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Abstract

Hopfield models, originally developed to study memory retrieval in neural
networks, have become versatile tools for modeling diverse biological sys-
tems in which function emerges from collective dynamics. In this review,
we provide a pedagogical introduction to both classic and modern Hopfield
networks from a biophysical perspective. After presenting the underlying
mathematics, we build physical intuition through three complementary in-
terpretations of Hopfield dynamics: as noise discrimination, as a geometric
construction defining a natural coordinate system in pattern space, and as
gradient-like descent on an energy landscape. We then survey applications
of Hopfield networks in a variety of biological settings, including cellular
differentiation and epigenetic memory, molecular self-assembly, and spatial
neural representations.
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1. INTRODUCTION

From the millions of proteins in a single cell to the billions of neurons in the human brain, col-
lective behavior is responsible for much of the complex phenomena observed in biology (4, 9, 20,
45, 48, 49). Across scales, biological systems perform specific functions as a result of many parts
working together. Modeling the emergence of function from these components is part of what
makes biophysics so difficult (25). One promising approach for meeting this challenge is to re-
cast this problem in the language of high-dimensional dynamical systems. The most famous and
fruitful example of this approach is the Hopfield model (22). Originally conceived as a model of
memory in neural networks, the Hopfield model has now found broad applicability across bio-
physics, including understanding the epigenetics of cellular identity and differentiation, modeling
the self-assembly of heterogeneous structures, and thinking about neural representations of spatial
environments in the hippocampus.

The Hopfield model has a long pedigree, and many papers have applied analytical tools from
statistical physics to calculate properties of these models, including phase diagrams and storage
capacities (5–7, 14, 22, 35, 37, 41). Hopfield models have attracted renewed interest due to their
close relationship with modern machine learning techniques such as transformers (for a review
that highlights these developments, see 33; 52). Here, we review Hopfield networks from a bio-
physical perspective, focusing on Hopfield models as exemplars of complex systems exhibiting
emergent function (5, 14, 24, 32, 34, 35, 52, 69).We explain the intuition behind Hopfield dynam-
ics, why and how these models work, and how they can be used to understand disparate biophysical
phenomena.

The review is organized as follows. In Section 2,we presentmathematical descriptions of classic
and modern Hopfield networks. In Section 3, we provide three biophysically inspired perspectives
for interpreting the dynamics of Hopfield models: (a) as a system that discriminates between sig-
nal and noise, (b) as a geometric operation that projects onto a subspace, and (c) as gradient-like
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dynamics on a landscape.We also include Section 3.4, which provides an overview of other, more
common approaches to thinking about Hopfield models. In Section 4, we turn to applications
and describe how Hopfield models have been used to study a variety of biophysical phenomena,
including cell fate transitions, molecular self-assembly, and neural representations.

2. THE MATHEMATICS OF HOPFIELD MODELS

2.1. Overview

In this section, we provide a brief self-contained introduction to the mathematics of Hopfield
models.We start by introducing the basic mathematical objects used to describe Hopfield models.
We then specialize our discussion to three commonly used variants of the Hopfield model: the
classic network introduced by Hopfield (22), the projection method (31, 47), and the exponential
modern Hopfield network (14, 35, 52). Despite the many implementational differences between
traditional and modern networks, they share a common underlying logic, namely (a) a dynamical
update for the state of the system and (b) a set of stored patterns that act as attractors (fixed points)
of the dynamics.When the dynamics are initialized sufficiently close to a stored pattern, the system
flows to the corresponding fixed point, allowing the network to retrieve the stored pattern.

Hopfield models share a set of common ingredients (see Figure 1):
■ A N-dimensional state vector x(t) = (x1(t), . . . , xN(t)) whose ith component xi(t) encodes the

state of the ith dynamical variable at time t. The xi can be binary valued (e.g., xi = ±1) or
continuous valued (e.g., xi ∈ R). In the computational neuroscience and physics literature,
these variables are often called neurons or spins.

■ Amatrix ξµi with dimensions P×N describing the P patterns we wish to store. By construc-
tion, when the system is in a fixed point corresponding to the νth stored pattern, xi = ξ νi. In
the spin glass literature, these stored patterns are often assumed to be random and indepen-
dent. However, in the biophysical applications that we discuss below, it will be important to
consider the case where stored patterns are correlated.

■ An update rule or differential equation governing the dynamics, e.g., xi(t + 1) = fi(x(t)) for
discrete time or dxi

dt = fi(x(t )) − xi for continuous time (see Equation 8). In the Hopfield
model, the functions fi(x(t)) are chosen in such a way as to ensure that all P patterns {ξν} are
fixed points of the dynamics when the number of patterns P is sufficiently small compared
to the number of neurons N.

■ A P-dimensional order parameter vector m(t) = (m1(t), . . . , mP(t)) that measures the align-
ment of the state of the system x(t) at a time twith each of the P stored patterns. As discussed
below, describing the systems in terms of order parameter offers a rich lens for interpreting
Hopfield dynamics.

■ An energy function (or, equivalently in this case, Lyapunov function) that decreases with
time as a result of the update rule.

What distinguishes model variants from each other is how these basic ingredients are com-
bined to construct the detailed network dynamics. Some models consider discrete variables where
xi = ±1, whereas others use continuous xi. Another major difference between model variants is
how the stored patterns ξµi are constructed. The classic Hopfield model assumes that these are
binary random vectors, whereas other constructions relax this assumption. The biggest difference
between model variants is the choice of nonlinear function fi(x(t)) that defines the update rule.
Here, we focus on three choices for this function corresponding to the classic Hopfield model,
the projection method, and modern Hopfield networks.
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Figure 1

Interpretations of Hopfield models. (a) Hopfield models involve networks of neurons, and the update rule for each neuron depends on
the state of every other neuron. In classic Hopfield networks, each neuron has a binary value, and neurons are connected all-to-all with
pairwise interactions. (b) Hopfield models are also called associative memory models because they compare the system state, x, to a list
of memories, or stored patterns, and retrieve the memory that has the most association with the initial state. States are vectors in
neuron space. In this illustration, the neurons take on binary values, though Hopfield models are flexible enough to allow continuous
values as well. (c) The generalized order parameters {mµ} in Equation 12 can be interpreted as coordinates defining stored pattern
space. They are the result of projecting from the higher-dimensional neuron space down to the subspace spanned by stored patterns.
Blue axes indicate neuron space, black axes are stored pattern space, black circles indicate stored patterns (the νth stored pattern
corresponds to mµ = δµν in stored pattern space), and red circles correspond to the system state [x in neuron space and Px (see
Equation 17) for the projected component]. Panel adapted from Reference 67. (d) The dynamics of the generalized order parameters
for a classic Hopfield network with 3 patterns, 200 neurons, and low temperature (T = 0.01; see Equation 23). The order parameters
are averaged over 500 iterations of the simulation. Each simulation is started with the same initial state, which has some overlap with
the 0th stored pattern, ξ0. As the simulation progresses, the network retrieves the 0th stored pattern, so m0 becomes 1 (indicating
perfect alignment) and mµ ̸= 0 become 0 (indicating no alignment with those stored states).

2.2. Classic Hopfield Network with Random Patterns

In 1982, Hopfield (22, 23) formulated his now classic network as a model of collective compu-
tation. The network consists of N binary-valued neurons that interact with each other through a
pairwise interaction matrix Jij (see Figure 1). At a time t, a neuron can be firing (xi(t) = 1) or silent
(xi(t)= −1).Hopfield dynamics can be synchronous,meaning all neurons are updated at each time
step, or asynchronous, where one neuron fires at a given time step. Here we discuss the latter. At
each time step, a randomly chosen neuron is updated using a dynamical update rule of the form

xi(t + 1) = sign

∑
j ̸=i

Ji jx j (t )

 . 1.

The key insight of Hopfield was the realization that it is possible to choose the couplings Jij in such
a way as to ensure that a specified set of binary patterns (memories) {ξµ} are fixed points of the
dynamics (see Figure 1). Hopfield originally used the case of randomly chosen ξµi, meaning each
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ξµi is independently chosen to be +1 or −1 with equal probability of being +1 or −1. Hopfield
showed that choosing the couplings to be of the form

Ji j = 1
N

P∑
µ=1

ξµiξµ j 2.

ensures that the patterns {ξµ} are fixed points of the dynamics as long as the number of patterns
is much smaller than the number of neurons, PjN.We reproduce this argument in Section 3.1.

Hopfield also showed that these dynamics possess a Lyapunov function,

E = −1
2

∑
i j

xiJi jx j . 3.

To see that E monotonically decreases under the update rule in Equation 1, consider the energy
difference between two states that differ at the kth spin:

1E = E(xk = +1) − E(xk = −1)

=
−1

2

∑
i ̸=k, j ̸=k

xiJi jx j −
∑
j

(+1)Jk jx j

−
−1

2

∑
i ̸=k, j ̸=k

xiJi jx j −
∑
j

(−1)Jk jx j


= −2

∑
j

Jk jx j .

If the state with xk = +1 has lower energy, 1E = −∑jJkjxj < 0 and sign (
∑

jJkjxj) > 0, so the
update rule returns xk(t + 1) = +1. If the state with xk = −1 has lower energy, 1E = −∑jJkjxj >
0 and sign(

∑
jJkjxj) < 0, so the update rule returns xk(t + 1) = −1.

Hopfield’s paper set off a flurry of activity among statistical physicists studying spin glasses (for
a pedagogical and comprehensive account, see 5). One powerful concept that emerged from these
perspectives was a description of these systems in terms of order parameters mµ that measure
the overlap between the current state of the system and stored patterns. For the classic Hopfield
network, these order parameters take the form of generalized magnetizations,

mµ = 1
N

∑
j

ξµ jx j . 4.

Both the dynamical update rule and the Lyapunov function E can be reexpressed in terms of order
parameters. With Equation 2, it is easy to show that the energy function takes the simple form

E = −N
2

∑
µ

(mµ )2.

Wemake use of this expression for E to interpret the dynamics of the Hopfield model in terms of
energy landscapes in Section 3.3.

The dynamic update rule (Equation 1) can be rewritten in terms of mµ as

xi(t + 1) = sign

(∑
µ

ξµimµ(t )

)
. 5.

This form of the dynamical update rule makes it clear that the state of the system is pushed toward
stored patterns with which it has higher overlaps (i.e., patterns with large mµ). The nonlinearity
in the update rule—in this case, the sign function—forces the system to choose between patterns.
However, the almost linear nature of this update rule often results in the presence of spurious
attractors—fixed points of the dynamics that are not the stored patterns. The most common spu-
rious attractors are odd mixtures of existing patterns of the form ξmix = ±sign(±ξµ1 ± ξµ2 ± ξµ2 ).
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Alternative learning rules with different nonlinearities can be constructed that further reduce
the effect of spurious attractors by decreasing the energy of the system in those states (26, 54,
60).

Spurious attractors play an important role in the study of Hopfield networks. As the number
of stored patterns P increases, the form of the dynamical update rule in Equation 5 suggests the
system will be pulled in more distinct directions because the state of the system overlaps with
multiple stored patterns. This frustration in the dynamics ultimately places a limit on the number
of stored patterns that can be successfully recalled, giving rise to the concept of a storage capacity.
In classic Hopfield models, the storage capacity Pmax scales linearly with the number of neurons
N (5, 7, 22). We provide an intuitive explanation for this result in Section 3.1.

Finally, thus far we have limited our discussion to discrete-time updates.However, it is straight-
forward to formulate the dynamics of Hopfield networks in continuous time. To do so, one simply
approximates the discrete update rule using the derivatives as follows:

dxi
dt

≈ xi(t + 1t ) − xi(t )
1t

6.

≈ 1
τ
(xi(t + 1) − xi(t )) 7.

= 1
τ

sign

∑
j ̸=i

Ji jx j (t )

− xi(t )

 , 8.

where xi(t + 1) is the discrete-time update rule, τ is a constant that sets the timescale for the
dynamics, and in going from the second to the third equation we have used Equation 1.

2.3. Storing Correlated Patterns with the Projection Method

Up to this point, we have considered a classic Hopfield model with random patterns. However,
when the patterns are correlated, the classic Hopfield network works poorly. The reason for this is
that the system state x will generically have large overlaps with multiple patterns. Namely, if two
patterns ξµ and ξν are highly correlated, then Equation 4 implies that ifmµ is large, thenmν must
also be large. This interference between patterns gives rise to frustration in the dynamics because
the system is pulled in multiple directions by the dynamic update rule in Equation 5. This results
in increased errors in pattern retrieval and low storage capacity.

Kanter & Sompolinsky (31) proposed a simple modification of the classic Hopfield scheme,
the projection method, that allows for pattern retrieval even when patterns are correlated. The
key insight of this work was to modify Equation 2, the rule for constructing neural couplings Jij,
to account for correlations between patterns. In the projection method, one starts by defining the
correlation matrix between patterns

gµν = 1
N

∑
i j

ξµiξν j . 9.

This matrix is equivalent to a metric tensor constructed from the basis vectors (ξµ, ξ ν ) of the
nonorthogonal pattern subspace (see Section 3.2). Using the typical notation for a metric tensor,
we use lower indices and upper indices to distinguish between covariant and contravariant vectors.
This is helpful for careful tracking of coordinate-invariant quantities like scalars. In line with this
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thinking, we define the inverse of the metric tensor using upper indices:

gµν = g−1
µν . 10.

The dynamics are still governed by Equation 1, but now with the couplings defined according to
the projection rule

Ji j = 1
N

P∑
µ,ν=1

ξµigµνξν j . 11.

In Section 3.2 we give an intuitive explanation of the origins of this rule and why it works. The
basic reasoning is that switching from uncorrelated patterns to correlated ones is equivalent to
switching from an orthogonal basis to a nonorthogonal one.Using a nonorthogonal basis changes
how distances are defined, which is mathematically represented with a metric tensor.

It is also helpful to define decorrelated order parameters,

mµ =
P∑
ν

gµνmν , 12.

that generalize the usual magnetizations (Equation 4). Note that we use a raised index to dis-
tinguish this decorrelated order parameter from magnetizations. When the stored patterns are
orthogonal (i.e., gµν = δµν ), the generalized order parameters are identical to the classic one
(mµ =mµ). A straightforward calculation shows that for coupling as in Equation 11, the Lyapunov
function (Equation 3) takes the simple form (31, 47)

E=−N
2

∑
µ,ν

mµgµνmν

E=−N
2

∑
µ

mµmµ. 13.

Written in this form, it is clear that the energy is a dot product of the states in order parameter
space, with the metric tensor correcting for the distortion of angles due to the nonorthogonality
of patterns. Unless otherwise stated, we assume that patterns are correlated. For this reason, we
make extensive use of both generalized order parameters and magnetizations in what follows.

2.4. Modern Hopfield Networks

The final class of models we discuss is a large class of networks that are commonly called modern
Hopfield networks.ModernHopfield networks generalize classic Hopfield models by introducing
higher-order interactions between spins (18, 34, 35). Unlike classic Hopfield models where the
energy function is second order in the spins (see Equation 3), in modern Hopfield networks the
energy function can have terms of any order.

In this review, we restrict our discussion to exponential modern Hopfield networks where the
dynamic update rule and energy function take the form (14, 37, 52)

xi(t + 1)=
∑

µ

ξµiσ
µ(βmµ(t ))

E(t )=−
∑

log

(∑
µ

exp(mµ(t ))

)
+ 1

2

∑
i

x2i (t ), 14.
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Table 1 A comparison of classic and modern Hopfield networks

Classic Exponential modern
State variables Typically binary (xi = ±1) Typically continuous (xi ∈ RN )
Dynamics xi(t + 1) = sign(

∑
µξµimµ(t) xi(t + 1) = ∑

µξµiσ
µ(βmµ(t))

Energy function E = − 1
2
∑

i j xiJi jx j = − 1
2
∑

µ(mµ )2 E = −∑ log(
∑

µ exp(mµ )) + 1
2
∑

i x
2
i

Pattern storage
capacity

Linear in the number of neurons
(Pmax ∝N )

Exponential in the number of neurons
(Pmax ∝2N)

where σ is the soft-max function with an inverse temperature parameter β,

σµ(βmµ ) = eβmµ∑
ν eβm

ν , 15.

and mµ is as in Equation 12. A visualization of the energy function is shown in Figure 3a. One of
the advantages of these dynamics is that unlike the classic Hopfield network, both the neurons x
and the patterns ξ can be real valued.

For sufficiently small temperatures, it is easy to show that the stored patterns ξµi are fixed
points of the dynamics. To see this, it is helpful to rewrite the dynamic update rule entirely in
terms of generalized order parameters. To do this, we multiply both sides of the dynamic update
rule by 1

N

∑
ν g

γ νξνi and sum over i to get

1
N

∑
i,ν

gγ νξνixi(t + 1)= 1
N

∑
µ,ν

gγ ν
∑
i

ξνiξµiσ
µ(βmµ(t ))

∑
ν

gγ νmν (t + 1)=
∑
µ,ν

gγ νgνµσµ(βmµ )

mγ = σ γ (βmγ (t )), 16.

where in the second line we have used Equations 4 and 9, and in the third line we have used
Equation 12 and the fact that

∑
µgγ νgνµ = δγµ. Notice that in the zero temperature limit T → 0,

β → ∞, any order-parameter vector m = (0, . . . , 0, 1, 0, . . . , 0) with mγ = 0 for all γ ̸= λ (with
mλ = 1) is a fixed point of the dynamics. This is because σ γ (βmγ ) ≈ 0 for γ ̸= λ and σ γ (βmγ ) ≈ 1
if γ = λ. Just like in the classic Hopfield networks, the network retrieves the stored patterns it is
closest to.

The update rule for modern Hopfield networks bears some striking similarities to the classic
Hopfield construction. It involves a nonlinear function moving the system toward the state with
the highest alignment mµ. Now, however, the nonlinearity is a soft-max function instead of a sign
function, leading to exponential storage capacity (37) (see Section 3.3 for an intuitive explana-
tion). Additionally, the stored patterns are outside the nonlinearity in the sum, which allows for
continuous-valued stored patterns.Table 1 provides a comparison of modern and classic networks.

3. INTERPRETATIONS OF HOPFIELD DYNAMICS

Section 2 introduced the mathematics of the Hopfield model. In this section, we focus on devel-
oping intuition. To do so, we present different perspectives through which one can view these
systems, each of which emphasizes a different aspect of these networks.
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3.1. As Retrieving a Signal

One way of interpreting Hopfield dynamics is as a system that discriminates between a target
pattern—the pattern it is most aligned with and is expected to converge to—and the nontarget pat-
terns. In other words, the system picks out the signal of the intended pattern from the noise caused
by interference from other patterns. This interference is due to random overlaps between stored
patterns, which become more significant when there are a large number of patterns relative to the
number of neurons. For simplicity, we demonstrate this concept using the classic Hopfield model
with orthogonal stored patterns, but the intuition presented here holds in more general settings.

Suppose the system is in the stored state corresponding to pattern ν (xi = ξ νi). The correct be-
havior of the system is to remain in the target pattern ν and not to flow to other patterns.However,
if the number of stored patterns P is close to the number of neuronsN, interference fromnontarget
patterns can cause errors in retrieval and even destabilize the fixed point corresponding to the tar-
get pattern.To see this, consider the update rule in Equation 1 with couplings given by Equation 2.
When the system state is aligned with the νth pattern, x(t ) = ξν , the update rule takes the form

xi(t + 1) = sign

 1
N

∑
µ, j

ξµiξµ jξν j


= sign

 1
N

∑
j

ξνiξν jξν j +
∑
µ ̸=ν, j

ξµiξµ jξν j


= sign

 1
N

Nξνi +
∑
µ ̸=ν, j

ξµiξµ jξν j


= sign

ξνi + 1
N

∑
µ̸=ν, j

ξµiξµ jξν j

.

The first term inside the sign function is just the target pattern and can be thought of as the
signal. The second term is an interference term that comes from the nontarget patterns and can
be thought of as noise. Whether the dynamics remain in the correct pattern depends on the
relative magnitude of these two terms. When the second term becomes nonnegligible, there will
be errors in pattern storage and retrieval. In extreme cases, this noise term overwhelms the signal
and the pattern is no longer stable.

Since ξµi are drawn randomly, the interference term is a sum of the product of three random
variables. Because ξµi = ±1, this sum is like a random walk over (P− 1)N random steps. The error
caused by this interference term is the variance of a random walk (equivalently, it is the variance
of a sum of random variables, so one can apply the central limit theorem).We can rewrite the sum
in terms of the mean µw (which is zero for a random walk), variance σw, and a random normally
distributed variable z ∼ N(0, 1):

P,N∑
µ ̸=ν, j

ξµiξµ jξν j = µw + σwz

= 0 + z
√
(P − 1)N .

This yields the following equation for the update rule.

xi(t + 1) = sign

(
ξνi +

√
(P − 1)N
N

z

)

≈ sign

(
ξνi +

√
P
N
z

)

Review in Advance. Changes may 
still occur before final publication.

www.annualreviews.org • Hopfield Models 331



D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.

or
g.

  B
os

to
n 

U
ni

ve
rs

ity
 (

ar
-2

22
73

7)
 IP

:  
12

8.
19

7.
28

.1
62

 O
n:

 W
ed

, 2
2 

A
pr

 2
02

6 
15

:3
1:

39

BB55_Art16_Mehta ARjats.cls January 24, 2026 9:28

The error in memory retrieval scales like
√

P
N . For this reason, the number of network neurons

must be much larger than the number of stored patterns to keep the errors low. This expression
also shows that the storage capacity scales linearly with the number of neurons, Pmax ∝ N. An
analogous argument can be formulated for modern Hopfield networks and one finds that the
storage capacity is exponential in the number of neurons N (14, 37, 52).

3.2. As Projection onto a Subspace

Another insight into Hopfield models comes from recognizing that the transformation from the
state space of the system xi to order parameters mµ can be viewed as change of basis from neuron
space to pattern space.This way of thinking aboutHopfieldmodels is especially powerful when the
number of patterns is less than the number of neurons P ≤N. As shown in Figure 1b, in this case,
the patterns span a subspace of the full neuron space whose natural basis is the patterns themselves.

In particular, we can construct a projection matrix P that acts on a state x and projects it down
to the subspace spanned by the stored patterns. From basic linear algebra, we know that this
projection matrix takes the form

Pi j =
∑
µ,ν

ξµigµνξν j , 17.

where gµν is the inverse of gµν given in Equation 9. It is easy to verify that this is indeed a projection
matrix by confirming that P 2 = P. In terms of the projection matrix, we can decompose a vector x
into a component that lies in the pattern subspace and a component orthogonal to this subspace,

x = Px + x⊥, 18.

where by definition x¥ = (I − P)x. Using Equation 12, this decomposition can be written as

xi =
∑

µ

mµξµi + x⊥
i . 19.

This expression shows that the generalized order parameters mµ are the natural coordinate sys-
tem for describing the state of the system in terms of patterns. The projection method gets its
name from the fact that the couplings Jij defined in Equation 11 are exactly the projection matrix
Jij = Pij. With this in mind, we see that the energy of the classic Hopfield model in Equation 13
is simply the magnitude of the orthogonal component of the current state, namely E = x¥ · x¥

in the case of states with constant magnitude (in other words, 1
N x · x = 1). Minimizing Hopfield

energy is equivalent to minimizing the magnitude of this orthogonal component, which is the
same process used in least squares linear regression.

Thus, far we have focused our discussion on classic Hopfield models.However, this perspective
also sheds light on dynamics of modern Hopfield networks. By substituting Equation 16 into
Equation 14, we can rewrite the dynamics of the modern Hopfield network as

xi(t + 1) =
∑

µ

ξµimµ(t + 1). 20.

This equation emphasizes one of the key intuitions behind modern Hopfield networks: The nat-
ural space for thinking about dynamics is not neuron space, x, but pattern space,m. The dynamics
occur in pattern space and are then converted to neuron space by the stored patterns, {ξ}. The
primary constraint on the dynamical system in pattern space is that its attractors are located on
the vertices of the simplex (i.e., the points mµ = δµν are attractors for all stored patterns ν). This
is generally achieved using a nonlinear function, such as sign or soft-max, that takes mν as input
and limits the dynamics so that |mν | ≤ 1. Section 3.3 shows how one can use these ideas to think
about Hopfield models as gradient-like systems.
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3.3. As Traversing a Landscape

Hopfield models are famously energy-based models: They generally have an associated Lyapunov
or energy function that decreases as time passes. In other words, Hopfield dynamics descend an
energy landscape and find minima corresponding to stored patterns. As previously mentioned, the
energy for the classic Hopfield model with generalized order parameters is

Equad = − 1
2N

∑
i,µ,ν, j

xiξµigµνξν jx j = −N
2

∑
µ

mµmµ. 21.

This energy has the same form as an Ising model with all-to-all pairwise interactions, a model
that lives in infinite dimensions. This makes it hard to visualize this energy landscape for a generic
choice of couplings Jij. However, Hopfield models have a built-in dimensional reduction: the or-
der parametersm. In terms of mµ and mµ, E quad is a quadratic function. As shown in Figure 2a,b,
it is simply an inverted P-dimensional parabola centered atm = 0. The dynamics of the Hopfield
model cause the system to move down this parabola. However, the system does not descend in-
definitely; it is restricted by the nonlinearity in the dynamics. The trajectories are limited to those
allowed by the sign, soft-max, or other nonlinear function. One of the restrictions imposed by the
nonlinearity is a bound on m-space, such that |mµ| ≤ 1.

To see this, one can rewrite the dynamics of both classic and modern Hopfield models in terms
of E quad as

xclassici (t + 1) = sign

(
− 1
N

∑
µ

ξµi
∂Equad

∂mµ

)

xmodern
i (t + 1) =

∑
µ

ξµiσ
µ

(
− β

N
∂Equad

∂mµ

)
.

This shows that the update rule of both classic and modern networks performs a gradient-like
descent on the parabolic landscape defined by E quad but rectified through different nonlinear
functions (a sign function for the classic model, a soft-max function for the exponential modern
network). The sharper nonlinearity used in the modern Hopfield model amplifies small differ-
ences in the gradients in pattern space, allowing these networks to have a dramatically higher
storage capacity than classic models. Figure 3b,c shows the trajectories of the exponential mod-
ern Hopfield model inm-space, with each point colored by the quadratic energy E quad. Although
the nonlinearity in dynamics changes the trajectories, in both cases the system ultimately descends
the parabolic energy landscape defined by E quad.

While the order parameters m provide a natural, lower-dimensional set of coordinates to ob-
serve the energy landscape, the large number of patterns being stored makes it difficult to visualize
the full dynamics in pattern space. To get a broad view of a system with many attractors in one
plot, one can use dimensional reduction methods like principal component analysis (PCA) (1, 27).
Figures 2c and 3d–f use PCA to visualize the energy landscape for the classic and modern mod-
els with varying numbers of stored patterns. When the Hopfield model is in the regime of stable
retrieval, the quadratic energy decreases along the trajectory of the dynamics.

Up to this point, we have restricted our discussion of the classic Hopfield model to zero tem-
perature (T = 0). In analogy to spin systems like the Ising model, one can introduce a nonzero
temperature T that allows spins to flip stochastically via Glauber dynamics. This involves replac-
ing the deterministic update rule in Equation 1 with a temperature-dependent stochastic rule that
depends on energy differences. More precisely, at each time step, we choose a random spin i and
update its state at the next time step with probabilities

Pr(xi(t + 1) = +1) = eE+1/T

eE+1/T + eE−1/T
22.
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Figure 2

Energy landscape of the classic Hopfield model. The energy is an inverted parabola in the space of the order parameters, {mµ}, as in
Equation 21. The stored patterns are shown as black circles with white outlines, and the negatives of the stored patterns are shown as
white circles with black outlines. (a) The energy as a function of just one order parameter,m0, with mµ ̸= 0 = 0. The stored pattern
ξµ = 0 and its negative ( − ξµ = 0) are located at m0 = 1 and m0 = −1, respectively. These points act as attractor states because Hopfield
dynamics descend the energy landscape but are restricted to |m0| ≤ 1 (this constraint is shown with a dashed line). (b) The energy
landscape in two dimensions. (c, i) The phase diagram of the classic Hopfield model. The x-axis is the ratio of patterns to neurons, α =
P/N. The y-axis is the temperature of the Glauber dynamics (see Equation 23). Above the Tm curve, the model acts as a spin glass with
many local minima. Below this curve, the stored patterns are metastable states. Below the Tc curve, the stored patterns are stable states
and act as attractors. This is the region of stable retrieval. Subpanel adapted with permission from Reference 7; copyright 1985
American Physical Society. (ii–iv) Three principal component analysis plots of Hopfield network dynamics, x(t), in the three phases with
varying α, at T = 0.25. Each plot shows many trajectories of Hopfield models, with each trajectory starting at a different random state.
Each state is colored by the energy. States in the center are early in the trajectory while states toward the periphery correspond to later
time points. (ii) Hopfield dynamics in the stable retrieval phase. The trajectories show an inverted parabola, as in panel b, with the stored
patterns (and their negatives) at the global minima, or outer edges, of the parabola. (iii) Hopfield dynamics in the metastable retrieval
phase. The trajectories still create a landscape that looks similar to panel b, but now some stored patterns are located at the inner part of
the parabola rather than at the global minima. (iv) Hopfield dynamics in the spin glass phase. The energy landscape has many local
minima, and stored patterns are not located at the global minima. The Hopfield model no longer retrieves the stored patterns.
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Figure 3

Energy landscape of the exponential (soft-max function) Hopfield model. (a) The log-sum-exp energy of Equation 14 plotted in two
dimensions as a function of order parameters {mµ}. Each stored pattern has its own basin of attraction, which is separated by energy
barriers. The soft-max function limits the dynamics, such that

∑
µmµ ≤ 1, so that although the stored patterns are not at the minima of

the energy function, they are at the lowest energies accessible to the system. (b–f ) Scatter plots of trajectories colored by the classic,
quadratic energy in Equation 21 show that the soft-max Hopfield model also descends an inverted parabola, although the dynamics
restrict the trajectories differently than in the classic Hopfield model. For each scatter plot, the continuous exponential Hopfield model
is initialized at many random states and then evolved. In each system, the number of neurons is N = 100 and the temperatures are set so
that the system is well within the regime of stable pattern retrieval (β = 100 logP). (b–d) Dynamics for three stored patterns.
(b,c) Trajectories as a function of the order parameters {mµ} in two and three dimensions. The order parameters provide a natural
dimensionality reduction of the system, with the stored patterns forming a P − 1 simplex in this space. The stored patterns are the
vertices of this simplex. (d–f ) Principal component analysis allows visualization of the P − 1 simplex in two dimensions. In each case, the
trajectories are restricted to the simplex while moving down the inverted parabola in Equation 21 and Figure 2. (d) Trajectories for P =
3. (e) Trajectories for P = 10. ( f ) Trajectories for P = 50. Even in the case of many stored patterns, the system achieves stable retrieval.

Pr(xi(t + 1) = −1) = eE−1/T

eE+1/T + eE−1/T
, 23.

where E±1 = E(xi = ±1) is the Hopfield energy with the ith spin set to ±1. The addition of
temperature introduces randomness. When T is small, the Hopfield model retrieves patterns in
a manner similar its zero temperature behavior. When T is large, the model fails to retrieve the
stored patterns and instead follows random trajectories.

The phases of the Hopfield model at varying temperatures and pattern-packing fractions
α = P

N have been studied extensively (5–7, 41). The phase diagram is shown in Figure 2. The
Hopfield model can perform accurate pattern retrieval below the Tc curve. This corresponds to
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a parameter region with low temperatures and small pattern-packing fractions α j 1. In this re-
gion of the phase diagram, the stored patterns are global minima of the energy landscape. This
can be seen in Figure 2c, subpanel ii, which looks very similar to the quadratic zero-temperature
landscape shown in Figure 2b.

When the number of stored patterns increases to a point between the Tc and the Tm curves, the
model is in the metastable retrieval phase. Some, if not all, stored patterns are metastable states:
They are local minima but no longer global minima. Even if a stored pattern is retrieved, the
system may leave that state due to fluctuations. The energy landscape for the metastable phase is
shown Figure 2c, subpanel iii.While the energy still resembles a quadratic potential, some stored
patterns are in the inner parts of the potential, at higher energy states than other points along the
trajectories. Finally, the Hopfield model’s pattern retrieval ability is completely destroyed in the
spin glass phase, where the number of patterns exceeds the storage capacity, the temperature is
too high, or both. In this phase, stored patterns aren’t minima at all. In Figure 2c, subpanel iv,
the energy landscape looks less quadratic and more irregular, and the stored patterns are scattered
throughout the two principal components.

3.4. Other Perspectives

The literature onHopfieldmodels is vast and this review is far from comprehensive. In this section,
we present a small sampling of other ways to understand these models. Much of the literature on
modern Hopfield networks is motivated by an interest in interpretable machine learning. This is
because Hopfield models are a case of neural networks that can be studied by analytical methods,
and they can also be reinterpreted as restricted Boltzmannmachines (3, 8, 40, 56).Many tools from
the statistical physics of spin glasses, such as the cavity and replica methods, have been applied to
understand the behavior of Hopfield networks (2, 41). Additionally, there is a large body of work
dedicated to finding the storage capacity and scaling of spurious states of Hopfield models with
different interactions, interaction functions, learning rules, and so on (2, 14, 18, 35, 37, 44, 52).

Before proceeding to biophysical applications, we discuss one final useful perspective on these
models inspired by the bipartite structure of restricted Boltzmann machines and the biology of
neural connections (34). Instead of formulating Hopfield models in terms of all-to-all connected
neurons xi as in previous sections, this construction involves dividing the neurons into two groups:
visible neurons, vi, and hidden neurons, hµ. Connections are allowed between hidden and visible
neurons, but no connections are allowed between neurons in the same group. In this construction,
correlations between visible neurons are induced entirely by hidden units.

The dynamics of these networks can be written as

τ f
dvi
dt

=
Nh∑
µ

ξµi fµ − vi + Ii

fµ = ∂Lh

∂hµ

τh
dhµ

dt
=

N f∑
i

ξµigi − hµ

gi = ∂Lv

∂vi
,

where τ f and τ h are constants that set the timescale for dynamics; Ii is the input current to the
visible neurons (which we set to zero for the Hopfield models described above); and fµ and gi are
nonlinear functions that describe the outputs of hidden neuronµ and visible neuron i, respectively,
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and are defined in terms of derivatives of Lagrangian functions, denoted Lh and Lv for hidden and
visible neurons, respectively. It is possible to show that these dynamics admit a Lyapunov function
of the form

E =
[∑

i

(vi − Ii )gi − Lv

]
+
[∑

µ

hµ fµ − Lh

]
−
∑
µ,i

fµξµigi.

Different choices of Lh and Lv give rise to different forms ofHopfield dynamics, including the clas-
sic and modern exponential models. For example, these dynamics reduce to those of the modern
exponential model when the Lagrangians are chosen to be

Lh = log

(∑
µ

ehµ
)

Lv = 1
2

∑
i

v2
i ,

with the additional assumption that the hidden neuron dynamics are fast (τ h = 0). In this limit,
dhµ
dt = 0 and the hidden neurons become equivalent to the order parameters because hµ =∑

iξµigi.

4. HOPFIELD MODELS AS A LENS FOR UNDERSTANDING
BIOLOGICAL FUNCTION

In this section, we discuss examples of biological systems in which Hopfield networks or asso-
ciative memory has been used to model complex biophysical phenomena. We focus on three
applications where this approach has been especially fruitful: (a) the epigenetics of cellular
identity and cell fate transitions, (b) self-assembly, and (c) neural representations in the context of
spatial navigation (see Figure 4).

Stored patterns
Neurons,

state variables Retrieval dynamics

Genes,
gene expression

Interactions 
between neurons

Cell types DifferentiationGene regulation

Molecules,
molecular

concentrations

Binding strength,
concentrations

Structures Self-assembly

Neurons,
neuron firing state

Neural connections Spatial environments Mental exploration/
memory retrieval

Cell types

Stored patterns

Structures

Differentiation

Retrieval dynamics

Self-assembly

Figure 4

Hopfield networks have been used as models of emergent function in cell fate differentiation, molecular
self-assembly, and spatial memory. For each of these biological contexts, the analogies to Hopfield neurons,
interactions, stored patterns, and retrieval dynamics are shown. In differentiation, stem cells specify into cell
types through changes in gene expression. In self-assembly, different concentrations of promiscuous
molecules lead to the assembly of different stored structures. In spatial memory retrieval, neurons known as
place cells are responsible for retrieving mental maps of known environments.
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4.1. Cell Fate Transitions and Epigenetics

Many animals have organs composed of highly specialized cells with distinct functions (e.g., lung
secretory cells, red blood cells). These cell types arise during development via the dynamic pro-
cess of differentiation. The stability and robustness of a cell’s identity once it has been acquired
suggest that stable cell fates correspond to dynamical attractors of the genetic and epigenetic reg-
ulatory networks governing cellular differentiation. This idea was popularized by Waddington’s
(61) now famous landscape metaphor, in which the developmental pathways leading from em-
bryonic stem cells to mature types were analogized with canals or valleys in a landscape. Other
works suggest that diseased states may also correspond to attractor states created by mutations or
reached through a failure to transition between healthy states (38, 58, 62).

There is a growing body of work attempting to formalize the Waddington metaphor using
dynamical systems theory andHopfieldmodels (10, 16, 17, 19, 28, 32, 42, 51, 53, 55, 57, 63).During
differentiation, developmental gene regulatory networks use chemical and mechanical signals to
guide the state of cells to particular cell fates. Like patterns in a Hopfield model, different cell
types are stored and then retrieved by the cell (see Figure 1). This has inspired work on modeling
cell identity using Hopfield-inspired networks (10, 32, 36, 50, 55, 68). In these models, the state
of the cell, x, encodes the global gene expression profile (or alternatively, the state of various
developmental enhancers), in which xi is the expression of the ith gene/enhancer. The stored
patterns {ξ} correspond to the gene expression profiles of stable cell fates, in which ξµi is the
expression of the ith gene in the µth cell type. These gene expression profiles are often highly
correlated, especially for cell types within the same organ, so it is important to use the generalized
order parametermµ to describe the state of the system. In the developmental context,mµ measures
the similarity between a cell’s current gene expression profile x and the gene expression profile
characterizing cell fate µ.

The use of generalized order parameters {mµ} as coordinates of cell fate space has proved ex-
tremely useful for analyzing high-dimensional gene expression data and is especially suited for
making use of the vast amount of single-cell RNA-sequencing data contained in developmental
atlases (21, 29, 36, 50, 67). In particular, the use of Hopfield-inspired order parameters provides a
powerful and interpretable alternative to stochastic dimensional reduction techniques like t-SNE
and UMAP for analyzing and visualizing gene expression data (13, 39, 59). By calculating the gen-
eralized order parameters mµ for cells, we can assign every cell a unique coordinate in cell fate
space. This coordinate system can be used for both visualization and classification of cells into cell
fates. Because the stored memories are calculated directly from single-cell atlases and are fixed,
order parameter–based methods also allow for robust inferences of cell identity that are consistent
across samples and time (67).

Whereas the previous works focus on gene expression, work by Owen et al. (46) uses the lens of
the Hopfield models to explore how the 3D organization of chromatin allows cells to implement
epigenetic memory. Within the model, chromatin regions play a role analogous to neurons, with
connections between regions controlled by chromatin modifications. These couplings are learned
through a “mark together, park together” learning rule analogous to the “fire together, wire to-
gether” rule implied by Equation 2. Finally, the mark dynamics play a role similar to that in the
dynamic update rule in Equation 1.

4.2. Self-Assembly

A growing body of work has begun to reveal a deep and surprising connection between the physics
of self-assembly and the dynamics of associative memory in neural networks (11, 12, 15, 43, 69).
At the heart of this connection lies a simple but powerful idea: Just as a Hopfield network retrieves
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a stored memory from a partial cue, a multicomponent molecular system can self-organize into
a target structure in response to incomplete or noisy chemical inputs. Though these works focus
largely on simpler in vitro biophysical and soft-matter systems, they suggest that the uncanny
ability of biological systems to reuse the same components to form different structures may also
be governed by Hopfield-like design principles.

In these systems, the roles of neurons and couplings are played by physical components and
their interactions. The state of the system at any time can be described by the concentration of
molecular components, for example, different species of proteins, DNA strands, chemical build-
ing blocks, or concentration of a liquid component. Couplings between neurons are replaced by
pairwise interaction strengths between components. A major new source of complication in these
systems is nonspecific binding between components. This nonspecific binding causes interfer-
ence between target structures analogous to interference between patterns in the classic Hopfield
model, ultimately limiting the capacity of these networks to form disparate structures.

4.3. Neural Representations

Finally, we briefly note that there has been a renewed interest in Hopfield models in the context
of neural representations of spatial structures in the hippocampus (for a review of these develop-
ments, see 64; 65, 66). In this context, the stored patterns correspond to internal maps of different
locations that have been learned by the individual. Retrieval of a pattern corresponds to mentally
exploring an internal map when presented with initial conditions similar to a known environment.
While a detailed account of this literature is beyond the scope of this review, there are several in-
teresting developments in the debates on cognitive maps that are likely to be of interest to the
broader biophysical community.

These works suggest that Hopfield models can generalize beyond memorizing patterns in or-
der to learn latent representations, which correspond to a broader manifold of states than patterns
alone.This raises the question of howHopfield-like models generalize to newmemories that were
not explicitly a priori specified (64, 66). This topic has also been explored from a statistical physics
perspective in References 30 and 44. In many biophysical applications, we would like the system
to function for a whole class of patterns, structures, memories, or cell types that are drawn from
a probabilistic ensemble with shared characteristics. How can we generalize Hopfield models to
account for this by learning latent representations in addition to memorizing patterns?

Another development concerns the ability to extend Hopfield models to include additional
sensory inputs and control signals that shape stored memories (64). In the context of spatial neural
representations, this often involves debates about if and how input from the cortex binds together
memories stored by the hippocampus. This raises the more general question of how one can
modify Hopfield models to account for landscapes where memories are dynamic, with attractors
becoming stable and unstable depending on external cues. A similar question has been explored by
Yampolskaya et al. (68) in the context of cell fate identity where developmental signals play a role
analogous to cortex signals. Both areas represent interesting directions for further investigation.

5. CONCLUSION

Hopfield models offer a striking example of how simple dynamical rules in high-dimensional
systems can give rise to robust, emergent function in biology. These models provide a powerful
lens through which to understand phenomena ranging from cell fate decisions to molecular
self-assembly to neural representation. In this review, we have presented a self-contained and
pedagogical introduction to this rich body of work, with an emphasis on building intuition by
exploring multiple perspectives through which to view these models. While the mathematical
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details may vary across systems, this conceptual lens reveals common biophysical principles that
underlie emergent function in diverse biological contexts. More broadly, Hopfield models serve
as a compelling example of how a well-posed mathematical model can connect the properties
of microscopic interactions to macroscopic behaviors. As we continue to search for organizing
principles that govern collective dynamics in biology, the Hopfield model remains an essential
conceptual tool for understanding emergent function in biophysical systems.
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