) = (n|Ay|m). (209)

Thus we see that the amplitude of going to the excited state at leading order in dA is proportional to the matrix element of
the gauge potential

ap = —dAy (11]04|0) = i(n|Ay|0)dAy. (210)
Therefore the probability of transitioning to any excited state is given by taking a sum over n # 0:
ds* =) |a2| = ) dhadrp(0]Aq|n) (n| A 0) + O(|dAI®) = dhadAs (0] A4 Ag|0) + O(IdAI), (211)
n#0 n#0

where the subscript ¢ implies that we are taking the connected correlation function (a.k.a. the covariance):
(0] Az Ag|0)c = (0].A4Ap|0) — (0].A4|0){0].A4]0). (212)
This covariance precisely determines the geometric tensor introduced by Provost and Vallee [43]:

Xap = (0|4, Ap[0)c. (213)

11 From now on we will assume that the parameters can be multi-component.
12 As this section largely focuses on quantum systems, we set h = 1.
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In terms of many-body wave functions the geometric tensor can be expressed through the overlap of derivatives:

Xap = <O|<3—aaﬁ|0)c = (0, V0ldp¥o)c = (dut0ldsWo) — (0uWolo) (Volds¥o). (214)

When f is not set to unity, the two definitions of the geometric tensor in Eqs. (213) and (214) differ by a factor of h? as
Ay = ihd,. We will stick to Eq. (214) as the fundamental one because in this way it is always related to the distance between
wave functions. The last term in this expression is necessary to enforce invariance of the geometric tensor under arbitrary
global phase transformations of the wave function, {9(A) — expli¢(X)]¥o(X), which should not affect the notion of the
distance between different ground states.

Exercise 4.1. Consider the global phase transformation ,(A) — exp[ig,(A)]¥,(X) where ¢,(A) are smooth functions
defined over the entire parameter manifold for each eigenstate v,. What is the effect of this transformation on the gauge
potential .A? Show that the ground state geometric tensor . is invariant under this gauge transformation.

Note that in general the geometric tensor is not symmetric. Indeed because the operators .4, are Hermitian one can show
that x is also Hermitian:
Xap :X;w (215)
Only the symmetric part of x,g determines the distance between the states; in the quadratic form
ds® = dhg xapdhp

one can always symmetrize the indexes « and $ so that the antisymmetric part drops out. Nevertheless, both the symmetric
and the anti-symmetric parts of the geometric tensor are very important. The symmetric part,

Xap + XBa
gr ="

is called the Fubini-Study metric tensor.!®> The antisymmetric part of the geometric tensor defines the Berry curvature

1
= 5 {0I(Aa A + ApAa)I0)c = (0] AaAp|0).c (216)

Fap = i(Xap — Xpa) = —23Xap = 1(0[Au. A5]]0), (217)

which we introduced earlier. The Berry curvature plays a crucial role in most known quantum geometric and topological
phenomena.
Let us note that the Berry curvature can be expressed through the derivatives of the Berry connections:

Fup = 0,Ap — 0pAq, (218)
where the Berry connection,
Ay = (0] Ay|0) = (0|04 0), (219)
is just the ground state expectation of the gauge potential. One can easily check this through direct differentiation:
= L g o )
0,Ap — Ay = 1{0] 9 43p|0) — (0] 9 3|0} +i(0]95410) — (0|05, 10) = i(Xap — Xpa)- (220)

It is well known that the Berry connection is directly related to the phase of the ground state wave function. Indeed if the
wave function in position space, can be written as

Yo = [Yo(r, A)| explip()] (221)
we find that
Ay =— / dr|Yo[* e = —0u¢b. (222)

Therefore the integral of A, over a closed path C represents the total phase (Berry phase) accumulated by the wave function
during the adiabatic evolution [1,44]

o5 = f dppdry = —andxa. (223)
C C

13 Sometimes in the literature one understands the Fubini-Study metric to mean the complete metric in the projective Hilbert space where the number of
parameters A, coincides with the dimension of the Hilbert space. Throughout this article, we mean by Fubini-Study the metric in parameter space defined
by distances between wave functions, which can be thought of as the projection (or pullback) of the full Hilbert space metric onto the manifold of ground
states.
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Fig. 9. Illustration of Aharonov-Bohm geometry being considered.

By Stokes’ theorem, the same phase can be represented as the integral of the Berry curvature over the surface enclosed by
the contour C,

@B = /Faﬂd)\-a A d}\./}, (224)
S

where the wedge product implies that the integral is directed.

To get an intuition about the Berry curvature and the metric tensor let us consider two simple examples. First, following
the original paper by Berry, let us consider the Aharonov-Bohm geometry (Fig. 9) [45,46], namely a particle confined in a
deep potential in the presence of a solenoid. The Hamiltonian for this system is

_(p—eAr)’
="n

where A is the electromagnetic vector potential (we use A to avoid the confusion with the Berry connection) and V(r — R) is
a confining potential near some point R outside the solenoid, where there is no magnetic field. For example, one can choose
V(r) = mw?r?/2, which is simply the potential of a two-dimensional harmonic oscillator. Far from the solenoid, there is
no magnetic field. Hence V x A = 0, which implies that the vector potential can be written as a gradient of the magnetic
potential @ (cf. Ref. [47]):

+V(r—R), (225)

T
A=Vd = d(r,R) = / A(r) - dr'.
R
Because the vector potential is curl-free, the integral does not depend on the path, so the path can be a straight line.
In principle, the lower limit of integration is arbitrary and does not have to be tied to R. With this choice, however, it
is guaranteed that whenever r is close to R, the path does not cross the solenoid and thus does not break the curl-free
requirement. One can easily check by explicitly plugging in the following functional form into the Schrédinger’s equation
that the vector potential can be locally eliminated by a gauge transformation:

Yo(r) = Yo(r — R) exp [ied(r, R)] . (226)

Then the Hamiltonian for ¢ becomes independent of the vector potential and thus the wave function o, which is the ground
state in the absence of the vector potential, can be chosen to be real. In this case the Berry connection with respect to the
position of the trap R is, as we just discussed, the derivative of the phase with respect to R:

AR = —e0r® = €0, @ = eA(r). (227)

More accurately one needs to average the vector potential over the wave function ¥ (r — R), but assuming that it is localized
near R, the averaging simply reduces to A(R). Then the Berry phase for a cyclic path R(t) is ¢ = fA -dR = 2w Py /Py if
the path surrounds the solenoid, and zero if it does not, where @, = 2srfi/e is the flux quantum of the electron. This follows
directly from @), = f A(R) - dR and the definition of the flux quantum with reinserted Planck’s constant.

From the above arguments we see that, up to fundamental constants, the Berry connection plays the role of the vector
potential, hence the Berry phase assumes the role of the Aharonov-Bohm phase and the Berry curvature (curl of the Berry
connection) plays the role of the magnetic field. We summarize this analogy in Table 1. Note that the Berry curvature is more
generally written as the arbitrary-dimensional curl, F,5 = 0,Ag — dgA,, Which is equivalent to representing the magnetic
field as the off-diagonal components of the electromagnetic field-strength tensor. This analogy is very useful when we think
about general parameter space and, as we will see later, this analogy is not coincidental. For example, we will see that like
the magnetic field, the Berry curvature is the source of a Lorentz force.
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Table 1
Comparison between electromagnetism and ground state (Berry) geometry in quantum mechanics. €g is the Levi-Civita
symbol.
Electromagnetism Quantum geometry
Vector potential: A(x) Berry connection: A(A) = i(¥o(L)| Vi ¥o(R))
Magnetic field/EM tensor: Fgp(X) = 84, Ap(X) — 34, Aa(X) = > €ancBc Berry curvature: Fy,,(A) = 0, Ay(A) — 0x,Au(R)
Aharonov-Bohm phase: g5 = § A(X) - dx Berry phase: g5 = ¢ A(X) - dA

Unlike the Berry phase/curvature, in this example the metric tensor does depend on details of the trapping potential
V(r). This is readily seen by considering that the particle is bound within some radius ¢ <« R (for instance £ ~ 1/,/mw for
the harmonic oscillator). If we move the trap away from the solenoid by an amount AR such that R > AR >> £ the phase
independent wave function yo(r — R) will rapidly change such that ¥(r — R) and {o(r — R — AR) will become almost
orthogonal, while the phase ¢ will stay almost constant. So the metric tensor only slightly depends on the flux through the
solenoid and instead strongly depends on how the ground state of V changes with the position R. For the isotropic harmonic
oscillator, one easily sees that the metric tensor is isotropic:

mo
5
Going along a path, cyclic or not, one can define an invariant dimensionless length

L, = fas = /dr,/gaﬁizaizﬂ ) /?, (229)

where L = f |R|dt is the length of the path in real space. Loosely speaking this length measures the number of orthogonal
ground states traversed along the path. A less hand-wavy interpretation of L is found in quantum information theory, where
this distance may be related to the number of distinguishable states traversed for an optimal finite-strength measurement of
the quantum system (cf. Eq. 3 in [48]). We will show in Section 4.1.2 that the length L, also sets the minimum time required
to move the particle around the solenoid without exciting it.

Let us now analyze the geometry of another simple system, which we already encountered earlier: the quantum spin-1/2
in a magnetic field. As before, we choose parameters to be the angles 6 and ¢ of the magnetic field. As a reminder, ground
and excited states are [see Eq. (2)]

_( cos(0/2) _ sin(6/2)
8= (e"“’ sin(9/2)>’ le) = (—ef¢ cos(0/2)>' (230)

Direct evaluation of the geometric tensor for the ground state gives

Sreke = SRRy = (AxAx)e = (PE)e = (P}) = (228)

1 1. i .
Xoo = (0081008) — (00818)(g|0sg) = 7 Yoo = ZSIHZ(H), Xop = sin(6). (231)

These expressions can also be obtained by calculating the covariance matrix of the gauge potentials,
. 1 . 1 1 .
Ag = 10y = =21y, Ay =10, = E(az -1) = 5(rz €os6 + 7, sind — 1), (232)

which are generators of rotations in the 6 and ¢ directions. Here the Pauli matrices t are rotated to act in the basis of
instantaneous eigenstates, e.g., (e|7x|g) = 1. In this instantaneous basis the Hamiltonian is # = —ht, (see Fig. 10). The
equations above generalize to particles with arbitrary spin where instead of spin one-half operators like 7,/2, one uses the
angular momentum operator S,.
From the expression for the geometric tensor we see that the non-zero metric tensor components are
1

1.
80 = 7+ & = Zsm29, (233)

and the Berry curvature is
1 1
F9¢ = 39A¢ — 3¢A9 = 539 COS(Q) = —E sin(@) = —F¢9. (234)

Note that the Fubini-Study metric for this model is equivalent to the metric of a sphere of radius r = 1/2. It is interesting to
note that for the excited state the metric tensor is the same while the Berry curvature has an opposite sign.

Exercise 4.2. Calculate the covariance matrix of the spin-1/2 gauge potentials [Eq. (232)] and show that it gives the correct
values for the geometric tensor.

Exercise 4.3. Find the geometric tensor of the shifted harmonic oscillator [Eq. (18)] using the gauge potentials Ay, = p+ po
and Ap, = —X [Eq. (20)].
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Fig. 10. Comparison of instantaneous eigenbasis (7) with the original one (o). Rotations in the 6 (¢) direction correspond to rotations about the —y’ (z)
axes, which are generated by —7,/2 and o, /2 respectively.

4.1.1. Relation to dissipative Kubo response

The notion of distance between wave functions is very simple and intuitive but not directly measurable. However, we
will now show that the geometric tensor can be related to a standard Kubo susceptibility. Specifically it can be expressed
through the unequal time correlation functions of physical operators in both real and imaginary times. We start by taking
the geometric tensor in the so-called Kallen-Lehmann representation [49,50],

0 ny(n 0
Yap = 3014 Iy g0 = 3 %A I05HI0) (235)
n£0 n£0 (En - EO)

where the second equality follows from Eq. (63) and we assumed that the ground state is not degenerate. Let us use
the following standard trick for connecting the Kallen-Lehmann representation of some observable to its unequal time
correlation functions:

1 © ®dw [ dt _
E L / dwE(S(En —Ey—w)= f wiz’ / Ee—“’fn—fo—w)f. (236)
n — Lo —00 —00 —00

We can always add exp[—e]|t|] to this integral to ensure convergence. Next we note that

(0le™o 3, He ™t |n) = (0|3, H(t)|n) (237)

is the matrix element of the operator d,# in the Heisenberg representation. Plugging this into Eq. (235) we find
* dw Sys(w) ® dw Syp(w) + Sus(—w)
Xap = / — aﬂz _ / 7%’ (238)
o 2T W o 2w W
where
o0 .
Sup(w) = / dte' (0]9,H(t)dgH(0)]0)c. (239)
—00

This object Sqp(w) is just the Fourier transform of the observables’ fluctuations. It is intricately related to standard Kubo
linear response susceptibilities €,4 through the fluctuation-dissipation relation, which for the ground state reads [51] (see
also Appendix):

2¢/ (w) >0
_ af
Sep(w) = { 0 w < 0. (240)
In particular this relation implies that

® dw €1 5(w) + €5, (w)
gaﬂ=/ e (241)

Thus the metric tensor can be directly measured from the symmetric part of €, ﬂ(w), which defines fluctuations (noise) and
energy absorption [51]. We note that a similar formula was derived independently in Ref. [52]. For the special case of Bloch
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electrons, Neupert et al. have proposed using current fluctuations to measure the metric tensor as well [53]. As we will
discuss in detail in Section 5.1, the Berry curvature Fg, defines the Coriolis (or the Lorentz) force in parameter space. So it
can be measured directly through the linear response of the generalized force My to the ramp rate of the parameter A,.

4.1.2. Information theory and quantum speed limits

Before moving on to global (topological) aspects of the geometric tensor, we would like to point out another important
area where the metric tensor emerges naturally, namely quantum information theory. In that field, often going by the name
quantum Fisher information or fidelity susceptibility, the metric tensor plays a fundamental role in information-theoretic
distinguishability of states. One particularly important aspect of this is quantum parameter estimation, where it can be
shown that the metric tensor sets a fundamental bound on the ability to determine an unknown parameter in the system
[54-56]. Therefore the ability to measure the metric tensor through fluctuations in quantum systems provides an important
link between the theory of quantum information and practical experimental systems. As we mentioned above, this allows
us to interpret the distance between states defined by this metric in terms of distinguishable states traversed for an optimal
finite-strength measurement of the quantum system.

Optimal measurements are intricately connected to optimal control, which we will now show provides a fundamental
“quantum speed limit” on the ability of counter-diabatic driving or other similar protocols to drive the system between two
states [57-60]. Let us first make a general remark explaining what we mean by the speed limit. Consider a counter-diabatic
protocol, which brings the system from initial state |v;) to the target state |1) with 100% fidelity in time t*. It is clear that
we can always scale the Hamiltonian by an arbitrary factor and reduce the time of the protocol by the same factor. So in
order to define the maximum speed we have to fix the norm of the Hamiltonian or equivalently define the proper time. In
order to do this, let us first rewrite the Schrédinger equation in dimensionless form:

dyr Hep Ay Hep [ Hcplldt

ih— = || Hcopll Y = i— =
dt P el " Heol n

Here || Hcpll is the norm of the counter-diabatic Hamiltonian. As earlier we will stick to the Frobenius norm: |Hcpl =

Y, where dl = (242)

Tr[HED]. Note that the evolution with respect to £ happens with the unit norm Hamiltonian and thus is not affected by
rescaling Hcp. Now the problem of finding the minimum length £*:

tr

= [ et (243)
hJ,

becomes non-trivial and defines the intrinsic speed limit. Note that £* is the intrinsic dimensionless length associated with

the time evolution. We can only convert it into a physical time t* in the lab if we fix the norm of the Hamiltonian Hcp to

whatever value is appropriate for our laboratory setup. If we consider a setup in which the norm is restricted to | Hcp|| < ho,

then the quantum speed limit is simply

L, 1 f
o1 / IHeo(0)ldt. (244)
o fho J,

Using the explicit form of the counter-diabatic Hamiltonian, Hcp = H + A.4;, and changing the integration variables from ¢
to X in the definition of time, we see that

1 [
z*sz dx‘H

N + A,

The gauge potential can be always chosen to be orthogonal to the Hamiltonian in the sense that || H+a.A||? = ||%]?+a?| A%,
which follows from gauge invariance of .A upon subtracting any terms commuting with (parallel to) 7. Now we trivially see
that among all counter-diabatic protocols the shortest evolution is realized in the limit of infinite velocity A — oo, where the
system is evolved with only the gauge potential .4;. This result is in fact very intuitive for some of the simple examples we
analyzed earlier. For instance, consider a single spin in a magnetic field pointing initially along the z-axis, which we want to
rotate in the xz-plane. The result we just discussed states that the fastest way to perform this rotation is to apply a magnetic
field in the y-direction, which is the gauge potential in this case, and allow the spin to rotate by the desired angle. If the
norm of the Hamiltonian is fixed (or bounded from above) then this evolution gives the fastest possible protocol to reach
the desired ground state.

The above expression for the quantum speed limit bears a strong resemblance to the Fubini-Study metric tensor g;.
This metric tensor defines the norm of the gauge potential ||.A||2. The only difference of this norm with the Frobenius norm
is that instead of using the trace we are averaging .4 with respect to the ground state ({0|.4]0) is zero for A orthogonal
to #). Alternatively one can define A’ = APy + Py.A, where Py is the projector to the ground state manifold and note
that 2||A||(2) = ||A’||%. Clearly .4’ has exactly the same effect on counter-diabatic driving as A if we are only interested in
adiabatically following the ground state. Combining this discussion with Eq. (245), we see that the minimum time for the
counter-diabatic protocol with restricted norm is

1 (M
Tmin = ;/ «/gkkd)h (246)
Ai

) (245)
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This is nothing but the length of the segment connecting two points A; and As in a curved manifold divided by norm of the
maximum allowed Hamiltonian norm.

It is now straightforward to extend the analysis above to the multi-parameter space A. For any particular path A(t) we
already established that the minimum time is given by Eq. (246), where the integration is taken along this path. If we now
minimize the time t,;, we obtain that the shortest protocol corresponds to the counter-diabatic drive along the geodesic
and the shortest time is set by the geodesic length:

1
Tmin = — min/ V&up dhg drg. (247)
w

With this observation we will stop our brief detour into this very interesting and important topic, which goes beyond the
scope of these notes and which contains many open questions. The main purpose of a rather brief discussion here was to
highlight deep connections between problems of counter-diabatic driving, optimum state preparation and geometry of the
ground state manifold which we now discuss in much more detail.

4.2. Topology of the ground state manifold

The geometric properties derived above give a local description of the wave functions living on the parameter manifold.
From these local geometric properties, one can derive robust global properties of the manifold, i.e., its topology. In this
section, we will discuss two types of topology that can be defined on the geometric tensor: the Chern number, which
describes how the wave function wraps a closed parameter manifold via integrating the Berry curvature, and the Euler
characteristic, which describes the topological shape of the Riemannian manifold encoded in the metric tensor.

As the Chern number has been extensively discussed in literature in many different contexts, we will mention it
rather briefly and will concentrate more on the Euler characteristic, which has been discussed much less with respect to
physical systems. We will also focus exclusively on two-dimensional manifolds, since the geometry and topology of higher-
dimensional manifolds is much more complex and is often understood through various two-dimensional cuts. Please note
that this section closely follows Ref. [37], and we refer interested readers there for more details.

4.2.1. Basic definitions: Euler characteristic and Chern number
The Euler characteristic of a (possibly open) manifold M is an integer equal to the integrated Gaussian curvature over
the manifold with an additional boundary term:

EM) = L [/ KdS +% kgdl:| . (248)
21 | Jm IM

A standard notation for the Euler characteristic is x, but because we used this symbol for the geometric tensor, we will use
& instead. The two terms on the right side of Eq. (248) are the bulk and boundary contributions to the Euler characteristic of
the manifold. We refer to the first term,

1
Epu(M) = */ Kds, (249)
21 g
and the second term,
1
Sboundary(M) = E f;m kgdla (250)

as the bulk and boundary Euler integrals, respectively. These terms, along with their constituents - the Gaussian curvature
(K), the geodesic curvature (k,), the area element (dS), and the line element (dl) - are geometric invariants, meaning that
they remain unmodified under any change of variables. More explicitly, if the metric is written in first fundamental form as

ds? = EdA? + 2Fdaqdi; + GdA3, (251)

then these invariants are given by

ko [0 (vEMR)_ 0 (vErh
NAKE® E dhs E
ks = 8G Ty,
dS:ﬁdxldkz
dl = v/Gda,, (252)

where k, and dI are given for a curve of constant A;. The metric determinant g and Christoffel symbols Fi]’-‘ are

g =EG—F? (253)

1
E'J’F = Egkm (3igim + Bigjim — Omgy) » 29
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Fig. 11. Illustration of the principle radii R; and R, of a two dimensional manifold embedded in three dimensions.

where gV is the inverse of the metric tensor gij. As we see, the explicit expressions for the Euler characteristic are quite
cumbersome, but they are known and unique functions of the metric tensor. A simple intuitive understanding of the Gaussian
curvature of a two-parameter manifold comes from embedding the manifold in three dimensions. Then

_ 1
~ RiRy’

where R; and R; are the principal radii of curvature, i.e., the minimal and the maximal radii of the circles touching the surface
(see Fig. 11). The geodesic curvature is the curvature of the boundary projected to the tangent plane, and is zero for a geodesic
as the projection of the latter is locally a straight line. Thus, for example, the geodesic curvature of a great circle on a sphere
is zero. For manifolds without boundaries like a torus or a sphere, the Euler characteristic simply counts the number of holes
in the manifold. Thus for a sphere the Euler characteristic is ¢ = 2, for a torus & = 0, and each additional hole gives an extra
contribution of —2.

Another important topological invariant is the (first) Chern number, which is defined through the Berry curvature. To
understand where it comes from, let us consider a closed manifold as shown in Fig. 12 and choose an arbitrary closed contour
on that sphere like the dashed line. Let us compute the Berry phase (flux) along this contour by two ways:

K

o’ = / Fap dhg Adrg, @bO°™ = —/ Fup dig A dig, (255)
Stop Sbcmom

where the minus sign in the second term appears because the top and bottom surfaces of the sphere bounded by the curve
have opposite orientations with respect to this curve. Recall that ¢ represents the physical phase acquired by the wave
function during the (adiabatic) motion in the parameter space. Since the wave function is unique the two phases should be
identical up to an overall constant 2 n. Thus we find that

27n = g P — gpotom = j& Fop dhg A drg. (256)
S

The integer n is precisely the Chern number C; so we get
1
C = Efél:aﬂ d)»a /\d)\ﬁ. (257)

Some intuition for the meaning of the Chern number can be obtained by returning to our electromagnetic analogy. We
have seen that the Chern number is proportional to the Berry flux through a closed manifold S in parameter space, which by
Gauss’ law for magnetism suggests that C; o gy, the effective magnetic charge enclosed by the manifold. Indeed, it is known
that if magnetic monopoles exist, they must be quantized [62], which directly gives quantization of the Chern number. Berry
showed that isolated degeneracies could act as sources of Berry curvature, and it is precisely the flux from these degeneracies
that give rise to this topological invariant.

4.2.2. Geometry and topology of a quantum spin-1/2

As our first example of these types of topology, let us pick up on the spin-1/2 in a magnetic field from the previous section.
As before, the two-dimensional parameter space corresponds to the angles (6, ¢) of the magnetic field with fixed magnitude,
whose geometric tensor is given in Eq. (231). The diagonal real components of the geometric tensor g9 = gs9 = 1/4 and
Xop = Epp = 1/4sin?(9) define a Riemannian metric which coincides with that of the sphere of the radius 1/2 and constant
Gaussian curvature K = 4. The imaginary off-diagonal component of x gives the Berry curvature: Fgg = 1/2 sin(6). Thus we
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Fig. 12. Schematic representation of the spin in an external magnetic field, where the angles of the magnetic field 0 and ¢ are the parameters.
Source: Figure reproduced with permission from Ref. [61].

see that the Euler invariant and Chern number are:
£ = /de = —4/ Jgdodp =2 (258)

C = —/Fd,g dp Ado = 1. (259)
2

The Euler characteristic implies that the metric topology of the spin-1/2 ground state in a rotating field is that of a sphere
and the Chern number tells us that the wave function (i.e., the Bloch vector) “wraps” once if we adiabatically change the
magnetic field over a full spherical angle. We can think of this Chern number as sourced by the degeneracy at magnetic field
equal to zero, which our magnetic field sphere clearly encloses.

The example above can be generalized to an arbitrary spin S in a magnetic field. The result is very simple: the spin-1/2
metric tensor is simply multiplied by 2S:

S S ., N
=—, = —sin“(0), = — sin(0). 260
Xeo = 5. Xoo =5 (0),  Xoo > (9) (260)
The metric of the ground state manifold now coincides with that of the sphere of radius /S/2. The Euler characteristic,
however, does not depend on the radius and thus we see that & = 2 for any spin. Conversely, the Chern number is

proportional to S: C; = 2S.
Exercise 4.4. Prove Eq. (260). It may be useful to remember that S; is the generator of rotations about the i-axis fori = x, y, z.

Exercise 4.5. The Chern number naturally appears in a band theory, where it is used to define various topological invariants
and leads to numerous interesting physical effects such as topologically-quantized charge pumps [63], the quantum Hall
effect [64] and quantized spin-Hall effect in topological insulators [65,66]. The Chern number for a (non-degenerate) band
a is defined in a standard way: C; = [, dkdk,F &, Where Fg, - = 9, Ay — 0, Ay is the band Berry curvature and
A“j = i{uy(K)|9y Uy (K)) is the band Berry connection. Here |u,(K)) are the Bloch wave functions corresponding to the band «.
The smplest band model with a non-trivial topological structure is two-dimensional with two atoms/orbitals per unit

cell and complex hopping amplitudes such that the Hamiltonian reads
- i pi e b= il ( T) 0 (a
"= l;; (ak-01) (hf( Py ) () +M Z i b —1) by (261)

where ak , bk, ak, bk are the momentum space fermion creation and annihilation operators corresponding to the two
sublattices, b fori = x, y, z, are smooth functions of k satisfying periodicity conditions by ; = = hi, where G is the reciprocal
lattice vector, and M is the symmetry breaking field between two sublattices. For example for a Haldane model on a square
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ky

Fig. 13. First Brillouin zone illustrating the regions A and B that map to the two hemispheres.

lattice with a r-flux per plaquette and equal nearest neighbor and next nearest neighbor hopping t we have [67]:
v = 2t(cos ky — cosky),
i =t (cos( /4) + cos(ky — ky — 7 /4) + cos(ky + 7 /4) + cos(ky — 7 /4))
hy = t (—sin( /4) + sin(ky — ky — 7 /4) + sin(k, + 7 /4) — sin(k, — 7 /4)) .

e Show that this problem can be mapped to the spin one half in an effective k-dependent magnetic field of magnitude

hx = \/(Zt(cos ky — cosky) + M)? + 4t2(1 + cos ky cos ky)

and angles 0y and ¢y defined according to

(m)? + () 2t,/1+ cos ky cos ky hy,

= N tan = — .
hf +M 2t(cosky — cosky) + M P b

o Identify the momenta corresponding to the north and south poles of the sphere. Argue that for M = 0, region A
labeled in Fig. 13 maps to the top of the sphere and region B maps to the bottom of the sphere. By arguing that the
Chern number is invariant under parameterization from this mapping conclude that the Chern number of the lower
band (corresponding to the ground state manifold) with respect to ky and k, is equal to one and the Chern number of
the higher band (corresponding to the excited state manifold) is equal to negative one.

o Argue that both Chern numbers do not change with M as long as M < 4t and that for M > 4t the band Chern numbers
become zero.

tan(fx) =

We will not explore the Chern number further in this section, though we will return to it in the context of dynamical
response in Section 5.1. More recently, a few works have explored the ground state metric topology of assorted systems. We
will now detail one such system, namely the metric of the quantum XY chain, closely following Ref. [37].

4.2.3. Geometry and topology of the quantum XY model

Let us now analyze the geometric invariants for the quantum XY chain, which as we saw in Section 3.4.2 is an integrable
model on which many calculations may be done analytically. This model has a rich phase diagram whose geometric
properties we now explore. Its Hamiltonian is given by Eq. (167), :

L
# == [hofofy +ho)'o),, + hof]. (262)
=1

where we parameterize Jy , as

o (1+vy o (1-v
Jx—]<72 )»]y—.](z ) (263)

As before, we add tuning parameter ¢, corresponding to simultaneous rotation of all the spins about the z-axis by angle ¢ /2.

The phase diagram for this model is shown in Fig. 14 (see Ref. [68] for details). There is a phase transition between
paramagnet and Ising ferromagnet at |h| = 1and y # 0. There is an additional critical line at the isotropic point y = 0
for |h| < 1. The two transitions meet at multi-critical points when y = 0 and |h| = 1. Another notable line is y = 1,
which corresponds to the transverse-field Ising (TFI) chain. Finally let us note that there are two other special lines y = 0
and |h| > 1 where the ground state is fully polarized along the magnetic field and thus h-independent. These lines are
characterized by vanishing susceptibilities including vanishing metric along the h-direction. One can show that such state is
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Fig. 14. Ground state phase diagram of the XY Hamiltonian [Eq. (167)] for ¢ = 0. The rotation parameter ¢ modifies the Ising ferromagnetic directions,
otherwise maintaining all features of the phase diagram. As a function of transverse field h and anisotropy y, the ground state undergoes continuous
Ising-like phase transitions between paramagnet and ferromagnet at h = +1 and anisotropic transitions between ferromagnets aligned along X and Y
directions (X/Y-FM) at y = 0.

Source: Figure reproduced with permission from Ref. [37].

/ \ |

fully protected by the rotational symmetry of the model and can be terminated only at the critical (gapless) point [37]. The
phase diagram is invariant under changes of the rotation angle ¢.

The exact and variational gauge potentials for this model were derived in Section 3.4.2. We note here that the exact
adiabatic gauge potentials may be written as

1
A== Xk:(axek)r,{ , (264)

where A = {h, y}and rx % are Pauli matrices that act in the instantaneous ground/excited state basis, i.e., the basis in which
= —\/ — cos k)? + y2sin’k £, Similarly, for the parameter ¢,

1
Ap = 3 Z [cos(@k)r,f + sin(6) Ty — 1] . (265)
k
These expressions make calculating the metric tensor simple. From
1
8 = E(gK-Au-AU + AvAu)|g>C (266)
we find
1 36\ 1 36\’ 1 — 6 36, Twe— .,
= - - |- = - — > = - —_— = - sin“(6y). 267
&hh 4;(81’1) Eyy 421(: ay Ehy 4szah 9y 8oo 42,(: (k) (267)

The remaining two components of the metric tensor, gpy and g, 4, are equal to zero.

The g, component of the metric tensor, known as the fidelity susceptibility, has been computed analytically for finite size
systems [69,70]. The remaining expressions can be analytically evaluated in the thermodynamic limit, where the summation
becomes integration over momentum space. Calculating these integrals, one finds that

ly| ’ hl <1
8o 1 |)/|+1
S _ 1 X
L 8|_Y lh| 1), jhs 1
T—y2\ /2 —1+y2
1
- hl <1
g _ 1 (1 —12) 1] <
L 16 |hy? 0
2 2 23)3/2° | |>1
(h2 — 1)(h2 — 1 + y2)¥/
! h <1
- <
lyI(1+|y1)?
g 1l 2 p Mg
L 16 )|-—y22L /11,2
’Ilhlylﬂl o >
(1—y2)(h? =1+ y2)/2
0 lh| < 1
‘1 £
L 16 | poq 2 lhl > 1.
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Fig. 15. Equivalent graphical representation of the phase diagram of the transverse field Ising model (y = 1) in the h — ¢ plane. The ordered ferromagnetic
phase maps to a cylinder of constant radius. The disordered paramagnetic phases h > 1and h < —1 map to the two hemispherical caps. The inset shows
how the cylindrical coordinates z and r depend on the transverse field h.

Source: Figure reproduced with permission from Ref. [37].

Note that all components of the metric tensor are extensive, as expected, which mathematically comes from the replacement
> — (L/2m).

While the remainder of this section will focus on exact results, let us briefly discuss the geometric tensor derived from
the variational gauge potentials found earlier [Eqs. (179) and (184)]. In the language of operator strings, the geometric tensor
for changing h is given by

8 1 _ 2
= ) = Z(Zaz)- (269)
If we only go up to strings of length M and use the exact coefficients in the thermodynamic limit [Eq. (177)], this results in

gn 1 f1—n)'1—hrM) for h* <1
L h=2(h* = 1)(1—h™M) for h* > 1.

As expected, the metric tensor exponentially converges to the exact result with increasing string length M as long as the
system is not critical. At the critical point h = 1, the approximate metric tensor becomes M /16 such that it only diverges
linearly with M. Thus, critical properties only converge algebraically with M. Similar rounding of the phase transition is
found due to finite size effects in Refs. [69] and [70].

Returning to the exact metric tensor, we can visualize the ground state manifold by building an equivalent (i.e., isometric)
surface and plotting its shape. It is convenient to focus on a two-dimensional manifold by fixing one of the parameters. We
then represent the two-dimensional manifold as an equivalent three-dimensional surface. To start, let us fix the anisotropy
parameter y and consider the h — ¢ manifold. Since the metric tensor has cylindrical symmetry, so does the equivalent
surface. Parameterizing our shape in cylindrical coordinates and requiring that

(270)

dz? + dr* 4+ r’de? = gmdh? + gsede?, (271)

h 2
: Z(h)=/ dh1\/ghh(h1)_ (d;(:l)> : (272)
0 1

Using Eq. (268), we explicitly find the shape representing the XY chain. In the Ising limit (y = 1), we get
L Larcsin(h T h 1
%, z(h) = %forw <1; r(h)= Vi z(n):ﬁ<”||+*/7

we see that

r(h) =

5
<

h) = _ VL
r(h) 4] 8 h 4h

) for |h| > 1. (273)
The phase diagram is thus represented by a cylinder of radius \fL/4 corresponding to the ferromagnetic phase capped by the
two hemispheres representing the paramagnetic phase, as shown in Fig. 15. It is easy to check that the shape of each phase
does not depend on the anisotropy parameter y, which simply changes the aspect ratio and radius of the cylinder. Because
of the relation r(h) = /g4, this radius vanishes as the anisotropy parameter y goes to zero. By an elementary integration
of the Gaussian curvature, the phases have bulk Euler integral O for the ferromagnetic cylinder and 1 for each paramagnetic
hemisphere. These numbers add up to 2 as required, since the full phase diagram is topologically equivalent to a sphere.
From Fig. 15, it is also clear that the phase boundaries at h = 41 are geodesics, meaning that the geodesic curvature (and
thus the boundary contribution &poundary) is zero for a contour along the phase boundary. One can show that this boundary
integral protects the value of the bulk integral and vice versa.
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Fig. 16. (insets) Equivalent graphical representation of the phase diagram of the XY model in the y — ¢ plane, where y € [0, oo) and ¢ € [0, 27 ]. The right
inset shows the paramagnetic disordered phase and the left inset represents the ferromagnetic phase. It is clear that in the latter case there is a conical
singularity developing at y = 0 which represents the anisotropic phase transition. The plots show bulk Euler integral &, x(€) as defined in Eq. (274),
demonstrating the jump in &, at the phase transition between the paramagnet and ferromagnet in the limit e — 0F.

Source: Figure reproduced with permission from Ref. [37].

In the Ising limit (¥ = 1), the shape shown in Fig. 15, can also be easily seen from directly computing the curvature K
using Eq. (252). Within the ferromagnetic phase, the curvature is zero - no surprise, given that the metric is flat by inspection.
The only shape with zero curvature and cylindrical symmetry is a cylinder. Similarly, within the paramagnet, the curvature
isa constant K = 16/ V1, like that of a sphere. Therefore, to get cylindrical symmetry, the phase diagram is clearly seen to
be a cylinder capped by two hemispheres.

We can also reconstruct an equivalent shape in the y — ¢ plane. In this case we expect to see a qualitative difference for
|[h| > 1and |h| < 1 because in the latter case there is an anisotropic phase transition at the isotropic point y = 0, while
in the former case there is none. These two shapes are shown in Fig. 16. The anisotropic phase transition is manifest in the
conical singularity that develops at y = 0.4

The singularity at y = 0 yields a non-trivial bulk Euler integral for the anisotropic phase transition. To see this, consider
the bulk integral

21 00
toante) = fim [ do [ ay Oy (. 0), @274)

In the limit ¢ — 07, this integral has a discontinuity as a function of h at the phase transition, as seen in Fig. 16. Thus,
Epulk = Epui(€ = 07) can be used as a geometric characteristic of the anisotropic phase transition. Direct calculation shows
that &y = 1/ /2 inthe ferromagnetic phase and &,y = 1in the paramagnetic phase. This non-integer geometric invariant
is due to the existence of a conical singularity.

A careful analysis shows that in both cases the bulk Euler characteristics are protected by the universality of the transition,
i.e,, if one adds extra terms to the Hamiltonian which do not qualitatively affect the phase diagram, then the bulk Euler
characteristic does not change. The details of the proof are available in Ref. [37], but the basic idea is very simple. The sum
of the bulk and the boundary Euler characteristics is protected by the geometry of the parameter manifold. As long as the
boundary of the manifold coincides with the phase boundary, all components of the metric tensor become universal [71].
Therefore it is not surprising that the geodesic curvature also becomes universal and thus the boundary Euler characteristic
is protected. As a result the bulk Euler characteristic is protected too. It is interesting that, unlike critical exponents, the
bulk Euler characteristic truly characterizes the phase transition and does not depend on the parameterization. One can
also analyze the Euler characteristic and the Gaussian curvature in the h — y plane [37,72]. One finds additional non-
integrable curvature singularities near the anisotropic phase transition and near the multi-critical point. This curvature
singularity implies that the Euler characteristic of different phases becomes ill-defined and can no longer be used for their
characterization.

These ideas may be readily extended to other phase transitions beyond the XY model. For the specific case of non-
interacting Bloch bands, the Euler topology has already been explored in Refs. [73] and [74]. More generally, the study
of critical scaling of the quantum geometric tensor begin with pioneering work by Venuti and Zanardi [71,72], which has
spurred research on a wide variety of models [75-86]. In addition, a great deal of work has been done developing related

14 we note a potential point of confusion, namely that a naive application of Eq. (252) would seem to indicate that the curvature is a constant K = 4/+/L
in the ferromagnetic phase for y > 0, in which case the singularity at y = 0 is not apparent. However, a more careful derivation shows that the curvature

is indeed singular at y = 0: KVL=4-— 8(1— y)% |y| =4 — 165(y), where §(y ) is the Dirac delta function.
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ideas for finite temperature systems, both quantum and classical, which should allow one to treat thermal phase transitions
in a similar language [87-92]. In the next section we will describe one possible way to generalize these ideas to stationary
mixed states such as the thermal Gibbs ensemble.

First, however, let us revisit the local information that the metric provides. One important property of the metric are its
geodesics, i.e., paths A(s) that locally minimize the metric distance

1
CA(s)] = fo dsy/ g Ar iy (275)

between two points A; = A(s = 0)and Ay = A(s = 1), where A= dX/ds. As discussed in Section 4.1.2, geodesics are
related to fundamental bounds on the ability to control the system, such as quantum speed limits. Pictorially, geodesics can
be visualized as shortest path between two points in the equivalent manifold [cf. Fig. 15 and Exercise 4.6]. More generally,
geodesics satisfy the geodesic equation

3eA) =0 = I +TIiif =0, (276)

where Foﬁ‘ denote the Christoffel symbols. An important property of this geodesic length is that it is parameterization
independent, i.e., £[A(s)] = £[A(f(s))] for arbitrary monotonic function f(s) satisfying f(0) = 0 and f(1) =

Taking a page from general relativity, we want an affine parameterization of the curve. This is accomplished by minimizing
the action [93]

1
S[A(S)]zf ds g, A"AY, (277)
0

whose Euler-Lagrange equations yield precisely the geodesic equation [Eq. (276)]. Unlike the length ¢, the action S is only
invariant to linear rescalings of s, and thus we can interpret s physically as the scaled time s = t/7rm, for a given protocol
ramping from A; to A; in time 7.amp. The geodesic action is clearly minimized by choosing g,wk *, constant along the path,
which helps simplify the geodesic equations. It also gives us important insight into the overall behavior of A(s); near points
where the metric tensor becomes large, such as critical points, the speed |1| goes down.

For a single parameter, the path is trivial and the geodesic equations are primarily useful for obtaining the parameteriza-
tion A(s). Consider for example changing only magnetic field h in the TFI chain. Conservation of g h? results in the following
set of equations for the geodesic

dh
——  =cds for h®><1
V1—h?
dh
— — —cds for h®>>1, (278)
hvh2 =1

which yields the general solution

_ [sin(cs+a) for h* <1
hs) =1 Lisin(cs + b~ for h? > 1. (279)

Continuity of the curves near h> = 1 and boundary conditions can be used to fix all the constraints. For example, the geodesic
that goes fromh =0toh = oo is
sin(zrs) for s < 1/2

h(s) = [sin(x —xs)]"! for s> 1/2 (280)

resulting in the geodesic length

¢ =n1/4, (281)

which also immediately follows from Eq. (273) and its equivalent graphical representation in Fig. 15. Note that, due to
the extensivity of the metric tensor, geodesic lengths for all protocols h; — hy - including those that do not cross any
critical points - nevertheless diverge as +/L. This is expected for extensive systems and is quite similar to divergences that
show up upon varying other control parameters, such as the local potential in the Anderson orthogonality catastrophe (see
Section 4.5.2). However, even though we are driving the system through a critical point, there is nevertheless a geodesic
path that goes across it and in fact yields a finite length up to the overall +/L prefactor. This implies that the singularity of
the metric tensor is sufficiently weak that ,/g has an integrable singularity. Moreover, close to any second order quantum
critical point one can extract some universality in this geodesic. As discussed in Refs. [38,71,72,79], in the vicinity of the
critical point the metric scales as g ~ |A — A.|'92, where d and v are the spatial dimension and correlation length critical
exponent respectively. Conservation of gi2 immediately implies that geodesics behave as

AMS) A he + (s — s )PV = Ae + (s — s )% (282)
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Since dv > 0, all second order quantum critical points can be traversed by a geodesic, which furthermore has universal
power law behavior in the vicinity of the critical point. Note that for the Ising transition in 1D, for whichd = v = 1, we
indeed get quadratic scaling of the geodesic [cf. Eq. (280)].

In Section 4.1.2 we discussed that the minimum time required to follow the ground state is proportional to the geodesic
length ¢. Let us now apply this result to the TFI model. Specifically let us consider a protocol where we initialize the
Hamiltonian in the fully polarized state, i.e., in the ground state of the Hamiltonian

—— (283)
j

We then apply a counter-diabatic driving protocol to ramp the system through the critical point to the ferromagnetic state,
which is the ground state of the Hamiltonian

=y ofoi 254
J

To derive a speed limit, we need to fix the norm of the driving field. The Frobenius norm of any extensive Hamiltonian
scales as square root of the number of degrees of freedom. Therefore, we can bound the norm of the driving Hamiltonian by
Hep(t)]| < w~/L, where w is some intensive energy scale. Then according to Eq. (246), the minimal time is
hr (285)
w4

This result is quite remarkable because it shows that the minimal time to ramp the TFI ground state across the phase
transition is finite. Moreover, it exactly coincides with time to rotate independent non-interacting spins from the x to the
z direction; the metric for L non-interacting spins is gg9 = L/4 [Eq. (233)], so the geodesic length corresponding to a 7 /2
rotation is again given by Eq. (281), resulting in the same minimal time. This result might seem natural as the minimal
time cannot depend on how we prepare the system, so one might argue that it simply shows consistency of its geometric
interpretation. But, importantly, the counter-diabatic driving protocol pushes the system through a path of highly-entangled
ground states, rather than non-interacting product states. Furthermore, at all times counterdiabatic driving respects the Z,
symmetry of the TFI model corresponding to flipping ojz — —ajz on each site. Therefore the ground state prepared by the
counter-diabatic protocol is the true ground state of the TFI model, i.e., the macroscopic superposition (“Schrédinger cat”)
of positive and negative magnetizations:

M+ D)

V2
This state is impossible to prepare without crossing a phase transition. So the fact that such a state can be prepared in the
same time required to rotate a single spin is very counterintuitive. The subtlety is that the necessary counter-diabatic driving
Hamiltonian to prepare this state becomes long range near the critical point. Finally, note that the minimal time to ramp the
system to the critical point is just half of Eq. (285).

From this example, we see that geodesic length gives us an important physical constraint on the ability to prepare ground
states with high fidelity in finite time. For relatively slow protocols, we will show in Section 5.2 that the conserved quantity
gA? may be directly measured as excess energy fluctuations in the system. Therefore the metric tensor has important
implications for both fast and slow dynamics and is a physical, measurable quantity.

Tmin =

|0f)

Exercise 4.6. Calculate the length of the geodesic for the TFI model (y = 1) for a path starting from (h;, ¢; = 0) and ending
at (hy, ¢5). Without loss of generality, you may assume 0 < h; < 1,1 < hy,and 0 < ¢ < 7. You may find it useful to use
the isometric shape illustrated in Fig. 15, for which geodesics are known, by mapping the initial and final points to ones on
the cylinder and sphere respectively.

4.3. Geometric tensor of steady state density matrices

Having explored (global) topological properties of the ground state manifold, it is natural to ask how these ideas can
be generalized to classical and/or finite temperature systems. To make the classical limit explicit we will reintroduce the
Planck’s constant h to all expressions. Previously we derived the geometric tensor for the ground state manifold, but clearly
the arguments flow through trivially for arbitrary excited states |y,,) = |m):

m _ {mlAgAg|lm) — (m| A, Im)(m|Agim) (m|dy#|n)(n|dgH|m)
fat = " 0P Dy R

(286)
n#m

While this may be relevant to microscopic or mesoscopic systems, it is generally very difficult to prepare excited energy

eigenstates. We are therefore interested in exciting systems into some steady state density matrix. To ensure that it is

stationary, we consider a density matrix of the form p = ), pa|n) (n|. Then as before, we can define the geometric tensor as

the covariance matrix of the gauge potentials: xop = (AyAg)c /2.
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There remains a slightly subtle question that we must answer: what is the meaning of (- - - ). for a density matrix? Two
natural solutions present themselves. The first option, (AB). = (AB) — (A)(B) = Tr[pAB] — Tr [pA] Tr [ oB] which we call the
coherent connection, is the type of connected correlation function that appears in the theory of phase transitions, where it
will often be singular near the transition. The second option,

(AB)e = > pu{nlABIn)c =Y pn ((nlABIn) — (nlAJn){n|Bn)) (287)

at first seems much less natural, as it does not take the form of a simple operator expectation value. However, it will turn
out that this second “incoherent” definition is the one which appears in the dynamical response in isolated systems and can
be related to noise and dissipation (cf. Appendix). It is worth noting that the difference between the two ways of defining
the connected correlation function is in their handling of the diagonal elements of the density matrix. Therefore, the anti-
symmetric Berry curvature, which only depends on the off-diagonal part, does not care which definition we use. For the
symmetric part of the correlation function, however, there is an important difference between the two options.'> Let us also
point out that the geometric tensor defined in this way does not correspond to a natural Bures distance between density
matrices (see, e.g., Eq. (3) in Ref. [90]) so the relation of x defined in this way with quantum information geometry becomes
less clear. Nevertheless we will stick to this definition, as it naturally emerges in dynamical response, and leave discussion
of the relationship between these two natural metrics for future work.
The natural extension of the geometric tensor to mixed stationary states is thus

Xap(P) =D Puxis- (288)

As this is simply a sum over all eigenstates, it is trivial to write it as a response function by plugging in the expression for
X(j}ﬁ from Egs. (238) and (239) with |0) — |n). For a finite temperature density matrix, it is similarly straightforward to see
that this is connected to the dissipative part of linear response, which is shown in more detail in Appendix.

In Exercise 4.3, we derived the metric tensor of the harmonic oscillator with respect to shifts in the position or momentum
coordinate. In the exercises below, we will see how this generalizes to finite temperature states. Let us analyze explicitly
the metric of the harmonic oscillator with Hamiltonian # = p?/2m 4+ kx?/2 with respect to changing a slightly less
trivial parameter: the spring constant k. If the mass is held fixed, then the generalized force with respect to changes of k
is 9" = x?/2. Then the metric tensor for an arbitrary harmonic oscillator state |n) is

Z|m|x/2 n|* Z|m|a+aT 2 [ny?
Ey — En)?

m#n m;&n
4 2 2
= —s <|(n—2|a2 m[* + [(n+21(at) n)| ) = s (P4t 1), (289)

where 2 = /k/m and £ = /h/2mS$2 are the natural frequency and length scales of the oscillator. Then for an arbitrary
stationary state, the metric tensor is clearly

£4
8h*h% 022 32m°m2024
For the Gibbs ensemble, p, = e "#%(+1/2) /7 one finds that (n) = 1/(e™% — 1)and (n?) = (e"? + 1)/(e"*? — 1)%. In the
high temperature or classical limit, 82 « 1, this reduces to

8 = ((n?) + ) +1) = (tn2) + (n) +1).

h? 2 kgT)?
R2gl>he _ _(ksT) ‘ (290)
32m2 24 hzﬂZQz 16m2 526

We see that in the classical (high-temperature) limit it is the product h?g, = (Aﬁ)c which is well defined.
We can also arrive to the result above by calculating the variance of the gauge potential. Note that the eigenstates of the
harmonic oscillator are

1

Yn(x) = ﬁﬁbn(x/m,
where ¢, is the dimensionless eigenfunction of the oscillator expressed through the Hermite polynomials [94]. Differenti-
ating this wave-function with respect to k we find:

1 de xde dé 1+ 2x0x

OYn(x) = —— —Y(x) — 7 dk (X)) = — a2

20 dk Yn(X). (291)

15 We note that if A and B are local operators describing some physical observables and |n) are eigenstates of an ergodic many-body Hamiltonian then the
difference between the two definitions is small, vanishing in the thermodynamic limit. However, since we are not making any assumptions about taking
the thermodynamic limit and generally are working with non-ergodic systems, we must be careful with choosing the right definition.
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Therefore
) de xp + px 1¢
A = iho = — =—--D, 292
S Y] 4k (292)
where
po XPEPX (293)
20

is nothing but the quantum dilation operator [cf. Exercise 2.2]. This is not surprising, as rescaling of the spring constant
amounts to dilations. In the second quantized notation

Xﬁ;ﬁx - % [(a +a)Xa' — @) + (a — a)a' + a)] = i(aa" — aa).

Using this expression and substituting it into the definition of the metric tensor:
Mg = (A)c

we can reproduce the expression for the metric tensor in Eq. (289). In particular, in the classical limit, using the equipartition
theorem we recover Eq. (290):

1 1 4m [kx*\ [ p? m(k,T)? (kpT)?
(AD)e = ﬁ(xzpz)c =——\5 =)= T = -
16k 16k* k \ 2 2m 16k 16ms2

Exercise 4.7. Verify that the variance of the gauge potential .4 in Eq. (292) reproduces the metric tensor, Eq. (290).

Exercise 4.8. Repeat Exercise 4.3 for the thermal state at temperature T. Check that at the zero temperature you reproduce
the ground state geometric tensor. Find the asymptotic expression for the geometric tensor in the classical limit T > hw.

4.4. Geometric tensor in the classical limit

Having defined the thermal geometric tensor for a quantum system, we expect to be able to define a classical (h — 0)
limit of the metric tensor that matches Eq. (290). In the classical problem we have the stationary state p(p, q) oc e ##P.9),
Unfortunately, the definition of “matrix elements” of the operator d;H is less clear, so we must resort to the dynamical
definition of the geometric tensor given in Egs. (65), (238), (239), and (288). The sum over eigenstates, Y _, oy, is replaced by
an integral over phase space:

[o]
syt = [ dee" [ doda o, ) [0 (PO, o)3574p. ) Map, Ms(p. 0] (294)
—0Q

where p = p(0), g = q(0), My(p, q) is the generalized force or the infinite time average of —d,H(p(t), q(t)) starting from
the initial conditions q(0), p(0). This generalized force is nothing but the Born—-Oppenheimer force emerging in the adiabatic
approximation (see Section 6). When doing this integral, one should think of integrating over p and q as integrating over
initial conditions weighted by the probability p(p, q). For instance, the “Heisenberg” operator 9, H(p(t), q(t)) = q(t)?/2
should be thought of as half the value of > at time ¢ after starting at t = 0 from the state (p, q). Let us analyze the example
from the previous section and find gj, for the harmonic oscillator in the thermal equilibrium. Time dependence of g(t) for
the oscillator is

0
q(t) = q(0) cos($2t) + p(0) Sin(2t) = g cos(2t) + —— sin(2t) . (295)
ms2 ms2
Therefore the generalized force
@t _ ¢ P 1 H(p, q)
M - O _ T - - 296
k(p, q) 5 1 Imio? meH(p, q) T (296)

where the overline stands for time averaging. As expected the generalized force My(p, q) only depends on conserved
quantities, namely the Hamiltonian. Then the integrand appearing in the spectral function is given by

qH(p(t), q(0)3H(p, q) — Mi(q, p)*

12[ (2t)+ -2 '(m)]z L :
— COoS — SIN - —
471 me 16\7 " m2e2

1/, p* ‘(. P ap .
— — — — ——— ] cos(2£2t) + — sin(2£2¢t) | . (297

16 (q m424 + g |\T 7 mza2 (2626)+ ms2 (2420)| - (297)
To calculate S;’ﬁ(a)) now according to Eq. (294) we have to average the expression above over the probability distribution

and take the time integral. Upon averaging over the equilibrium density matrix, the first, time-independent term vanishes
because (q*) = (p*/(m*£24)). Similarly the last term averages to zero: (q>p) = 0. So the only non-zero contribution to the
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spectral function comes from the second term proportional to cos(2£2t). Because the integrals are all Gaussian, we may apply
Wick’s theorem to get

= (ksT)*,  (q*p*/m*2%) = (¢*)* = (kgT)".

mﬂ=3mﬂzu<mﬂ>_lﬂﬁn2_3

Tre\2 [Tk’ a4 Tk
Therefore
keT? [ ksT)?
sl (@) = oD / dt e cos(226) = CB L (5w + 22) + (0 — 292)). (298)
4k | 4k2

Then, via the dynamical definition of the geometric tensor [Eq. (238)],
h2gy, = /.OO do Si(@) +Su(—w) _ (keTP _ (ksT)
=) 2x w2 162022 16m226’

which indeed coincides with the classical limit of the quantum geometric tensor, Eq. (290).
Let us now show how the same result can be reproduced using the language of the adiabatic gauge potentials. According
to Eq. (67) the adiabatic gauge potential should satisfy

AL 31 dAT aH

(299)

— H(q, p) = Mk(q, p) — . 300
kH(q, p) = Mk(q, p) oq op  op ag (300)
Using Eq. (296), the equation above reduces to
2 2 aAcl aACl
p_a_ J<B+ K kg (301)
4mk 4 oq m op
It is easy to check that the desired adiabatic gauge potential is
ap
A = -2, 302
k 4k (302)

which coincides with the earlier result Eq. (292) in the classical limit and, as we already showed, reproduces the correct
metric tensor.

For simple cases like this, the gauge potentials can be found explicitly and can be much easier to work with than
correlation functions of the generalized forces. For more complicated situations such as the Duffing oscillator, one can
imagine doing a similar construction numerically or iteratively and/or utilizing the correlation function of the generalized
forces. In classical chaotic systems the gauge potentials and hence the geometric tensor will not necessarily converge [25].
The issue comes from a divergent low-frequency tail in the spectrum of generic observables due to the presence of diffusive
modes. Physically these divergences are always cut off by either coupling to the bath or finite duration of the physical process.
Introducing a consistent cutoff for such systems is beyond the level of the present discussion and will be a subject of future
research.

4.5. Exact and variational geometric tensors for many-body systems

We saw in Section 3.5 that one can target individual eigenstates by integrating the variational gauge potentials. Therefore,
it is not surprising that one may also obtain a variational geometric tensor by differentiating these variational eigenstates.
Here we show how to do for the non-integrable Ising chain and impurity in a Fermi gas explored earlier.

4.5.1. Non-integrable Ising model

Let us begin by examining the non-integrable Ising model discussion in Section 3.4.1. We already computed the single
and two-spin variational gauge potentials, and now we will show how to use them to construct the approximate geometric
tensor and Berry curvature. Specifically, consider as before the Hamiltonian

H(O, ) = — Z h(cos 6 of + sin6 cos ¢ o + sin6 sing o) — J, ZajzaﬁH. (303)
J J

By rotating the system around the z-axis we can of course always make ¢ = 0, so the exact adiabatic gauge potential for ¢
is simply

1
Ay = > ot (304)
j

For ¢ = 0 the variational gauge potential with respect to & was computed in Section 3.4.1, which crucially was possible
without ever diagonalizing the Hamiltonian. To do this, we use the gauge potentials to prepare the ground state of the system
at any value of 0, ¢ out of a trivial state. For example, for ¢ = 6 = 0 (and positive J,) the ground state is just a product state
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Fig. 17. Ground state geometry for a non-integrable quantum Ising chain of length L = 18 withJ = 1and h = 2. All panels show the single-spin variational
result in red and the two-spin variational result in blue. For the dashed line we obtained the ground state and the first 100 excited states by Lanczos and
computed the approximate metric tensor by simply truncating the sum over excited states to the first 100 states. Since the ground state is gapped, this is
a good approximation of the exact result. Panel A shows the metric tensor g44, Panel B the metric gy9 and Panel C the Berry connection Fy.

of the spins aligned with the magnetic field, which we denote |v(0, 0)). Consequently we can write the approximate ground
state at different angles as

0
|6, ¢)) = exp (—ipAy) [¥*(60, 0)) = exp (—ipAy) P [exp (—i/ dem;)] [¥(0, 0)), (305)
0

where 43 is an approximate gauge potential for ¢ = 0. Note that in order to compute any geometric property we therefore
also need to propagate .4; to finite ¢ by approximate rotation around the z-axis. Since the spins always undergo exactly the
same rotations, it immediately follows that nothing explicitly depends on the angle ¢, only on 6. Another direct consequence
of this is that the Berry phase for 6 vanishes and the metric tensor becomes diagonal. The system should however have a
non-zero Berry curvature.

We have used this procedure with the variational gauge potential from Section 3.4.1 to find the variational geometric
tensor. The results are depicted in Fig. 17 for a spin chain of length L = 18. For comparison, we determine the exact
value of the ground state geometric tensor (black dashed line) by truncating the Lehmann representation [Eq. (235)] to only
incorporate the lowest 100 eigenstates and confirming convergence in the number of eigenstates included. As the number
of spins M in the variational ansatz is increased, the variational geometric tensor appears to converge towards the exact
value. This is consistent with our expectations that the result should converge exponentially in M because no critical points
are crossed, as seen for the gauge potential itself in Fig. 7.

4.5.2. Impurity in a Fermi gas

Finally, consider the case of an impurity in a Fermi gas, which we saw in Section 3.4.3 gives rise to a divergent metric tensor
in the thermodynamic limit due to lack of an excitation gap. Another related consequence is the Anderson orthogonality
catastrophe [95], the phenomenon by which Anderson showed that a system would quickly become orthogonal to its initial
ground state upon addition of a weak impurity. The emergent non-locality of the adiabatic gauge potential is intricately
related to the orthogonality catastrophe. We can see this more explicitly by evaluating the metric tensor, g;;, for a filled
Fermi sea [1/o) with Fermi momentum k:

T T
wO |Ck+ Ck/+ckr/+ck”/+ | WO>
(Wol A2 Wo) = — 15 Z Z

it (cosk — cos k’)(cos k” — cos k')
K: K’

_ Z Z O(ke — k" )OK" — kp)Spir S
h (cosk — cos k’)(cos k” — cos k')
T2k K 2K

- (Znh)Z/kF dk/n o
0 ke (cosk — cosk’)?

The integrand above diverges near k = k’ and thus is dominated by terms near the Fermi surface. Therefore, let us shift
k) — kY — kp and Taylor expand the denominator, using the momentum spacing 27 /L as a low momentum cutoff and
A ~ 7 as a high momentum cutoff. This gives

2rh -/t
di dk' ———
i (mnk;)/ ‘/ (k— k’
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So we see that the metric tensor is also divergent in the thermodynamic limit due to the long-range nature of A4;. The
divergence is readily regulated by the finite size L as well as the finite lattice spacing. Note that this regularization is quite
similar to the methods we used to understand and regulate behavior of physical observables near critical points, since both
the Fermi gas and a quantum critical system are gapless.'®

5. Geometric tensor and non-adiabatic response

Key concept: The geometric tensor appears naturally through response coefficients of the system to the rate of change of
parameters Aq. The Berry curvature shows up as a Coriolis-type force while the metric tensor defines broadening of the energy
distribution (energy variance). In the classical (high temperature) limit, the metric tensor also defines the leading non-adiabatic
correction to the energy through renormalization of the mass.

5.1. Dynamical quantum Hall effect

We already noted in the first section that the gauge potentials appear in the Galilean term in the moving Hamiltonian:
Hm = UTHU — Ay = A — Ao Ay (306)

Then we introduced the geometric tensor x, which we found could be written as the covariance of the gauge potentials. In
this section, we connect the dots between these observations by relating the geometric tensor to the dynamical response of
physical observables.

We start by noting that the bare Hamiltonian in the moving frame 7 is diagonal and thus only produces shifts in the ener-
gies but does not couple them, so it is not responsible for the transitions between levels. Conversely the Galilean term gener-
ally has off-diagonal elements and thus causes transitions between levels. Near the adiabatic limit the Galilean term is small
and thus can be treated as a perturbation. Because the gauge potentials are simultaneously responsible for the non-adiabatic
response of the systems and for the geometry we just discussed in the previous section it is thus not very surprising that the
response coefficients can be related to the geometric tensor. The goal of this section is precisely to establish such connection.

Let us now consider the setup where the system is initially prepared at equilibrium (for concreteness in the ground state)
at some initial value of the coupling Lo = A(t = 0). Then the coupling starts changing in time. To avoid the need of worrying
about initial transients, which can be done but makes the derivations more involved, we will assume that the rate of change
of the coupling is a smooth function of time. Under this smooth transformation, at leading order in || the system follows
the ground state of the moving Hamiltonian #,,,. One can worry whether the adiabatic theorem applies to this Hamiltonian,
which is still time-dependent; later we will give a more rigorous derivation of the result using the machinery of adiabatic
perturbation theory (see Refs. [5,61] for more details). For now let us simply note, as we already did in the very first section,
that the adiabatic approximation applied to the moving Hamiltonian encodes the leading non-adiabatic corrections beyond
the standard adiabatic approximation, where the system follows the eigenstates of the instantaneous Hamiltonian H. Already
at this level of approximation we can derive very important results such as emergence of the Coriolis force and the mass
renormalization.

Applying first order perturbation theory to the moving frame Hamiltonian #,,, the amplitude to transition to the excited
state |n) of the bare Hamiltonian 7 due the Galilean term is given by

%:ME@@L (307)
En - EO
One can alternatively understand this result as coming from the instantaneous measurement process viewed as a sudden
quench, where the rate i is quenched to zero. It is convenient to represent observables as generalized force operators
conjugate to some other coupling Ag:

Mg = —dpH. (308)

The matrix elements of these objects already appeared in the definition of the geometric tensor so it is convenient to
continue dealing with them. Generalized forces defined as expectation values of the generalized force operators, appear
quite naturally in many problems. For example, the magnetization is a generalized force conjugate to the magnetic field,
current is a generalized force conjugate to the vector potential, nearest neighbor correlation function can be viewed as a
generalized force conjugate to the nearest neighbor hopping or interaction, etc. Indeed any observable O can be represented
as some generalized force operator by adding a source term —AO to the Hamiltonian. Taking the expectation value of Mg

16 Indeed, the impurity potential can be studied as a boundary perturbation of the conformal field theory given by linearizing the Fermi sea or even a
non-Fermi Luttinger liquid about the Fermi surface. This is entirely analogous to the boundary critical theory of, for instance, the TFI chain.
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and using Eq. (63) for the matrix elements of the gauge potential, we find that

Mg = (Y| Mplyr) = MY — > "(a3(n|dgH|0) + ax(0]d5H|n))

n#0
. 01357In) (1|8, H10) — (018, #|n) (n|d57|0
%Mfgo)vLiﬁkaZ( |0pH|n) (|8, #|0) — (0]d, H|n) (n|dpH|0)
(En —Eo)?
n#0
= MY + hFgoia, (309)

where M is the generalized force evaluated in the instantaneous ground state (i.e., in the adiabatic limit). This relation
shows that the leading non-adiabatic (Kubo) correction to the generalized force comes from the product of the Berry
curvature and the rate of change of the parameter A. Using our previous intuition that Berry curvature behaves as a magnetic
field in parameter space, we see that this Kubo correction is the Lorentz (or the Coriolis) force in parameter space [96].
Because the integral of the Berry curvature over a closed parameter manifold is a quantized first Chern number, this effective
Lorentz force leads to a quantized response, which one can term the dynamical quantum Hall effect [61].

Related methods of understanding leading corrections to adiabaticity have been around since the early days of the quan-
tum adiabatic theorem [97-99]. In particular, similar notions in the language of Kubo response have been used to understand
the response of quantum Hall systems [64,100-106], in semi-classical calculations of the anomalous Hall effect [ 107-109]
and in deriving “molecular Aharonov-Bohm"” corrections to Born-Oppenheimer descriptions of molecules [96,110-112].
While the results are similar to those described above, we emphasize here the generality of the results given by adiabatic
perturbation theory, and in particular their applicability to parameters that are in no way connected to traditional Hall
conductance.

5.1.1. Quantum Hall effect

Let us first illustrate that this relation does indeed reproduce the standard integer quantum Hall effect (QHE). We will
make only two generic assumptions: (i) the ground state of the system is not degenerate (although degeneracies can lead
interesting phenomena like the fractional QHE) and (ii) the Hamiltonian of the system can be represented in the form

N 2
H= 27( d o ) F V(T 1y, ... 1Y), (310)
=1 J

where V is an arbitrary momentum independent potential energy which can include both interactions between particles
and an external potential. As before, we use the 4; = A(r;) notation for the vector potential to avoid confusion with the
gauge potential. Let us assume that the vector potential consists of some static part (not necessarily uniform) representing a
static magnetic field and an extra dynamic part representing the electric field in the system, where throughout this section
we work in the Coulomb gauge, € = 9; A. We will choose the components of the time-dependent vector potential as our
parameters, i.e.,

Ax = Ay, Ay = Ay, (311)

The generalized force with respect to 1, is
_ _ € (,» mY _
My =1 =) o (pj — e/ ) =7, (312)
j

which is the current operator along the y-direction. In the absence of the electric field there is no average current, (0|7,|0) =
0 so the dynamical Hall relation reads

Jy = NFahx = RF 5, Ex (313)

To find the Hall conductivity we note that the total current J is related to the two-dimensional current density j via

]y = LxLyjya (314)

where Ly and L, are the dimensions of the sample. Therefore the Hall conductivity oy, = j, /& is related to the Berry curvature

via

fiF; 5,
LdL,

Oxy = (315)

If we now focus on bulk response by considering a system with periodic boundary conditions (eliminating the edges),
the parameter A, can be gauged away once it reaches )Lg = 2mh/ely, and similarly for A,. This corresponds to threading a
flux quantum through the torus [ 100]. Since the ground state returns to itself upon insertion of a flux quantum along either



56 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

direction, this defines a closed manifold in A space on which we can define a Chern number. Furthermore, as Ag’y are very
small and generally immeasurable in the thermodynamic limit, we can average over them to get the averaged conductance

JE— 50 20
_hFy, h Jo¥ dhx fo” dryFya,

~ = 316
7L L 220 (316)
Ly 2rh/eLy) (2wh/ely)
eZ
=G (318)

Thus the quantization of the conductance in the quantum Hall effect can be thought of as the topological response to insertion
of flux quanta along the two directions in the system [102].

Exercise 5.1. Show that for a system of free fermions in the thermodynamic limit with a gap between filled and unfilled
bands, the many-body Berry curvature (and its Chern number) with respect to gauge potentials reduce to the sum of band
Chern numbers defined in Exercise 4.5:

1
Fry = =55 > / Fo dkydk,, (319)
YA o Sz oy T

where the integral is over the first Brillouin zone and the sum is over filled bands «.

5.1.2. Quantum spin-1/2

The second example we discuss is our old friend, the spin-1/2 in a time-dependent magnetic field. Because this is a purely
quantum system we will again set i = 1. Suppose that the spin is prepared in the ground state along a magnetic field whose
angle then starts to change with time along, e.g., the 6-direction. The generalized force along the orthogonal ¢-direction is
just the ¢p-component of the magnetization. In the adiabatic limit it is clearly zero since in this case the magnetization simply
follows the magnetic field. The leading non-adiabatic correction is then given by the Berry curvature:

My = (M) ~ Fp, (320)
where Fyp = sin6/2 (see Section 1). Similarly, if we again ramp the magnetic field in the x — z plane (¢ = 0), but now with
a time dependent x-component and a time independent z-component, we have

My = Fyyhy. (321)
Then by a standard transformation from spherical to Cartesian coordinates, we find

Eo_ Fpg ~ cosO

7 h2tan6 ~ 2h%

In Fig. 18 we show numerically computed dependence of the transverse y-magnetization on the rate of change of the
magnetic field v for a particular protocol

(322)

H = —0; — hy(t)o, (323)

where hy(t) = 0.5+ vt. The transverse magnetization is computed at time ¢ = 0 and the initial condition corresponds to the
ground state at large negative time t = —100/v. As is evident from the figure, at slow rates the dependence of the transverse
magnetization on the rate is linear and the slope is exactly given by the Berry curvature.

Integrating the measured Berry curvature over the angles of the field, one can measure the Chern number, which we
found to be C; = 1 for this example in Section 4.2.2. Interesting, even within such a simple system, one can already observe
a topological transition where the Chern number changes from 1 to 0. For this we can consider a slight modification into the
Hamiltonian by adding a constant static magnetic field along the z direction.

H= —% [hooz + hq cos(8)o? + hy sin(@) cos(¢)o™ + hy sin(9) Sin(¢>)cry] . (324)

Then as one changes the magnetic field h, along the sphere of constant radius at fixed hy we can have two different scenarios.
First, hg < hy still corresponds to the total magnetic field encircling the origin h = 0 and thus produces a Chern number
equal to one. The second scenario is realized when hy > hy. Then the total magnetic field does not enclose the origin and
the Chern number is zero. The easiest way to see this is to take the limit h; — 0 and recall that the Chern number cannot
change unless the surface crosses a gapless crossing point. This phase transition was recently observed in experiments on
superconducting qubits [113]. Recall that the Chern number tells the magnetic monopole charge enclosed by our surface
in parameter space. For the spin-1/2 we saw that the only monopole resided at h = 0 and carries charge 1. Therefore, one
can interpret this topological transition as simply a shift of the surface in parameter space such that, for large hy, it does not
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Fig. 18. Dependence of the transverse magnetization on the rate of change of the magnetic field along the x-direction (see text for details). The dashed line
shows the expected low-velocity asymptote from the dynamical Hall effect, Eq. (321).
Source: Adapted with permission from Ref. [61].

enclose the degeneracy at the origin. Interestingly this phase transition maps exactly to the phase transition in the Haldane
model discussed in Exercise 4.5 if one identifies angles of the magnetic field with the Bloch momenta. In this mapping the
offset magnetic field hy plays the same role as the sublattice symmetry breaking parameter M in the band model.

5.1.3. Disordered quantum spin chain

We have used a simple single-particle problem to illustrate the topological response of spins to a magnetic field. The
situation becomes much more interesting if we consider interacting systems. In particular, following Ref. [61] we quote the
numerical results for the Chern number computed through the non-adiabatic response for a disordered spin chain:

L -1
H:—h~2{jaj—12njaj~ajﬂ, (325)

j=1 j=1
where ¢ and n; are drawn from a uniform distribution in the interval [0.75, 1.25]. We fix |h] = 1 and look into the

Berry curvature associated with angles of the magnetic field 6 and ¢ as a function of | (see Fig. 19). Because of the SU(2)
invariance of the system, as for a single spin the Chern number and the Berry curvature are simply different by a factor of
2. At large negative J, the system minimizes the total spin to S = 1/2 and the Berry curvature is also 1/2, corresponding
to Chern number equal to one. At small J, the system becomes polarized and the Chern number is L for a chain of length
L. In between the Berry curvature and thus the Chern number changes in steps. If one breaks the SU(2) invariance by
considering, e.g., anisotropic interactions, the quantization of the Berry curvature disappears while the Chern number
remains quantized. The minimal model for observing this is a two-spin system, which was recently realized experimentally
also using superconducting qubits [ 114]. More recently, this has been extended experimentally to four-spin systems [115],
demonstrating the applicability of these methods towards larger many-body systems where no other techniques may be
used.

While a detailed discussion is beyond the scope of these notes, it is important to mention that these ideas are not
only being extended to many-body systems, but also to more complicated systems with direct experimental relevance.
One important avenue is understanding responses of open quantum systems, as most quantum systems have some non-
negligible coupling to their environment. Non-adiabatic corrections to the dynamics of these systems are significantly more
complicated, but they show some interesting connections to both the Berry curvature and the metric tensor [116-120]. An-
other important direction is to understand the response of systems with degeneracies, as pioneered by Wilczek and Zee [ 121].
Adiabatic perturbation theory in the presence of degeneracies has since been developed in a series of papers by Rigolin and
Ortiz [ 122-124]. Recently one of us has suggested to apply this to measure the second Chern number [104,125,126], a novel
topological invariant that gives information about the non-Abelian Berry phase, a fundamental ingredient in active areas
such as topological quantum computation. This non-Abelian topological invariant has subsequently been measured in a
four-level system using hyperfine levels of ultracold atoms [127].

Exercise 5.2. Using two superconducting qubits, in Ref. [ 114], the authors are able to create Hamiltonian of the form

H =—B(6, ) (61+02) + Boof + g(0f0] + 0f03), (326)

where 71 is a unit vector. For fixed magnitudes B;, By, and g, they consider the Chern number with respect to the angles 6 and
¢ as they encompass a sphere in parameter space. Here you will derive the theory behind some of the experimental results
in the paper.
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Fig. 19. Berry curvature at the equatorial plain & = 7 /2 for a disordered spin chain as a function of the coupling | for 9 spins. At large negative J the system
minimizes the total spin to S = 1/2. The Berry curvature is also 1/2, corresponding to Chern number equal to one. At small ] the system becomes polarized
and the Chern number is 9.

Source: Figure reproduced with permission from Ref. [61].

e Assume the system begins in its ground state at 6 = 0, after which the angle 6 is ramped slowly with time at
fixed ¢ = 0. Use the dynamical quantum Hall effect to find an expression for the Berry curvature Fgy. Assuming
the experimentalists are able to measure (o) for each qubit separately, what should they measure to find Fy4?

e The Chern number is given by C; = (2)~! f dfd¢Fy,. For the given Hamiltonian, why is it sufficient to measure at
¢ = 0 instead of integrating over ¢?

e The topological phase diagram of this model is depicted in Fig. 20. Let us begin by imagining that there are no
interactions between the qubits (g = 0). Using the solution of the single qubit above, what are the values of the
Chern number in regions A and B?

e Now turn off the “pinning field” By = 0 and turn on very strong interaction, g > B,. Argue that in this limit, deep in
region C, the Chern number vanishes. Note that we have now found the Chern number in various limits of the phase
diagram. Away from these limits, the math is much less trivial. Nevertheless, the Chern number remains perfectly
quantized until a topological transition is reached, in which the gap above the ground state closes.

e Bonus: Find an analytical solution to the phase transition lines in Fig. 20. Hint: degeneracies are generally protected by
a symmetry, so look along lines of high symmetry.

Exercise 5.3. Let us consider another unusual situation where topology emerges. A quintessential model of topology in
condensed matter systems is the Harper-Hofstadter model, where a magnetic flux is placed through each plaquette of a
square lattice to create a lattice realization of the quantum Hall effect [128,129]. This has become particularly relevant
recently as a route to realizing topological physics in systems of ultracold atoms [ 130-133]. Here we will show that topology
manifests at the level of a single plaquette in such a model (Fig. 21). Consider a single particle living on such a plaquette with
flux @ = ¢®y/27 through it, such that the particle picks up phase ¢/4 (—¢/4) each time it hops clockwise (counter-
clockwise). Furthermore, put potentials V; on the four sites, setting Vy = 0 without loss of generality. We will see that there
is a non-zero Chern number with respect to the effective three-dimensional manifold defined by x = ¢ — 7,y = V; — V3,
and z = V,.

e Inorder to get a non-zero Chern number, we must first identify singularities that can act as sources of Berry curvature.
Begin with V; = 0 for all j. Show that a degeneracy appears at ¢ = . Then show that this degeneracy extends into a
line of degeneracies for V; = V5.

e Let us pick one point on this line of degeneracies by fixing V; = —V3. Then show that setting any of the above
perturbations x, y, or z to a small non-zero value breaks the degeneracy. Therefore, there exists an isolated degeneracy
(a Berry monopole)atx =y =z = 0.

o Finally, consider a small sphere of radius r in this parameter space, i.e.,letx = r sinf cos ¢,y = r sinf sin¢,z = r cos 6.
Argue that the first Chern number with respect to the angles # and ¢ is non-zero for small but non-zero r. Show
numerically that its value can be measured using the dynamical Hall effect.

5.2. Metric tensor as a dynamical response

Originally Provost and Vallee thought that the metric tensor was a nice but unmeasurable mathematical object. On the
other hand, it was very soon understood that the Berry curvature, i.e., its imaginary part, is responsible for many different
physical phenomena such as the Aharonov-Bohm effect and the quantum Hall effect. In Section 4.1 we already discussed
that the ground state metric tensor can be expressed through the measurable imaginary part of the Kubo susceptibility [see
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Fig. 20. Topological phase diagram of the two-qubit model in Eq. (326).
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Fig. 21. Illustration of a single plaquette with flux, similar to what is realized in Ref. [131].

Eq. (241)]. In Appendix we extended this relation to finite temperature density matrices. Here let us show that the metric
tensor like the Berry curvature has a direct physical meaning as a non-adiabatic response coefficient.

Let us again use the result of the adiabatic perturbation theory for transition amplitudes [Eq. (307)] and compute the
energy variance due to the ramp rate:

2
AE? = (#2) — ()’ = ) |a,]’E} — (ZEnmnF)

_ Zia}\ﬁ Z(En _ EO)Z <0|aaH|n)<n|aﬁH|0> + O(|X|3) — hz Z}»agaﬂ}»ﬂ + O(|X|3) (327)
af

_E. )4
140 (En EO) ap
So the metric tensor defines the leading non-adiabatic correction to the energy variance, which, by energy conservation, is
equal to the variance of work done on the system during the ramp Sw?. It is easy to see that this result is not tied to the
ground state and applies to any other initial eigenstate. For mixed states with non-zero initial fluctuations metric tensor
describes the increase in energy fluctuations due to the ramp, i.e.,

AE* = AEL + 12y dugupip + O(AL), (328)
af

where AE,q is the width of the energy distribution for the adiabatic ramp with |)l|2 — 0. This is closely connected with the
quantum speed limit [ 134-136], which we explored in more detail in Section 4.1.2.

In the high-temperature limit the average work and work fluctuations are not independent. The satisfy Einstein’s
relations, which are in turn derived from fluctuation theorems (see Refs. [27,137]): w? & 2ksTw. Therefore in this classical
or high-temperature case the metric tensor gives the leading non-adiabatic contribution to the energy:

hZ

E~Egy+ —
¥ T

. . -3
> " halaphp + O(AI). (329)
7

This non-adiabatic contribution to the energy is clearly proportional to the square of the velocity A and thus describes
a correction to the kinetic energy associated with the parameter A. Therefore hzgaﬁ /(kgT) plays the role of the mass
renormalization of this parameter. We will derive this result more carefully in the next section.



60 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

Exercise 5.4. Using the leading order adiabatic perturbation theory as in Eq. (327), prove Eq. (329) in the high-temperature
limit assuming that the adiabatic (equilibrium) density matrix of the system is described by the Gibbs distribution: p, ~
1/Z exp[—E,/(kgT)]. Hint: you can use the relation

Pn — Pm 1 .
—— =~ —p,, if kgT > |E, — Enl.
E, —E, kBT,On BT > |E, ml
In passing we note that one can relate the metric tensor to the probability of doing zero work during an infinitesimal
double quench [37], which is connected to the well-known Loschmidt echo [138]. These energy/work distributions are in
principle measurable for a wide variety of systems, and in particular there has been a recent upswelling of progress in the
field spurred by non-equilibrium fluctuation relations that also make reference to the work distribution [ 139].

6. Non-adiabatic response and emergent Newtonian dynamics

Key concept: For slow macroscopic degrees of freedom A coupled to fast degrees of freedom, Newtonian equations of motion
emerge from leading non-adiabatic corrections to the Born-Oppenheimer approximation. In the classical or high-temperature
limit, the emergent mass tensor is proportional to the metric tensor. In the quantum low-temperature limit, it is described by a
related susceptibility expressed through the gauge potentials.

6.1. Adiabatic perturbation theory

In the previous section, we argued that the leading non-adiabatic correction in A to the wave function of the system
can be found from an assumption that the system follows the instantaneous ground state of the moving Hamiltonian
Hm = H — Aa.Aq. From this we saw how leading non-adiabatic corrections to generalized forces and the energy broadening
connect the geometric tensor to response coefficients. In this section, we extend the previous analysis to a more general class
of systems, which are not necessarily in a ground state and which might have gapless excitations. This chapter closely follows
Ref. [141]. Our starting point will be the von Neumann equation for time evolution of the density matrix in the moving frame

.dp

Yar T
where we remember that 7 is the diagonal Hamiltonian in the instantaneous basis. We again temporarily in this section set
h = 1in all intermediate formulas to simplify notations. Also for simplicity we drop the tilde signs in this section over the
Hamiltonian, gauge potentials and other observables. As expressions for all resulting expectation values are gauge invariant
(independent of the choice of frame), the tilde signs in the final expressions can be dropped anyway. As before, we will
use standard perturbation theory (Kubo formalism), where the Galilean term plays the role of the perturbation, but now
considering the full time dependent Hamiltonian. We will go to the interaction picture (i.e., the Heisenberg representation
with respect to #) via the time-dependent (diagonal) unitary V(t) = e~/ #(dt’;

[H - )“aAou ;0] )

p = e i/ O o i[O _ vt AL = VA GV (330)

Note that because the Hamiltonian # is diagonal by construction, and thus commutes with itself at different times, it remains

unchanged in the interaction picture: Hy = H.For the same reason we do not need to worry about time-ordering in Eq. (330),

which illustrates the difference between the “interaction” picture above and the Heisenberg representation: in the latter one

has to use the full time-dependent Hamiltonian (not its instantaneous diagonal part) and thus the time-ordered integral.
In this interaction picture, the von Neumann equation becomes

d .
i% = o [Analt), pu(0)] (331)

which is equivalent to the integral equation

pu(t) = pu(0) +1i / At e (t) [An.o(t)), pu(t')] . (332)
0

Next we are going to utilize the standard linear response Kubo formalism to perturbatively solve this integral equation [ 140].
As the Hamiltonian # is generally time-dependent, its spectrum explicitly depends on A(t). However, this dependence is
trivial because it only amounts to using phase factors ¢, = fo[ E,(t")dt’ instead of ¢, = E,t. To simplify derivations we will
assume a A-independent spectrum for the remainder of this section and only comment in the end how one should modify
the final expressions if this is not the case (see Ref. [141] for a more detailed derivation).

We assume that the system is initially prepared in a stationary state of the Hamiltonian #(A(0)), after which one slowly
turns on the ramping protocol. In the leading order in perturbation theory we can substitute the stationary density matrix
into the R.H.S. of the integral equation [Eq. (332)]:

pt) = po +i / 4t a€) [ at), po] + OG2), (333)
0
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where we used that py o = po because pg is stationary and hence commutes with #. From this we can find the linear
response correction to the generalized forces:

t
(Ma(t) ~ MO 4 i / 4t g (E N IMua (). A (€ )os (334)
0

where M(® = (M, ), is the instantaneous generalized force. Evaluating the expectation value of the commutator in the
co-moving basis and using Eq. (63) for the matrix elements of the gauge potential, we find

(M a(6), A p(E Mo = Y pR (NI M o(t)An 4(")n) — hic.

=) plnle™ My (t)e ™ Im) (m|e™ Ag(t")e ™ In) — h..

m#n
/
— ZIOO i(En—Em)(t— f)<n|M (t)lm) <W) — h.c.
o i(En — Em)
oY — Py /
=iy “t——melEEnlt= ) A, (6)m) (m| Mg (t)|n). (335)
- En —En

The time-dependence on the observables is a reminder that we are working in the instantaneous frame, which changes in
time together with A. Substituting this expression back into Eq. (334) and switching to integration variable t” =t — t’, we
find a general expression for the microscopic force:

(Ma(£)) = MO — / dt"ig(t —t' ZP" Pl gm0 At (0l LMt — €)m) + OCL?). (336)

n#m m

This expression will generally hold for arbitrary systems as long as |A| is sufficiently small that the i’ term can be
neglected. We can simplify this expression further by using time scale separation. Recall that by assumption A represents
slow variables in the system. Mathematically this statement implies that the non-equal time correlation function of the
generalized forces (Mpy (t”)Mp, g(0))o,c decays much faster than the characteristic time scale of changing A(t). Because we
are interested in long time dynamics of the system, we expect therefore that the system will forget its long-time history:
(Mpo(t)My p(t —t"))o — O0ast” > t, where 7 is the characteristic relaxation time scale of fast degrees of freedom. Thus
unless we are interested in short time transient dynamics t < 7, we can extend the upper integration limit in Eq. (336) to
oo. Itis then natural to expand A, (t — t”) into a Taylor series near t” = 0: Ag(t —t”) &~ Ag(t) — t"Ag(t) + - - - . As we will see
shortly, it is important to keep the first two terms in this expansion and all other terms, in most cases, describe unessential
subleading corrections.'” Similarly we can approximate Mp(t —t") ~ Mg(t), as the next order correction 3, Mpg(t)A ()
will result in quadratic correction in Ain Eq. (336). Then by grouping terms, we find

(Mo(6)) = MO = Ag(1ap — Fap) — hpliap + Flg) + O(X, 1%), (337)

where we split the coefficients in front of Aﬂ and )»,3 into symmetric (nep and «,g) and anti-symmetric (F,g and F(;ﬁ)
components. For instance,

1 [ o8 — P
Nap = 5 f de” Y " EmelEn=Ent” [ Ay ) (n| Mg Im) + o < ],
0

= En —En
] o0 pO _ pO 3 P
Fy— _7[ " n = POm aiEn—En)" [ (m| M, In) (n| Mg |m) — @ <> B (338)
2 Jo En —E,
n#m
where all matrix elements (and in general energies) as well as the eigenstates correspond to the instantaneous parameter
value A(t).

It is now straightforward to evaluate the remaining integrals over t”. As usual one can regularize them by inserting small
decaying exponential exp[—4§t”] with infinitesimal positive 8. For instance, in Eq. (338), one uses

oo 1 §—0 1
expli(En — Ep)t” — 8t")dt" = iP 8(E, — Ep), 339
| exotite — e s iae” = - (Em_5n>+n<n ) (339)

where P stands for the principal value. Note that the first term is antisymmetric under the permutation of indexes n and
m, while the second is symmetric. Because, as is evident from Eq. (337), the permutation of n and m is equivalent to the

17 an important exception is a motion of a charged object in a vacuum, where the friction force is proportional to the third derivative of the coordinate.
In this case one has to keep the next term to this expansion.
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permutation of o and §, we see that the principal value determines the antisymmetric coefficient F,g and the second,
symmetric term determines 7,4. Therefore

Fuph) = —i ) it p"_ S Ml Mg ) (il Mg m)
n;ém
Ly o Ml mMpIn) = (nl ) ) (340)
n#m (En_Em)

where all energies and matrix elements are evaluated at A. If we compare this expression with Eq. (235) and use that
Fop = i(xap — xpa) [cf. Eq. (217)], we will recognize F, is just the average of the Berry curvature over the adiabatic density
matrix p°.

Similarly, for a thermal density matrix p° the symmetric part of the response coefficient is given by

T 0
Nep = > phimIMeln) (n| Mg |m)S(Ey — En),
n#m
where we used that for a thermal ensemble with p? oc e En/ksT,
P b, 1
En—E, kT
when E;,, — E,. As we will see shortly, 1,4 represents the friction force on the system. It is non-zero only if the system has
gapless excitations. Therefore, at zero temperature or for a system with a discrete energy spectrum, the friction coefficient
is always zero unless the system is gapless or quantum critical. Thus, for time being we set nog — 0.
In a similar spirit one can derive the other two coefficients. Let us use that

o0 o0
— f t" expli(En — Ep)t’ — 8t'1dt’ = 05 / expli(En — Ep)t’ — 8t'1dt’
0 0

—py (341)

1 §—0 1
= — — in8'(Ey — Ep). 342
(8 — i(Eq — Em))? (En — En)? (En = En) 542
Plugging this result into Eq. (336) we see that now the off-shell term is symmetric, while the on-shell term is antisymmetric.
The first (off-shell) term defines the coefficient kg, which as we will see shortly determines the mass renormalization

Py = P

wzm Em — En

Pn — P
Kap = D " (m| Mq|n)(n| Mp|m) =

v Ep’? (m| Ag|n)(n|Ag|m). (343)
n#m m — Ln

At low temperatures ksT — 0 and hence p? — 8, this expression reduces to

(0| Mg |m)(m|Mg|0
) I (344)
mz0 — Ep)?
while at high temperatures (or near the classical limit) we find
1 0 n
Kap ~ m;pn ((nlAcAgIn)e +a < B) = - 8ap (345)

where g,z is the Fubini-Study metric tensor for the finite temperature ensemble. We reintroduced the factor of f into the
expression for the mass tensor to highlight that it has a well defined classical limit. It is straightforward to see that at any
temperature the mass tensor kg can be written as the integral of the connected imaginary time correlation function of the
gauge potentials A, and Ag:

1 [T
Kap = oo

where
Ay o(—iT) = exp[tH/h] A, exp[—TH /]

is the imaginary time Heisenberg representation of the operator 4,. Then Eq. (346) immediately follows from Eq. (343) if
we use the identity

h/kgT 0 0
1/ ' dr Pr? e—(Em—En)t/h _ M (347)
nJo En — Ey

While we did not explain yet why the tensor k4 is related to mass, let us point out that its high temperature asymptotic
is perfectly consistent with the equipartition theorem if « and 8 describe macroscopic coordinates, say the position of the

dt (Ano(—iT)Ap,p(0) + o < Bloc, (346)
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center of mass: «, 8 € {x,y, z}. In this case as we discussed earlier the gauge potential reduces to the total momentum
operator of fast degrees of freedom .4, = P, and thus, e.g., the xx component of the mass according to Eq. (345) satisfies
2
Kax = 7 ! (P2> P :k'i
kBT ZKXX 2
which is indeed the famous equipartition theorem of the statistical physics. As a corollary to our derivation, we note
that Eq. (346) generalizes the equipartition theorem to quantum systems and applies at any temperatures. Perhaps a less
trivial statement is that Eq. (345) applies to all types of motion. For example, in a scale-invariant Hamiltonian where the
slow parameter corresponds to dilations, the additional mass in the classical limit is given by the product of the variance of
the dilation operator and the inverse temperature, and similarly for whatever parameters the problem presents.
Finally, the antisymmetric tensor F’ is given by

, (348)

p°
Flp=—imry ——n _E ™ (1| Mg |m)(m|Mg|n) 8'(En — En). (349)
n#m n

Similar to 14, this tensor is an on-shell contribution responsible for dissipation, but usually it is subleading to 7. Like F, this
tensor is always zero if the instantaneous Hamiltonian respects time-reversal symmetry.

6.2. Born-Oppenheimer approximation

Up to now we were considering the parameter A as an external slow field. This is usually justified when the back action of
fast degrees of freedom is negligible. However, there are many instances where such back action cannot be neglected despite
the time scale separation. For example in atomic and molecular systems, as well as more complex materials, the motion of
nuclei is much slower than the motion of electrons due to large mass difference, but the forces exerted by electrons on nuclei
cannot be neglected. In systems with emergent macroscopic collective degrees of freedom like order parameters, dynamics
of the latter can be much slower than that of microscopic degrees of freedom but yet it is entirely determined by interactions
with these degrees of freedom (e.g., slow magnetization waves often originate from fast motion of electrons with different
spin). In thermodynamic heat engines, fast degrees of freedom such as atoms exert a macroscopic force on a macroscopic
object such as a piston, causing motion of the piston due to its energy exchange with fast atoms. In all such situations it is
natural to assume that fast degrees of freedom nearly adiabatically follow equilibrium corresponding to the instantaneous
positions of the slow degrees of freedom. These ideas were first developed by Born and Oppenheimer in the context of atoms
in 1927 and are known now as the Born-Oppenheimer approximation. Let us briefly discuss this approximation since it is
the starting point of our further analysis. For simplicity we will assume that the slow degrees of freedom are classical, which
is often justified since we are assuming they are macroscopic, while we will treat quantum degrees of freedom fully quantum
mechanically.

Let us assume quite generally that the total Hamiltonian describing the degree of freedom A and the rest of the system is

Hiot(A) = Ho(A) + H(R), (350)

where Ho(A) is the Hamiltonian describing the bare motion of A. The choice of splitting #,,; between H and H is somewhat
arbitrary and we can well choose o, = 0 so that H, = #. However, for an intuitive interpretation of the results, it is
convenient to assume that #o(A) represents a massive degree of freedom in some external potential V(A ):

1
Ho(A) = Spamypp + V),

where ma s is the inverse mass tensor. In the infinite mass limit (||mqg|| — o0), A represents an external (control) parameter
whose dynamics is specified a priori. When ||mqg|| is finite, A is a dynamical variable and its dynamics needs to be determined
self-consistently. The whole system can be described by coupled Hamiltonian equations of motion

dhry d aVv (dp(t
Mg =P, = — g5+ THAOMAO)) z% = [H(A(E). p(L)]. (351)
Technically one can derive this equation from the path integral representation of the full quantum-mechanical evolution by
taking the saddle point with respect to the classical field A and treating other microscopic degrees of freedom fully quantum-
mechanically. Alternatively, as was originally suggested by Born and Oppenheimer, one can assume that the quantum density
matrix describing the full system factorizes into the product of density matrices for the slow degree A and other degrees of
freedom and then taking the classical limit for A.

The key assumption of the Born-Oppenheimer approximation is that A is slow, such that one can substitute the full
density matrix p(t) by its adiabatic limit py and use this pp in the second equation in Eq. (351). Under these conditions the
dynamics of A is described by a motion in the modified potential:

dAy dpe 1%

wpe =Dpy  —— = —— +MOQ). 352
Map= = =Pp 4 8M+a() (352)
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Due to the Feynman-Hellman theorem, in equilibrium
M) = ~TrlpodaH] = —8aTrlpo H] == Pu = —de(V + TrlpoH]).

So the slow degree of freedom effectively moves in the renormalized Born—-Oppenheimer potential

V/(A) = V(A) + Tr{poH(A)]. (353)

6.3. Emergent Newtonian dynamics

While the Born-Oppenheimer approximation is very powerful for many systems, it completely misses non-adiabatic
corrections to the density matrix. We already alluded to the fact that these corrections give rise to the Lorentz force, friction,
mass renormalization and other effects, which we will briefly discuss below. To take these corrections into account and thus
to go beyond the Born-Oppenheimer approximation, we simply need to combine the equations of motion [Eq. (351)] and
the non-adiabatic expansion of the generalized force [Eq. (337)]

PYY%
MO 354
Y +Ma (354)

d . .
E [(maﬂ + Kap + F(;ﬁ)}‘ﬁ] + (Uaﬂ - hFaﬁ))\/} = —
up to terms of order A2. The symmetric tensor in the first term in this equation represents the renormalized mass. Thus
ko indeed gives mass renormalization. The term n,gA,, is clearly the dissipative force. The Berry curvature defines an
analogue of the Coriolis or the Lorentz force and the other antisymmetric on-shell contribution encoded in F’ is effectively
an antisymmetric friction term. In these notes we are focusing on quantum systems with discrete spectra. Therefore there
are no on-shell contributions and hence we set 1 and F’ to zero for the remainder of these notes. We also point out that
within the accuracy of our expansion one can equally write the renormalized mass term as k,gAp or, as we did, as d¢ [k, pAg].

Indeed it is easy to see that the difference between these two terms d, «, ﬂi 8 Xy ~ 0O( |i2 |). However, a more careful analysis
shows that the mass renormalization terms gives a conservative contribution to the energy of the system, i.e., is given by
the full derivative of the renormalized Hamiltonian and therefore writing it as in Eq. (354) is more accurate [141].

In the absence of dissipative contributions it is easy to check that the equations of motion [Eq. (354)] come from the
Lagrangian:

1. . .
L= 3 Ao (M4 K)uprp + AgAg(X) — V'(L), (355)
where

Ag(L) = Tr[poAg]

is the equilibrium Berry connection and V' is the Born-Oppenheimer potential in Eq. (353). In the zero temperature case, the
Berry connection reduces to the ground state Berry connection and the Born-Oppenheimer potential reduces to the sum of
the bare potential and the instantaneous ground state energy of the system at given A. From the Lagrangian, Eq. (355), we
can define the canonical momenta conjugate to the coordinates A,,:

L .
Do = aT = (maﬂ +Kaﬂ))‘/3 +Au(X) (356)
and the emergent Hamiltonian:
. 1 _
Hy = ko Pa = £= S (Pa = Ad)m + )5 (Pp — Ag) + V/(A). (357)

Clearly the equilibrium Berry connection term plays the role of the vector potential. Thus we see that the formalism of
effective Hamiltonian dynamics for arbitrary macroscopic degrees of freedom is actually emergent. Without the mass
renormalization this (minimal coupling) Hamiltonian was derived earlier [96]. Away from the ground state the dissipative
tensors (n and F’) are, in general, non-zero and it is not possible to reformulate Eq. (354) via the Hamiltonian or Lagrangian
formalism.

Exercise 6.1. Verify explicitly that the Lagrangian and the Hamiltonian equations of motion given by the Lagrangian
[Eq. (355)] and the Hamiltonian [Eq. (357)] are equivalent to Newtonian equations of motion [Eq. (354)], assuming that
there are no dissipative contributions, i.e., n = F' = 0.

6.4. Beyond Newtonian dynamics: the snap modulus

Within the developed formalism we can continue the non-adiabatic expansion for the generalized force, Eq. (336). To
simplify the analysis in this section let us assume that the parameter A is single component and thus all antisymmetric
contributions vanish. As was mentioned in an earlier footnote, in this way one can recover the third derivative friction term,
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which describes dissipation due to radiation in Lorentz-invariant systems. Since we are focusing here on non-dissipative
systems with a discrete spectrum this term will be zero. So the next non-zero term will appear if we go to the fourth
derivative in A. Such high-derivative term might look totally irrelevant given our assumption of time scale separation. But
it has very important implications defining the leading correction to the Newtonian dynamics and thus showing the regime
of its validity. Furthermore, as we will demonstrate later [see discussion below Eq. (359)] this term is closely related to the
Unruh effect for accelerated photons confined to the cavity and has interesting observable physical consequences for the
dynamics of the cavity.

It is straightforward to see that continuing the Taylor expansion in t” in Eq. (336) we find up to the fourth order (and in
the absence of dissipative odd derivative terms)

(M) ~ MO X+§d4A (358)
o ~ — K A
¢ dt*
where
Pn — Pm 2 Pn — Pm 2
= - A = L M . 359
¢ ném (En —E, ) [{m|Ax|n)| ng#m (E, —E, ¢ [{m|M;.n)| (359)

Following the definition of the fourth derivative of the position as snap [ 142] we term the coefficient ¢ as the snap modulus.
Exercise 6.2. Derive Eq. (359).

Exercise 6.3. Derive the microscopic expression for the dissipative contribution entering the generalized force, which is
proportional to . Show that if the temperature is positive it can only lead to dissipation of the bare energy of 1, i.e., due to
this term d#; /dt < 0, where #, is given by Eq. (357).

Substituting this generalized force into the equations of motion, Eq. (351), we get
Mi = =0,V — ik + A&, (360)
Multiplying by the velocity A and rearranging, this becomes
0 = A0V + (M + k)hdh — £A9i
~ o (v e i),

dt 2

up to terms of order 3. Equivalently there is an emergent energy conservation law with

&, =K+ V'(L) = const, (361)
where the kinetic energy in the presence of the snap modulus reads
M . . -
k=Mtks % (2 - 213). (362)

Completing the square and ignoring the higher order term }° one can approximately rewrite the kinetic energy as

2
M+« (. ¢ . gy
K =~ A— A+ =A 363

2 ( K+ M ) 2 (363)

so that the third derivative term plays a role similar to the gauge potential. In this derivation we assumed for simplicity that

both x and ¢ are independent of A. One can check that if this is not the case the correct equations of motion follow from the

conservation of the energy &, . This energy function does not represent a Hamiltonian any longer since it explicitly depends

on higher order derivatives. Nevertheless one can define the Lagrangian and get the equations of motion from extremizing

the action.

7. Examples of emergent Newtonian dynamics

We will now illustrate the emergent Newtonian dynamics formalized in the previous section with a few simple examples.
First, we consider a particle in a box whose walls are allowed to move. We find that the excitations of the particle caused
by motion of the walls dress the mass of the walls. The value of mass dressing depends on the nature of the wall motion
(translational, dilational, etc.). Then we extend this concept to a massless particle, where now the mass dressing is found
to depend on the energy of particle in the box. We then proceed to a simple many-body example, the classical version of a
central spin problem, where excitations of the spin bath dress the central spin’s moment of inertia. Finally, we show that
emergent Newtonian dynamics can occur entirely internally by showing how the BCS gap of a superconductor can be treated
as a semi-classical degree of freedom whose dynamics is modified by excitations of the superconducting quasiparticles.
Throughout this section, we will explicitly insert all factors of i to better see when these effects could be observed in realistic
systems.
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Fig. 22. Schematic of a quantum piston. (a) The spring is connected to a wall of the potential in which a quantum particle of mass m is initially confined
into the ground state. (b) As in (a) but now the spring is connected to the whole potential well which moves rigidly. The horizontal black lines represent
the low energy wave functions of the quantum particle in the confining potential.

7.1. Particle in a moving box

Let us begin by considering a massless spring connected to a wall, as illustrated in the left panel of Fig. 22. We imagine
that a quantum particle of mass m is initially prepared in the ground state of the confining potential. As in the previous
example we will compute how the mass of a classical object (the wall) coupled to a quantum environment (the particle in
the well) is renormalized, which in practice could be measured by, for example, a change in the oscillation frequency of the
spring.

According to Eq. (344) the mass renormalization is given by

|(n|M;]0)]?
=2 , 364
Z (En - EO ( )

where A = X is the position of the right potential wall. We approximate the confining potential as a very deep square well
potential:
p?
H=oo+ V(OX, — x)+ O(x — Xg)). (365)
Then M; = —0,H = V§(x — Xg) and we find

V2 Yo (Xe) 2 [¥n(XR)
KRR:ZHZZ W(E(E:ﬂ IL;/I); Rl .

(366)
n#0
Using the well known result for a deep but finite square well potential

[Vn(XR)l = f \/E7

where the factor of \/2/L comes from the normalization of the wave-function in a square potential of length L, we obtain

2\* EoE,
=2r*(Z § e — 367
o (L) (En — Eo)? (367)
n#0
Substituting

n%k2 1
E = g 2P s

2m L

we arrive at

—m 16 (m+1f 273 0 8m (368)
Krr =M 73 —[(n+ 17— 1P - 6m2

The result is identical if we connect the piston to the left wall, i.e., k;; = Kgg.

Exercise 7.1. Derive the result Eq. (368) using the gauge potential. In particular, repeat steps similar to the ones for the
harmonic oscillator leading to Eq. (292) to find the gauge potential corresponding to moving Xz. Then using this gauge
potential and Eq. (344) compute the mass correction of the piston.
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Fig. 23. Four possible modes of motion for the walls of the cavity.

7.1.1. Translations
Now let us consider a slightly different setup where the spring connects to the whole box (see Figs. 22b and 23) so that
A = X, now indicates the center of mass of the well. From Galilean invariance we expect x = m. In fact, since now both
potentials are moving, our expression gives
My = —04H = V(3(x — Xg) — 8(x — X1)),
where X; and Xy are the left and right positions of the walls. Thus using Eq. (364) we obtain
V2(ro(X0)¥n(X1) — Yo(X Xg))?
e Z (Yo(Xi)Yrn(X1) 1//(;( R)Yn(Xr)) '
(En - EO)

(369)
n#0

Since in a symmetric potential well ,,(Xg) = (—1)"¥(X,), only the odd terms contribute in the equation above. Following
the same line of reasoning as before we arrive at (note the extra factor of 4 with respect to Eq. (367))

2\? EoF 64 n+ 173
Ky = 2h2<7> 4y o —m— (+72)3 =m. (370)
L = (En — Eo) L [(n+1)*—1]

So indeed we recover the expected result. This simple calculation illustrates that we can understand the notion of the mass
as a result of virtual excitations created due to the acceleration of the external coupling, which in this case is the position of
the wall(s).

This result can be found using the language of gauge potentials. As we showed earlier for the global translations X; = X,
it is the momentum operator: A, = p. So the renormalization can be also found from Eq. (368)

A 2
K++=ZZM=HI. (371)

Exercise 7.2. Verify that Eq. (371) gives the correct expression for the mass [Eq. (370)].

Notice that the expression for the mass, Eq. (370), is expected to hold not only for a square well but any translationally
invariant non-relativistic system. As we already discussed, it can be viewed as a sum rule or a quantum generalization of the
equipartition theorem.

7.1.2. Dilations
If instead we analyze the setup where the two walls are connected to a spring and move towards each other so that
A = X_ is the (instantaneous) change in the length of the potential well (see Fig. 23) we find

202 Z V2(Yo(XL)Yn(X1) + Yo(Xr)¥n(XR))?

n£0 En - EO)
16 (n+ 1) 72 —6 (372)
= m— =m ~ 0.033m.
2 = [(n+ 12 —-1)3 1272
n#0

Let us note a peculiar property of the dressed mass. Clearly «; + «kgg &~ 0.56m # «, ., k__, i.e., the mass renormalization
of the two walls is not the same as the sum of the mass renormalization of each wall measured separately. This is a result of
interference, which is apparent in Eqs. (369) and (372). Note that (k4 +4x__)/2 = ki +kgg. Thus the mass behaves similarly
to the intensity in the double pass interferometer, where the sum of intensities in the symmetric and antisymmetric channels
is conserved. This analogy will become more clear after Exercise 7.4, where you will compute the full mass renormalization
tensor, whose normal modes correspond to «, . and x__, which interfere to give «;; and «gg.

It is straightforward to generalize this calculation for a particle in the box prepared in an excited state |n):

(n'|pn))? 64 (n' +1)2(n+1)?

=2 =m— =m. 373
Z Ev—E 2 2 0+ 12—+ 1PP G73)
n’#n n’=n+odd
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Fig. 24. A figure illustrating equivalence of a piston confined between two cavities with an ideal gas to the piston connected to two springs of mass m,
where m is the mass of the gas in each cavity. Note that analogy extends not only to forces (as it is usually discussed) but also to masses.

Similar expressions hold for «" _ and «g, but unlike the Galilean mass « ., the latter two depend on n. In particular (cf.
Exercise 7.1),

= a2 3 Mk g D m <1 3 2)’ (374)
= (Em—En)  En—Er 3 272n
where
xp + px
-T2

is the dilation operator introduced earlier [cf. Eq. (293)]. In the classical limit the renormalized mass approaches m/3. This
result can be also easily recovered from the equipartition theorem. Indeed according to Eq. (345) the high temperature
asymptotic of the metric tensor is given by the variance of the gauge potential, which is the dilation operator in this case:
1 (x*)(p? m
KI?R—)ipzmii( o _m (375)
kBT kBT 12 3
where we used that in the classical limit, according to the Gibbs statistics, probability distributions for the coordinate and
the momentum factorize.

n>1 1

Exercise 7.3. Complete the missing steps in deriving Eqs. (373) and (374).

The fact that the mass gy or in short the dilation mass, since it corresponds to the dilations of the system, is equal to
one third of the usual translational mass might look a bit strange. One would naively expect that the effect of interference
terms appearing, e.g., in Eq. (369) will disappear in the classical limit as usually happens. Indeed it is easy to see that such
terms appear with opposite signs depending on whether the parity of the state n is even or odd (for the excited state the
equivalent expression will involve double summation over n and n’ and the sign of the interference term will depend on the
parity difference between n and n’). Because E,y — E,, is a smooth function of n and n’ one would expect that these oscillations
will cancel each other. However, this is not the case because the mass is always, even in the classical limit n >> 1, dominated
by the nearest excitationsn’ = n =+ 1, n & 2 so E,y — E, cannot be considered as a smooth continuous function of n — n’.

Instead this mass dressing can be qualitatively understood by noting that upon compression of the box (a.k.a. dilations,
the generator of the x__ term), the mass m pushes back against the walls much like a massive spring or a rubber band. Then
if we push on the right end of the massive spring to give it a velocity vg with the other end held clamped at x = 0, the velocity
of the spring will be a linear function of the position, v(x) = vgx/L. The kinetic energy of the massive spring in this case is

L 1 2 2 L X2 U}% 1 P KRR o
T_/(; zuv (x)dx = 2] 2 _6va_ > Vg, (376)
where © = m/L is the mass density of the spring. The corollary of this interpretation is that one can extend the analogy of
the freely moving piston confined between two ideal gases (see Fig. 24). As is discussed in many textbooks, in this setup near
equilibrium the two gases exert effective elastic forces on the piston from effective massless springs and the spring constant
is proportional to the pressure. Our result shows that this analogy extends beyond this, at least in the non-interacting limit,
giving equivalence of this setup to the piston coupled to two massive springs with the mass of each spring being the same
as the mass of the gas on each side of the piston.

Exercise 7.4. Show that for an arbitrary eigenstate n, the mass tensor is diagonal in the X, X_ basis, i.e., k4 = k_, = 0.
Then find the full mass tensor in the Xg, X; basis by using the Jacobian matrix | = [0Xy _/0Xg(]: kg 1) = ]TICH_,_)]. Confirm
that this gives the correct value of kgz = «;; for the ground state [Eq. (368)].

Exercise 7.5. Derive the gauge potential for the compression with respect to X_. Using the equipartition theorem evaluate
the mass «__ in the classical limit (corresponding to the highly excited state of the particle) and prove it is equal to m/12.
Argue that in the high temperature limit the off-diagonal components of the metric tensor g, = 0 and hence the mass
tensor is also diagonal in the +— space.
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Fig. 25. Illustration of pendulum in a box being pulled away from the earth [Exercise 7.7].
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Fig. 26. Figure illustrating an elementary classical calculation of the translational mass. See text for details.

Exercise 7.6. For the harmonic oscillator presented in Section 1, translations and dilations correspond to changing xo and
k = mw? respectively. Find the diagonal components of the mass tensor Kxoxo and «y for an arbitrary eigenstate |n). Show
that these connect to the metric tensor, which was derived for xo and k in Exercise 4.3 and Eq. (289), respectively.

Exercise 7.7. Consider the setup illustrated in Fig. 25 in which a pendulum with mass m attached to a box of mass M is
pulled away from the surface of the earth. Using the results of the previous problem, find the effective mass Mg that setup
will appear to have when lifted away from the earth as a function of its temperature T. For simplicity, you may assume that
T is large enough that the problem may be treated classically.

7.1.3. Classical derivation of the mass

The example of the piston shows how the formalism of adiabatic perturbation theory can be used to find both the
anticipated translational mass of the box with a particle inside and the less obvious dilation mass. These examples are
sufficiently simple that they can be recovered from more elementary methods, although as we will see the actual derivations
are more complicated and harder to extend to more complex setups. It is nevertheless instructive to see how the mass
renormalization can be found from simple kinematics.

Let us start by computing the translational mass. Namely let us imagine a classical slow box of mass M, initially at rest,
with a fast particle of mass m inside it. At time t = 0 we start accelerating the box with, for simplicity, constant acceleration
a. Let us compute the force exerted on the box by the particle. We will find the force by computing the average momentum
transferred to the particle during one cycle and divide by the period. Note that we are interested in the force averaged over
the period. One can do the averaging in two equivalent ways: time averaging and space averaging. The second way, i.e., space
averaging, is actually somewhat simpler because the wall is accelerating and time averaging should be done with some care.
In quantum language this space averaging of the force is equivalent to the averaging of M over the stationary probability
distribution.

Let us imagine that starting at time t = 0 the box of length L is pulled with a constant acceleration a by some external
force F (see Fig. 26). Let us also assume that the particle starts near the left wall (the position of the particle can be chosen
arbitrarily) and moves in positive direction with initial velocity v. After time At; this particle collides with the right wall. By
that time the wall moves distance Ax; = L+ aAt]2 /2 and acquires the velocity V; = aAt;. Then it reflects back with velocity

vy = —v + 2V = —v + 2aAt.
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Fig. 27. Figure illustrating an elementary classical calculation of the dilation mass of the piston. See text for details.

The total transferred momentum to the particle during this collision is
Apr = m(vq — v) = 2mv + 2maAt;.

Then the particle moves backwards and collides with the left wall after time At,. By that time the left wall moved by the

distance Ax, = a(At; + At,)?/2 and acquired the velocity v, = a(At; + At,). The particle now reflects with the velocity
vy = —vq + 2a(Aty + Aty) = v + 2aA¢,.

Hence the total transferred momentum to the particle is
Apy = m(v2 — vl) =2mv + 2ma(At2 — Aﬁ).

Now we can compute the force exerted by the wall on this particle as

A A 2maAt.
f= p1+ P2 _ 2 (377)
Aty + Aty At + Aty

This expression is rather complicated as we yet have to compute At; and At,, as functions of v, a, L. However, to find the
mass we are interested only in the leading non-adiabatic response linear in acceleration. The numerator of Eq. (377) is already
linear in a, which means that we can safely compute all time intervals only to zeroth order in a, which is trivial:

Aty = Aty = L/v.
Combining all this together we find

2ma

as expected. So the total force required to accelerate the box and the particle is thus

frot = (m + M)a, (379)

which is precisely Newton’s second law with the mass equal to the sum of the two masses. It is of course not surprising that
we were able to reproduce this simple and expected result from more elementary methods. However, it is very instructive
to see that we again relied in time scale separation and found this result only in the leading order adiabatic expansion with
the small parameter aAt; /v = aL/v?.

Now let us analyze another setup where the force F is only applied to the right wall such that it moves with the
acceleration a while the left wall remains static (see Fig. 27). As we will see, the classical elementary derivation not involving
gauge potentials becomes much more delicate as the force now depends on the initial position of the particle x. It is
convenient to define x measured from the left static wall in the interval [—L, L] such that the subinterval [—L, 0] corresponds
to the particle moving to the left (as shown in the figure) and the subinterval [0, L] corresponding to the particle moving to
the right, i.e., towards the moving wall. We assume that we start from a stationary probability distribution described by a
uniform distribution of x. As in the previous example the particle hits the right wall after the time At;, which can be found
from

aAt?

—L+x+vAt = o

Instead of solving this quadratic equation in general we will only find At; to the order in acceleration:

L—x a(L—x)?
Aty ~ —= 4 .
v

2 vl

The transferred momentum to the particle is thus

(380)

Apr = —2mv 4 2maAt;.
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Fig. 28. Example of a system with a linear dispersion (guitar string) confined between two clamps. It is intuitively clear that moving the clamps is harder
in the presence of vibrations as they should be dragged together with the clamps. This amounts to dressing the mass of the clamps analyzed here.

The particle will return to the original position (and thus will complete the cycle) after time At, which can be found from'?
L+x+aAt?)2
v — 2aAt

where we took into account that (i) the particle has to travel a longer distance because of the displacement of the wall and (ii)
that it moves back with a reduced velocity. The force can be found as before by computing the ratio of the total momentum
transfer over the period. To the leading linear order in acceleration it is

Apy . om? [5 2x xz]

Aty =

(381)

The first term is nothing but the usual generalized force proportional to pressure (which resists compression of the piston).
The second term is proportional to the acceleration and thus should define the mass. Unlike the previous case of the
translationally invariant motion, this term explicitly depends on the initial coordinate of the particle. Taking the average
over these coordinates, which is equivalent to the average over the density matrix in the quantum case, we find the average
force

-1 [t mu? ma m(v —al/v)? ma
f 2L/,Lf(x)x [ Temat L 3

The first term here is now the standard force due to the pressure averaged over the cycle, with v = v — aL/v being the
average velocity of the particles. The second term is the non-adiabatic correction due to the acceleration, which gives the
correct result from Eq. (375). As we see, even in this simple example the “elementary” classical derivation of the dilation
mass is very delicate. It requires careful analysis of several contributions to the force of the same order and the correct
identification of different terms.

(382)

7.2. Mass of a massless relativistic scalar field in a cavity

For a massive particle in a box, we have seen that the box acquires an extra mass due to translations or dilations that
derives from the bare mass of the particle. We now ask what happens for massless particles in a box, such as a phonon,
photon or some other excitation with a linear dispersion. For example one can imagine a vibrating string confined between
two clamps (see Fig. 28). The effective mass of photons in a cavity has been investigated since the early days of relativity, and
the current theoretical understanding is that they appear to have a mass E/c? proportional to their energy (cf. Refs. [143]
and [ 144] for a recent discussion). Here we will compute the renormalization of the mass of the cavity containing particles
with relativistic dispersion inside as before through the non-adiabatic correction to the generalized force. This will allow us
to identify both the classical (thermal) and quantum (zero point) contributions to the photon mass.

A simple example realizing such a setup would be a vibrating string confined between two clamps (see Fig. 28). Instead of
the string one can imagine a Luttinger liquid confined between two impurities or a phonon (photon) gas confined between
two reflecting mirrors. In our analysis we will ignore potential retardation effects on the confining potential. Specifically as
before we will assume that X;(t) and Xg(t) are given functions of time and, e.g., the symmetric mode Xg(t) — X;(t) = const(t)
in the lab reference frame. This is perfectly justified in the case of a non-relativistic guitar string but might play an effect in
the case of photons. For example, if we pull the right clamp with some force, there will be some delay before the left clamp
starts moving. This implies that the bouncing photon will feel slightly different accelerations from the two walls and this
may have some effect on the mass renormalization.

We will consider the Klein-Gordon Hamiltonian describing a massless scalar harmonic field confined to the cavity:

Xg 2
H= %/x dx {17(;02 + c2<%> } , (383)

18 More accurately the cycle is complete when the particle returns to a slightly shifted dilated position x". However, it is easy to see that this effect is
canceled in the linear order in a as this shift has opposite effects on particles with opposite initial values of x.
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where @ is the field (describing displacement of atoms from equilibrium positions in the case of the string) and I7 is the
momentum canonically conjugate to @. In the case of photons, @ represents the vector potential A. Then the momentum
IT(x) and the gradient of @(x) appearing in the Hamiltonian represent the electric field E = 0;A o IT and magnetic
field B o« dyA respectively. For computing the translational mass we will assume that the cavity of length L extends
fromX; = —L/2 + X, to Xg = L/2 + X,. We consider a simple choice of vanishing Dirichlet boundary conditions:
@(X,) = D(Xg) = 0. For the string this implies that vibrations vanish at the boundary. For electromagnetic waves such
boundary conditions can be realized by using a superconducting cavity such that the photons acquire a mass u outside
the cavity due to the Anderson-Higgs mechanism [145]. In the context of Klein-Gordon theory, this is represented by the
Hamiltonian.

oo 2
H = % / dx |:H(x)2 + c{%) + p2(OXg —x)+ O(x — X)) ¢2(x)] . (384)

o0

The two Hamiltonians in Eqgs. (383) and (384) are equivalent to each other in the limit 4 — oo. They can be used for two
equivalent derivations of the mass renormalization as we show below: the first one is based on gauge potentials and the
second one is based on generalized forces.

The Hamiltonian in Eq. (383) [similarly Eq. (384)] is harmonic and thus can be diagonalized expanding the fields & (x)
and I7(x) in normal modes

()= [(Q, Tx) =) fxP, (385)
J J
where the (real-valued) mode functions f; satisfy the usual orthonormality and completeness relations
[o]
/ [Of)dx = 8, Y [xFEK) = 8(x —X). (386)
oo ,
j

The completeness relation ensures that the mode operators Q; and P; are canonically conjugate:

[Q;, Px] = ihdj. (387)
The mode functions, diagonalizing the Hamiltonian in Eq. (384) must satisfy the wave equation:

—*f; = wff; (388)

with vanishing boundary conditions for the Hamiltonian in Eq. (383), and the Klein-Gordon equation with spatially
dependent mass for the Hamiltonian in Eq. (384):

— 0% + 1 (OXg — X) + O(X — X)) f; = 7. (389)
It is straightforward to verify that in the limit © — oo the mode functions are identical:
2 .
fix) = \/; sin (ki(x — X.)) , (390)

where kj = mj/L,j =1, 2, ... and the mode frequencies are w; = kjc. Then the Hamiltonian can be diagonalized in terms of
usual ladder operators

. a)j . 1 t_ a)j . 1
R T A T A TR A T
J J

to give
H=hY olda+1/2). (391)
J
The eigenstates of this Hamiltonian are clearly harmonic oscillator eigenstates |[n) = |nq,np, ...), wheren; = 0,1,2, ...

denotes the number of photons in the mode j.

For this system it is possible to explicitly find the gauge potentials by writing the eigenstates of the Hamiltonian in the
first quantized notation extending the derivation of Eq. (291) to multiple modes. Each normal mode the wave function is
given by the single-particle eigenstates of the harmonic oscillator:

1
00(Q) = [ 7 ¥ (Q/0). (392)
]

where ¢; = ,/h/2w; and v, is expressed through the Hermite polynomials [94]. As will become clear shortly we will not
need to explicitly know this function. The full photon many-body wave-function is just the properly normalized symmetrized
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product of the single-mode wave function:

Ynpny (Q, Qs ) =C Y [ [ bry(Qs)), (393)

where {0} denotes all possible permutations of the mode indexes and C is the normalization constant. Using that the normal
coordinates Q; and the oscillator lengths ¢; can depend on X through both the mode functions and the mode frequencies, we
can write

Qa3 dw
(W = 394
g Z[BABQ]+8/\BZ] 594
Let us observe that
3Q; *x IXr X
5 = ; dx 9; fi(x) ®(x) + 8kf(XR)cb(XR) 8)\f(XL)¢(XL)~

For the vanishing boundary conditions that we are considering, the last two terms are equal to zero. In the first term we can
re-express @(x) back through the mode functions (cf. Eq. (385)). Then we find

9 _ (™ geangin Sie =3 g
- Jx, it i

where
XR
;ﬁ% :/ dx fi(x)0,£;(x).
XL

From differentiating the orthonormality relation of the mode functions, Eq. (386), with respect to A, we see that ;“,.}\ = —;“j),.\
and thus g“j} = 0. As in Eq. (291) for the harmonic oscillator we find
I4(Q) __PA+QP
a 2ne "
The last identity we need is

Dy _ ey 14 o

dr  dwj L 2w A
Combining all these results together we find

1 Bw] P;Q; + Q;P;

A
iho, ¥ = 4,0 = | > QP — > Zw | (395)
i#j J
Therefore the gauge potential is
d log w; P;Q; + Q;P;
- Sogn- 3 SRt (359

i
It is convenient to rewrite this gauge potential in terms of the ladder operators:

A = ¢i <[\/;J \/H] ala —alaj [\/7 \/>] (a a —a a]> IZZ algiwj(a al — gja;). (397)
i#j X

Clearly the only non-zero matrix elements of the gauge potential correspond either to scattering one particle or simultaneous
creation or annihilation of two particles. In particular,

(..mi—1...m;+1. . |A4l...nj...n...) =1ih (nj—i-l)2 wiwjgij;
. i — Wj
(oomi+1.onj+1.|4]...n...n...) = —ih (n,4+1)(nj+1)2 wlwfj;,.};
ih 0 log w;
(...nj+2...|AA|...nj...):—Z axj (n; + 1)(n; + 2); (398)
. wij — Wj
(...ni—l...nj—1,...|AA|...n,<...nj...)=1h4/n,-n12'wiw]j;“i};

ih 0 log w;
(oonj=2.|4]..n..) = i L/ — 1).
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Substituting these gauge potentials into the general expression for the mass, Eq. (343), and noting that the energy differences
between the connected states are +(w; — wj;) for the scattering terms conserving the number of particles or £(w; + wj) for
non-conserving terms we find

h ni—nj (@ + o) m+n+1(0—w)lP], o h2041[3logw)’
o= + a2y = : 399
"4 Z[wj - W w; + o; wiw; (&) 8 Z wj a (399)
i#j J
This expression splits into the two parts, namely Kf whichis linear in the occupation numbers, and «;¢, which is the vacuum
contribution:
a) + 3w (9
T
s Y G a) J
h (wi — w-)2 h (0r5)?
PAZ J M2 Z )’ 400
* 44 (wi + a)])w-a)j(;” ) 8 jZ w? (400)

The expression above applies to any choice of the parameter A. Moreover in this derivation we never used any specific
dispersion relation so it applies both to massive and massless harmonic systems. In particular, it will apply to the massive
Klein-Gordon theory confined to a cavity. And finally we never explicitly used the fact that the cavity is one dimensional.
So if we extend the integrals defining the mode function overlaps ;i} to d-dimensions, Eq. (400) will describe the mass
renormalization of an arbitrary d-dimensional cavity with vanishing boundary conditions.

As with the single-particle case we focus on two possible motions: translations and dilations. For the translational motion
A = X, such that 9, Xg = 0:X; = 1, obviously d,w; = 0. Using the explicit expressions for the mode functions, Eq. (390),
we find

1 2ij

& = I jz(l —(=1. (401)
For the dilations A = Xg, we find 9, Xz = 1, 9,X, = 0, and
R = %izz%jz(l —5). (402)
In addition
dlogw; 1
dXg L

Before proceeding with further analysis of the mass for translations and dilations of the cavity let us briefly show an
alternative derivation of the same result based on generalized forces and Eq. (384). While the result will be equivalent, this
derivation has its own advantages as it allows one to overcome the additional step of finding gauge potentials, which might
prove difficult in more complicated setups, and therefore can be more amenable to numerical methods. Differentiating the
Hamiltonian in Eq. (384) with respect to A we find the generalized force operator:

;= =0 = =12 ( Do) — Phorny)) (403)
L= W= M an R ETN L
Substituting the mode expansion of the fields and taking the large x limit one finds
2¢2 "
)= Y fXX)QQ = 2L Zk KQQ. @) = ~57 > (=1)7kikQQ. (404)
ij ij

Exercise 7.8. Prove that using the generalized forces [Eq. (403)] and the general expression for the mass [Eq. (343)] you can
reproduce the identical expression for the mass as using the language of gauge potentials in Eq. (399).

7.2.1. Translations
Let us now analyze in detail the translational motion of the cavity. Substituting the expression for the overlap, Eq. (401),
into Eq. (400) we find

16 X w? + 3a)

ph _ . 1 1

=1 2 hw]n]i(w2 —olp "o Zhnja)] =, (405)
i—j odd 1 J

where E = Zjhnja)j is the total thermal energy of the photon gas inside the cavity. It is interesting that the result is
completely universal, i.e., it does not depend on the energy distribution among the modes. Except for the prefactor of 2, this
result is fully consistent with expectations from special relativity. One possible origin for the discrepancy is that we assumed
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that the walls move with identical velocities in the lab frame, i.e., that we ignored any potential effects of retardation of the
interaction keeping the walls of the cavity together. While this assumption might not be justified for real photons or other
particles propagating with the speed of light, it is perfectly justified for slower excitations like phonons as in the setup shown

in Fig. 28.
Next let us evaluate the vacuum contribution to the mass:
4h i 4h ij
=y o I (406)
i+ odd (@i + @) TLe odd (i+J)

This sum is formally divergent. The reason for this divergence comes from the assumption that the cavity is perfectly
reflecting at all wavelengths. In reality this is never the case. For instance, if we are considering photons reflected from a
metal, then the cutoff will be given by the plasma frequency, beyond which the metal becomes transparent. For the situation
of the string shown in Fig. 28 the short distance cutoff would be given by the clamp radius: waves with very short wavelength
would freely pass through the clamps, while longer wavelengths will be stopped. In the Klein-Gordon theory with a variable
mass [Eq. (384)] the cutoff is formally given by . The easiest way to introduce cutoff to the problem is to add smooth cutoff
function (e.g., a Gaussian) to the sum:

KV ﬂ l] e*(wﬁ’wj)z/wi — ﬂ Z l] e*ez(H»j)z (407)

+ . . 3 . . 3 b
wlc i odd (i+]) wlc (i+])

i+ odd
where ¢ = wc/(Lw,)and w, is the cutoff frequency. We can evaluate this sum in two steps. First let us make the substitution

i+j = mandi—j = nwheremandnareintegers:m = 3,5, ...andn = —m+2, —m+4, ..., m—2.Thenitis straightforward
to evaluate the sum over n:

2
= 372:; mé’mmmz 1exp[ €2m ]—C%—%:CT}TA % (408)
where C is a non-universal constant depending on the cutoff details and
E. = _Lﬁc (409)
24L

is the Casimir energy of the one-dimensional cavity [ 146], i.e., the universal (cutoff independent) contribution of the zero
point fluctuations to the ground state energy of the cavity. It is interesting that as with the thermal energy there is an
additional factor of two in the Casimir energy contribution to the cavity mass. The first, cutoff-dependent, correction to the
mass does not depend on L and thus can be interpreted as the renormalization of the mass of the cavity walls and absorbed
into the definition of M. Apart from this correction we see that

E+E.(L
JE+EWL)
CZ

In a similar manner we can compute the snap modulus ¢ representing the leading correction to Newtonian equations of
motion (see Section 6.4). Using Eq. (359) and repeating the same steps as deriving the mass we find

Ky = (410)

o= o (411)
where

1612 2(i* 4+ 10i%% + 5j*)

ph __ 1.

i = 7ich £ hwlnl (2 —j2y - 4C4 6 Zh Wil = 6C 604’ (412)

i+j odd

4hL ij 12 — w2 AL

vac _ = . J.5 _ 14471 z (413)
e i+j odd (i+J) T ¢

Interestingly the first “thermal” contribution to the snap modulus also depends only on the total energy of the system. It

gives a small correction to the Newtonian dynamics of the cavity as long as the round trip time of the photon L/c is short

compared to the characteristic time scales characterizing the motion of the cavity, e.g., the period of its oscillation. The

second vacuum term has a very interesting interpretation related to the Unruh effect [ 147]. Indeed this term is responsible

for an energy correction proportional to the acceleration squared. On the other hand according to the Unruh effect an

accelerated cavity acquires temperature proportional to the acceleration: kgT ~ ha /c and as a result the thermal energy
~ (kgT)*L/(hc) ~ hL/c®X2. So we see that

U\z _E
2

This contribution to the energy of the cavity, which goes beyond the standard paradigm of the Hamiltonian dynamics, can
be interpreted as the result of vacuum heating by acceleration. We note that this interpretation is not precise as in order
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for the adiabatic perturbation theory to be valid the acceleration should be small such that the Unruh temperature should
be smaller than the photon mode splitting. The Unruh effect is usually discussed in the continuum limit, when the cavity
modes are not quantized. Nevertheless such an interpretation is very appealing and requires deeper investigation.

Exercise 7.9. Derive the expressions for the snap modulus, Eqs. (412) and (413).

Exercise 7.10. Assume that the cavity with photons inside is connected to a spring and undergoes small oscillations. Using
perturbation theory, analyze the leading effect of the snap modulus on the motion of the cavity. You can assume that at time
t = 0 the cavity is suddenly displaced by distance Ao from the equilibrium position and then released.

7.2.2. Dilations

Now let us analyze the second setup corresponding to dilations, where the left wall of the cavity is fixed and the right is
free to move, i.e., A = Xg. The derivations are very similar to the case of translations, so we will only quote the final results.
As before it is convenient to split the mass into the thermal and vacuum contributions

KR = K}gh + k™, (414)

where

KR _Lzza)

n+n i 2E
L2 Z — =32 (415)

— ;i ( wi +wj (i+j)?  3c?

and

Kyac — h ij e —€2(i+j)? _ L Z m* — 1e—ezm2
K wle 4~ (i+j)3 67 Lc m2

_ C,th ho (n? 1) o ohea 2B (03 (416)
e 127Lc \ 3 T c 72 )"

The thermal contribution to the dilation mass is again, as in the single-particle case, one third of the thermal translational
mass. Therefore the equivalence of the gas to the massive spring (cf. Fig. 24) extends to the relativistic gas. On the other
hand, the quantum contribution to the dilation mass, as in the non-relativistic case [cf. Eq. (374)], contains an additional
correction.

Exercise 7.11. Consider the massive Klein-Gordon Hamiltonian with vanishing boundary conditions:

XR 2
= 1 / dx |:17(x)2 + c2<@> + ué¢2(x):| , (417)
2 ) x ax

where 1 is now finite.

e By repeating the arguments above, prove that mass is still given by Eq. (400) with same overlaps ¢; as in the massless
case and the massive dispersion: wj = ,/uf + k7, kj = 7j/L.
e Evaluate the thermal contribution to the translational mass. In particular, prove that

c2k?

K = an]n] (1 + ;) (418)

]

From this expression recover the non-relativistic limit as uy becomes large.
e Show that for the dilation mass

ph
ph _ Ky
kg =
3

irrespective of .
o Analyze the Casimir vacuum contribution for the translational mass. Show that it vanishes as po becomes large.

Exercise 7.12. Argue that, as was the case for the massive particle in a box, the photon mass tensor is diagonal in the {X , X_}
basis, i.e., k;— = 0. Using this compute the mass x__ = «_ from «, and «g.

Exercise 7.13. Consider a three-dimensional rectangular cavity with the Hamiltonian described by

H= % /d3r [[I(ry + c*(Vo)?]. (419)

where the integration goes over the interval x € [—X}, Xg], ¥ € [—Ly/2, Ly/2],z € [—L,/2, L,/2] with vanishing boundary
conditions. Find the thermal contributions to the translational and dilation mass along the x-direction. For this observe that
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Fig. 29. (Semi)classical mass of relativistic particles. (a) Initial setup. Particles are prepared at initial energy Ey and uniform probability distribution in space.
(b) Cavity is slowly accelerated to velocity v < c. Doppler shifts of the particles upon hitting the cavity walls yield an equilibrium distribution in which
forward-moving particles are blue-shifted and backward-moving particles are red-shifted. (c) The results of the simulation in a 3D cavity show that the
semi-classical mass matches the quantum prediction in Eq. (420). Here = tan™! (ki/kx) parameterizes the initial direction of the particle in the cavity.

The inset shows excess particle energy (E — Ep)/v2 (blue dots) and v?/v2 during a slow ramp from velocity 0 to vy with & = 0. The particles first heat as
the box accelerates and then cool back down as the box decelerates, indicating that the dynamics is reversible as the mass correction should be.

the y and z components of the momentum are conserved and therefore Cz(kf, + k2) plays the role of the mass po analyzed
in the previous problem. Use the results of the previous problem to show that

2
ph %
K :E hon; [ 1+ = ] . 420
+.x j ] ka ( )

Using this result prove that

_ KextKkpytie, 4E
Ky = 3 32 (421)
7.2.3. Classical derivation of the mass

Similar to the example of a massive particle in a box discussed in Section 7.1.3, let us finally consider taking a semi-
classical limit for the photon problem. First we note that the dominant contribution to the mass in Eq. (399) in the semi-
classical limit (kgT >> hc/L) is given by the first term in the sum, which corresponds to number conserving processes.
This follows from observing that the first term is dominated by neighboring modes |w; — wj| ~ ¢/L as it is singular when
|wi — wj| — 0 while the second term is regular. This immediately translates to the suppression of the second contribution
by a dimensionless factor fic/(LkgT), which vanishes in the semi-classical limit. Therefore, instead of photons it suffices
to consider classical number-conserving particles with relativistic dispersion confined to a box, as illustrated in Fig. 29a.
Consider for simplicity the one-dimensional case in which we start with a microcanonical ensemble with particles with
energy Eo uniformly distributed within the box. We then gradually begin to accelerate the box until the final velocity v
is reached. During and after the acceleration, when the particle hits a wall moving away from it with velocity v, it is red-
shifted from original frequency E, to the new energy E; = Eo(1 —2v/c 4+ v?/c?)/+/1 — v2/c? (this energy shift is equivalent
to the frequency shift for photons). It simply follows from the energy and momentum conservation. A similar blue shift
occurs upon hitting a wall moving towards the particle. The combination of these processes causes particles to equilibrate
in the lab frame such that forward-moving particles are blue shifted compared to the backwards moving particles (Fig. 29).
Numerically calculating the total energy of particles in the box, we can verify that the total energy after slowly accelerating
to velocity v, averaged over initial conditions, is Exo; & Eo(14v?%/c?) = Eg+«v?/2.Thus, as in the quantum case, we find that
k& = 2E/c? in these semi-classical simulations. Similar simulations can be done for the case of massive relativistic particles
or three-dimensional photons, all of which confirm the quantum predictions of Eq. (420) (Fig. 29¢).

Le us comment that this mass renormalization ¥ ~ E/c? is typically tiny for real photons but can be observable for other
types of systems. For example, in the guitar string setup illustrated in Fig. 28 one can easily show that k¥ o ,uAgSC /L, where
is the mass density of the string and Ao is the amplitude of the oscillations, so by either using a heavier string or plucking
it more strongly, one can readily enhance this effect to the point that it might be observable.
3d—ph(

Exercise 7.14. Confirm that the photon contribution to the dilation mass of the three-dimensional case satisfiesk”_ " (p) =

L3P (p), where « 77" (p) = 2[1 — (p2 + p2)/2p*]E,/c? (see Eq. (420)).
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7.3. Classical central spin (rigid rotor) problem

As another example let us consider a macroscopic rotor interacting with a bath of N independent spin-1/2 particles
(Fig. 30a). This discussion closely follows that of Ref. [141]. We consider an interaction where the rotor with orientation
fi = (sin6 cos ¢, sin @ sin ¢, cos ) produces a magnetic field parallel to 7i that interacts with the magnetic moments in the
spin bath via Zeeman coupling of random magnitude. If instead of the rotor we use the quantum spin operator, this model
is known as the central spin model.

The Hamiltonian describing the system of the form in Eq. (350) is

L2 s

Ho= o +V(m), H=-n ;A,a,, (422)
where | is the momentum of inertia, which for simplicity we take to be isotropic, V(n) is a time-dependent external potential,
and L is the angular momentum of the rotor. This example is similar to the one considered earlier except that the effective
magnetic field is no longer confined to the xz plane and we no longer assume that it is given by an external protocol. Rather,
the time evolution of this system needs to be found self-consistently. Each spin evolves according to the von Neumann
equation with the time-dependent Hamiltonian #(n(t)):

dp

mE = [H(n(t)), p]. (423)

The rotor evolves according to the Hamilton equations of motion

. . IH
M=Lxn, L=nx (Mex[ + <—>) =nx (Mex[ +) A,-(o,-)) (424)
on -

where Mgy = — % is the external force on the rotor, such as the torque generated by an external magnetic field, and (. . .)

indicates the quantum average over the density matrix p(t). We assume that initially ng = (0, 0, 1) and the spins are in
thermal equilibrium with respect the Hamiltonian #(no), giving (o) = (0;')o = 0 and (67 )o = tanh(BA;).

For the toy model proposed here, these coupled equations can be easily solved numerically. In fact, according to the
Ehrenfest theorem, the evolution of the expectation values follow the classical equation of motion and Eq. (423) can be
replaced with the much simpler equation iith; = 2A; m; x n where m; = (o;). Therefore the exact dynamics of the system
consists of the vectors (L, n, {m;}) precessing around each other.

We now compare the exact dynamics with the emergent Newtonian dynamics. First, we note that the form of Eq. (424)
immediately implies

n-L=0, n-L=0=>n-L = const

R .. . 425
m?=const=n-n=0=ii-n=—|n? (425)

We wish to compute the approximate generalized force (M) = —(d,H) in terms of the tensors « and F. The dissipative
terms n and F’ are zero since there are no gapless excitations. Therefore Eq. (337) reduces to:

(M) = Mg + hF,, 1y, — kil
where v, 1 € {x, y, z}. Using the expression for the spin-1/2 ground and excited states from earlier [Eq. (2)], it follows that
Mo = (M)o =7 ) Aitanh(BA;)
i

0 —-n; n
F}LU = FO n; 0 —Nx |,

—ny Ny 0

2
1—ng —nyny —mng,
Kk =ko | —myn,  1—n}  —nyn,
—ngny —ngn, 1-— nf

where Fy = %Z, tanh(BA4;) and ko = hzzi%ﬁm). Substituting these expressions in Eq. (424) we find
M=Lxn, L=nx M, — hFyfl — ko (n x it).

To compute it = L, x n+L; x A, itis now useful to splitupLasL =L, + fil;, where L, = 71 - L is a constant of motion
[see Eq. (425)]. Then, using Eq. (425) and the fact that L, = I (n x n) we arrive at:

Ieffi.l = (n X Mex[) Xnm— Lﬂff(n X l'l) - eff|ﬁ|2n7 (426)

where the renormalized moment of inertia is I,y = I + «o and the renormalized angular momentum is Lﬂ =L, + hF.
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Fig. 30. Dynamics of the rigid rotor coupled to N = 20 spins-1/2. (a) Illustration of the setup described in detail in the text. (b, c) Solution of the exact
dynamics (blue line) and effective dynamics (dashed red line) to the model with 8 = 0.1, = 1, and A, randomly distributed in (1, 2). The initial conditions
areny = (0,0, 1) and Ly = (0, 0, 0) and initially the spins are in thermal equilibrium (see main text). The external force is ramped from its initial value

of zero to final value M* = 0.1 in time t, = 10 according to the protocol Mey(t) = M*sin? (%)5{ for0 < t < t, after which it is held fixed at
My (t > tc) = M*X.

From this equation we see that the motion of the rotor is strongly renormalized by the interaction with the spin—%
particles. Moreover we see that, even when the external force is absent (M., = 0) and L; = 0, the Berry curvature (Fp)
causes a Coriolis-type force that tilts the rotation plane of the rotor. Indeed if we start with uniform rotations of the rotor in
the xz plane, i.e., n and n lie in the xz plane, we immediately see that the Berry curvature causes acceleration orthogonal to
the rotation plane. The physics behind the Coriolis force is intuitively simple. At any finite angular velocity of the rotor, the
spins will not be able to adiabatically follow the rotor and thus will be somewhat behind. As a result there will be a finite
angle between the instantaneous direction of the spins and the rotor so the spins will start precessing around the rotor, and
the rotor will in turn start precessing around the spins. Fig. 30c shows an example where this Coriolis-induced precession
can be observed.

7.4. Quenched BCS superconductor

In the previous sections, we have coupled the internal dynamics of our systems to external parameters such as the position
of a box. A natural question that arises is whether these effective Newtonian dynamics can occur in situations where the
classical dynamical degree of freedom is emergent, such as a macroscopic order parameter. We will now show that this
possible in the case of a quenched BCS superfluid, which has been studied extensively since its realization in ultracold
fermionic gases [148-151]. It has been shown that the resulting equations of motion are integrable, but generally involve
keeping track of every mode in the BCS theory. We will see how adiabatic perturbation theory gives new insight into this
problem, allowing us to reduce the coupled equations of motion of the different momentum modes to a single integral
equation in which the emergent slow mode - the superconducting gap A - is treated with the preceding formalism. In such
a setup the equations of motion entirely emerge from the interactions with microscopic degrees of freedom and, for example,
the mass is entirely determined by these interactions.

The system that we consider is a BCS superconductor with short-range interactions in which the interaction strength g
can be tuned as a function of time. This is a natural situation in, for example, ultracold atoms, where the interaction strength
can be tuned by a Feshbach resonance [152]. We start from the pairing Hamiltonian in d dimensions

— t oot
H= Z €kCiyCko — & Z Cier C iy CarC—ql s (427)
ko k.q

which is exactly solvable within mean field theory. Here the single-particle energy of mode Kk is E, from which the chemical
potential is subtracted to get ex = Ex — u. The mean-field decoupling consists of defining a gap A = g, (ciyC_ky),
where the expectation value is taken over an arbitrary time-dependent wave function |y(t)) self-consistently. Making this
replacement and switching to Anderson pseudospin notation o, where o = 1(—1) corresponds to an unfilled (filled) pair,
we get

2
H=— Z(eaj + Ac}) + % = ZHG, (428)
€

€

where without loss of generality we assumed that the gap starts real and remains real due to particle-hole symmetry. Note
that we have switch from summing over the mode momentum Kk to their energies (k). The last term in Eq. (428) is often
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neglected, as it has no effect on the dynamics of the pseudospins. However, since we are interested in the dynamics of A, it
is convenient to write the Hamiltonian in this expressly energy-conserving form.
To better connect with our previous discussion let us introduce the momentum conjugate to the gap: P, and the bare
mass 1mgp, which we later send to zero. This gives the Hamiltonian in Eq. (428) an additional term:
PZ
H—>H+ — (429)

2m0
such that the equations of motion for the gap read:
Mo = (—a,H) = — 22 4 Z (430)

In the limit of zero bare mass my — 0 this equation simply reduces to the self-consistency equation:

_& x
A_EXE:@). (431)
Note that the average is taken over the non-equilibrium density matrix, which is the solution of the von Neumann equation:
dp
L = [H(A(1)), p]. (432)

Starting in the ground state at some interaction strength g;, we can ramp the interactions through some arbitrary protocol
&(t). For slow enough changes, we expect that the pseudospins o will be weakly excited above their ground state yielding
leading Newtonian correction (M) & (M,)o — k A, where

(M) 24 + ) (o)) + E 4 (433)
= - O, = —— —_—
A0 g - /0 - A2 T 62
Similarly, using Eq. (344), the effective mass in the ground state will be
|(elowlg)l> 1 €
=2 - _ 434
Z Ee _ Eg 4 z (62 + AZ)S/Z ( )

We can easily simulate both the exact and approximate equations of motion for this theory. More explicitly, we adopt the
conventions of Ref. [ 150] and expand near the Fermi surface by considering a uniform density of states v extending in a band
frome = —W /2 to W /2, with W >> A playing the role of the UV cutoff. This band is then broken up into N = vW discrete
modes and the physical limit is achieved by taking W, N — oo. The ramp is specified in a UV-independent way as a function
Aeq(t), where from the gap equation in equilibrium (the ground state),

g(t)
Aealt) Z VA 2+ €2
p (W72 1 w
— g(t f/ d672v1n< ) (435)
Z VAeg(t2 +€2 2 J_wp Aeq(t)? + €2 Aeq(t)

Note that microscopic parameters such as g can explicitly depend on the cutoff, while emergent objects such as the mass
and the generalized force do not:

e [ e T
4 J_wp (€24 A2)p2 642
A
(Mado = 2vAln (f) (436)

Note also that both the mass and the generalized force are proportional to the density of states, i.e., they are extensive.

The simulations described above are plotted in Fig. 31a for a particular protocol in which Aq is slowly ramped from A;
to Ap: Aeq(t) = A; + (Af — Ayerf(t/T). Quite surprisingly, the effective mass does not accurately described the dynamics
of the ramped or quenched BCS superconductor. Other simulations confirm that this is true independent of the initial and
final values of the gap or the time scale T of the ramp. A particularly noticeable difference is that the simulations of the full
model show damping of the oscillations, while the effective model with mass x undergoes infinitely long-lived oscillations
about the minimum of the potential at A = Ay.

To see where this comes from, let us consider small oscillations about the point at the end of the ramp. Linearizing about
the final point, there is only one energy/time scale in the system, so the frequency of oscillations must scale as w ~ Ar. We
have seen that the effective mass gives a contribution to the generalized force k A ~ kAw? ~ vA, where A is the amplitude of
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Fig. 31. Dynamics of the gap in a quenched BCS superfluid. (a) Gap vs. time for a ramp from A; = 1to Ay = 1.5 in time T = 1. The exact solution (blue) is
compared to the dynamics within the effective mass approximation (dashed red). This approximation is clearly insufficient, so we must instead solve the
full integral equation, e.g., via Laplace transform. (b) The branch cut structure of &, the Laplace transform of o oc A — Ay [see Eq. (442)]. (c) Dynamics of the
gap after a small instantaneous quench from A; = 1to Ay = 1.05. The exact dynamics agree well with the solution of the integral equation. The dashed
lines shows that 1/+/t envelope that is analytically found at late times.

the oscillations. The next correction, which is non-Newtonian, is given by ¢ A), where A™ denotes the n th time derivative.
From the expansion that gave us the effective Newtonian dynamics, the coefficient ¢ for the ground state is given by

[(n|d4H|0)]? 1 €? v
=2 = . 437
¢=2) “E Ly (En—E® 16 4 (2 + A2)2 ~ 60A* (437)

So the correction is A® ~ (vA™4)(AA*) ~ VA, ie, it scales exactly the same way as the effective mass contribution.
Indeed, if we consider an arbitrary term in the series x, A™ for arbitrary positive even integer n, we will again find that its
contribution scales as vA. Therefore, it is not okay to truncate at second order by considering just the effective mass — indeed,
there is no limit where it will be fully correct to truncate at any finite order. This statement that we need to know not just
A and its acceleration, but rather all of its higher-order (even) derivatives, is tantamount to saying that the local-in-time
expansion about the time t is not correct. Therefore, to solve this problem correctly, we must resort to the full integral
equation from first order adiabatic perturbation theory [Eq. (336)]:

)On (mM(8)n) (n|M(t)|m) i [4 de(Em(z)—En(T)) )
M =2 dt’ A e/ mrem n oA
(Ma)o / E En(t) — Ex(C) ¢ +0(4%)
m#n
2

. € t
= dt’ A(t 2 drv/e?2 + A(r)? ), 438
/fo ) o N R, COS( / e m) 438

where we have taken the real part of the exponential because all the matrix elements are real. With a bit more effort, this
integral equation can be solved numerically, and for slow ramps or small quenches, the integral equation agrees with the
exact numerics (Fig. 31c¢).

We can gain a bit more understanding of the integral equation by consider the case of a small quench or equivalently the
late-time behavior of a slow ramp. Assuming that the deviation & = (A — Af)/ Ay of the gap from equilibrium is small, we
can expand the integral equation about o = 0. The first order contribution is then

2

t
) € / /

This restores some degree of locality — the integral equation now only depends on the history of & and not directly on «(t’).
Eq. (439) can be Laplace transformed to get

€? s

2+A}%)3/2 52 +4(62+Aj%)7

— 20Aa(s) = (s& — o) Y | e (440)

where &(s fo e~ (t) is the Laplace transform of & and g = (A; — Af)/ 4y is the initial condition. The equilibrium
correlatlon function of the pseudospins o is encoded in the e-dependent terms, so the fermions can be integrated out to give

[4 A2 / 2
Z &2 s | 4Af+s2 4+s2/Af
— (

14+ cosh™!

= 441
2+ AP+ A+ A7) s s 2 (441)
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Substituting this into Eq. (440) and rearranging, we find that

[4+s2 ) A
—s+,/A} +s2cosh™! (2f>
s/ A7 + s2cosh™! (M)
V 7

Note that, as expected, the only time scale in the problem is set by A and « scales linearly with «q. Therefore, rescaling
o — ajag,t —> tA,and s — s/ A, we can attempt to invert the Laplace transform and solve for «(t).

These small quenches of the order parameter were studied in Ref. [ 153]. Using very different methods, they nevertheless
arrived at an equation of motion for the order parameters quite similar to Eq. (442). The inverse Laplace transform is

given by

1 y+ioco
a(t) = — / et q(s)ds (443)
v

(442)

&(S) =0y

- 2mi

for any y > 0. & has branch cuts associated with the square roots at s = 42i. We make the branch cut shown in Fig. 31b,
which does not cross the contour for any y > 0. The inverse hyperbolic cosine also has a branch cut on the negative real

axis, which again does not affect us. We simply make the obvious branch choice such that +/4 + s2 and cosh™! («/4 +s2/ 2)

are positive and real on the positive real axis, which uniquely defines the function on the chosen contour. Then taking the
limit y — 0%, we split the contour into four pieces, as shown in Fig. 31b. Taking first a3, for which s = ir with0 < r < 2,

the branch choices gives v/4 + s2 = /4 — r2 and cosh™! <«/4 + 52/2> =icos™! («/4 — r2/2). Thus
5 —ir + V412 (i cos™! < 42_r2>)
as(t) = N 5 f idre™
Tt Jo irva—r2? (i cos~! ( 42r2)>
—r + /4 —r2cos™! < v 4242)
rv/4 —r2cos™! <7V 42_rz>

—ioco

(444)

1 2
— / dr sin(rt)
27 0

Similarly for the integral a4 (s = ir for r > 2), the branch choices are v/4 + s2 = iv/r2 — 4 and cosh™! (\/4 + 52/2) =
i7/2 +In ((«/r2 "4+ r)/z). S0

—ir +iv/r2 —4 <"7” +1In (”@))
ir(iv/r2 — 4) ("g +1In (*@))

r
) 4

1 [~ dr
E/z <r+m>2) |:cos(rt)( 5
2

r r2—4(’f+ln

ay(t)

Il
N
S|
—
3
a
=
(.D....
5

2

—\2
sin(rt) | rIn (r—i—rz—4> —Vr2—-4 %2 + In (r—i—zrz—él) :| (445)

One can easily show that o1 = a4 and o = a3, S0 (t) = 2(3(t) + aes(t)). These integrals can be evaluated numerically, the
results of which are plotted in Fig. 31c. Clearly they match well with the exact dynamics.

We can also analyze the late time limit of these equations. In this limit, the cosines and sines yield fast-oscillatory integrals,
which are then dominated by the stationary points of their integrands. Both «3 and «4 have a singularity at r = 2 (s = 2i).
Therefore, the integrals are dominated by this point and we can simply expand the remainder of the integrand about r = 2.
Thus,

1 (% —sinrt 1 [? sinrt cos 2t — sin2t
asz(t > 1/45) ~ — —drr® —— ————dr=(r’) P
> 1/a~ oo [ ars s [ i) =
1 [ cosrt _12€082t —sin2t
(446)

dr = (273)

272 2 Ar—2 Jt

ag(t > 1/4f) ~
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Thus, as seen in Ref. [153], the late time behavior of the gap is described by power law relaxation A ~ cos(2Art + @)/ Vt,
unlike the exponential relaxation expected in non-integrable (thermalizing) systems. This behavior can be traced back to
the fact that the underlying BCS dynamics is integrable and has been termed collisionless relaxation [153].

It is interesting to extend these results to the finite temperature case. Unlike the previous case where A was the only
energy scale in the problem, the temperature now introduces a new energy scale that we might expect to cut off the
correlation functions such that locality in time is restored. However, a quick calculation similar to that above (not shown)
demonstrates that starting from a finite temperature ensemble yields qualitatively similar dynamics as those starting from
the ground state. The reason for this is simple: as an integrable model, the adiabatically transported state from the thermal
ensemble at A; to the final value Ay is not thermal. Such a non-thermal ensemble is referred to as a generalized Gibbs
ensemble [154] and has been well-understood to occur in generic integrable systems. Here it manifests as an absence of
thermalization that yields similar dynamics at finite energy density as those in the ground state. It is worth pointing out
that previous works have shown that large quenches [150] and/or non-trivial initial states [151] can result in long-lived
oscillations that do not relax. Whether or not such dynamics can be captured within the effective Newtonian framework is
a fascinating open question which is beyond the scope of these lectures.

8. Summary and outlook

Over the course of these lectures, we have introduced the concept of gauge potentials and seen how they are connected
to a wide variety of ideas from geometry and topology of quantum systems to the emergence of Newtonian dynamics. An
important aspect of this perspective is its generality, allowing the derivation of effective dynamics in systems as different
as photons in a cavity and quenched BCS superconductors. These ideas are therefore quite amenable to being used in many
important experimental systems as a method for understanding the dynamics of slow variables. With numerical methods,
these can even be used to understand dynamics in complicated interacting many-body systems using only equilibrium
simulations, and therefore have the potential to solve dynamics in complicated systems above one dimension, where exact
well-behaved numerical methods are scarce [78,83,155-157].

Aninteresting open topic is how these ideas can be utilized in ever more complicated systems, particularly towards under-
standing the gauge potentials for non-equilibrium systems. For instance, we have seen how the gauge potentials for excited
states are ill-defined if the system is ergodic due to the problem of small denominators. We have provided two methods for
regulating this problem, but connecting these ideas to adiabatic evolution in conventional thermodynamic systems remains
an important open question. Furthermore, one may be able to generalize these ideas to truly non-equilibrium systems where
equilibrium statistical mechanics does not apply. A fascinating class of non-equilibrium Hamiltonians is periodically-driven
systems, where one must differentiate between the effect of the parameters on the slow motion that can be written in
terms of an effective time-independent Hamiltonian and the fast micromotion that it periodic with the same period as the
drive [158,159]. Finally, all these questions become even more interesting the presence of coupling to an environment, which
is usually the situation we are given in realistic experimental systems. These are all fascinating questions, and understanding
them will prove very valuable in solving the dynamics of complicated quantum and classical systems.
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Appendix. Metric tensor from Kubo response at finite temperature

Consider a generic Hamiltonian # with eigenstates |n). We define the metric tensor with respect to single parameter X,
alternatively known as the fidelity susceptibility, at finite temperature by

gT)= oy EW_””L_' 5 (A1)
n m#n

where p, = e #%/Z and My, = (n|d,#|m). Define the (non-symmetrized) spectral function as

(@) =27 pn ) IMun|*8(En — En + o). (A2)

n m#n



84 M. Kolodrubetz et al. / Physics Reports 697 (2017) 1-87

Then it is clear that

gZ/Wdﬁ@:/wdﬁS(w)+S(_w)' (A3)
- 0

2 2
00 2T 2 w

We will now see that this expression can be connected to the out-of-phase susceptibility, which is measurable via linear
response.

From standard Kubo response, the response function €(w) of the magnetization M to a small periodic perturbation of
A = Age~! is given by [140]

e(w) =i f ~ dt e S M(t), M(0)]), (A4)
0

where § is an infinitesimal positive number added for convergence, M(w) = €(w)A(w), and the expectation value is over the
thermal density matrix p = e #*/Z. Note that, unlike the two-time correlation function used in defining the metric, the
correlation function in Eq. (A.4) need not be connected; this is because the commutator makes ([A, B]) = {[A, B]).. Let us
next use the Lehmann representation:

o0
e(w) = i/ dt elot=ot an((nlei”tMe’i“tM|n> —hc)
0 n
o0
i / dre® =0y " p, > " ((nle™ M|m)(m|e*M]n) — h.c.)
0 n m
o0
=i / dt e = Z P Z(<n|e"5nf1v1|m><m|e—fEme|n) —hc)
0
=i dt elwt=st l(ErEm _ lEm—En)t)|pg |2
/0 Z’O Z )‘ nm|
" " \S—i(Ep—Epn+®) 8—iEp—Entw))’

n m#n

The imaginary part of the susceptibility €”(w) = Im[e(w)] is thus

" _ 2 5 - 8
E(w)_;p"néw"m} (32+(En—Em+w)2 a2+(5m—En+w)2)
= o Y M P[5 — B + ) = 8(En — By + )] = 22 _zS(_w)’ ")

n m#n

where we used the identity

li _5

332)1 82 + x2

and Eq. (A.2) to get the last equality. In thermal equilibrium S(w) and S(—w) satisfy the fluctuation-dissipation relation [ 140],
which we derive for completeness from Eq. (A.2):

= 78(x)

1
—w) =27 Z e P My 28(Em — En + @) = 2 ) 2e—ﬂfm|Mnm|25(E,, — En+ o)
m;&n m#n
1
= 27[67}3{” ; zeiﬂEn |Mnm|28(En —En + CU) = eiﬁws(a))v (AG)
m+£n

where in the first equality we changed summation indexes n <> m and in the second equality used that E,, = E, — w.
Therefore

1 - 2¢"(w)
" _ _ Bw _ c€lw)
€'(w) = 25((0)(1 e ) & S(w)= T ———
and
_ [T doS@)+S(-0) _ [*doe(@)explfol +1 _ (% doe'(0)
& _/0 27 w? _/0 T w? explfo] —1 _/0 w2 th(Bw/2). (A7)
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