Supporting Information: Thermodynamics of Statistical Inference by Cells

Alex H. Lang,! Charles K. Fisher,! Thierry Mora,?2 and Pankaj Mehta!

1 Physics Department, Boston University, Boston, Massachusetts 02215, USA
2 Laboratoire de physique statistique, CNRS, UPMC and Ecole normale supérieure, 75005 Paris, France
(Dated: September 24, 2014)

Contents

Notation 1
Detailed Derivation of General Uncertainty 1
General First Passage Time 3
First Passage Time: 2 Signaling States 4
First Passage Time: L Signaling States 5

Derivation 5

Results 6
Steady State Probabilities 7
Average Sampling Rate: n 8
Entropy Production: e, 8
Ansatz for 2 Signaling State Receptor 9
Simulated Annealing 10
Scaling with Temperature 10
References 11

NOTATION

Here we provide more details of the results in the main text. First, we outline our notation. The time dependent
probability of state i is p; = p;(t), while the steady state probability of state i is pi®. The Laplace transformed
probability of state ¢ is P;(s). The rate to go from state ¢ to state j is k;;. The probability to transition from state ¢
to state j is ¢;;. The time it takes to transition from state  to j is 7;;. The first passage time is given by f(t) while
the Laplace transformed first passage time is F(s). The lifetime of state i is p;.

DETAILED DERIVATION OF GENERAL UNCERTAINTY

Here we derive formulas for the accuracy of statistical inference when the activated signaling states continuously
produce signals. Following Berg and Purcell [1], we will measure the accuracy of a receptor by the “uncertainty” of
the concentration estimate:

((d0)?)

uncertainty := = (1)

where ¢ is the mean and {(§c)?) is the variance of the estimated concentration.



Let us consider the case where activated signaling states produce downstream signaling molecules at a rate a. We
will define Tg as the mean lifetime of the signaling states and 7yg as the mean non-signaling time. Then, we know
that the mean number of signaling molecules u produced after a time 7" is given by

7 _
u=aTl <S> =aTé (2)
Ts +TNsS
This follows by noting that ¢ is just the fraction of time the receptor is in the signaling states. Notice that by definition,
« and T are independent of the concentration c. The signaling time Tg, can in principle depend on concentration,

and for L signaling states is given by

L
Ts = Zpom'o (3)
i—1

where pg; is the probability to transition from state 0 to state i, and 7;¢ is the mean time to return from state ¢ to
state 0. Since we assume the receiving state is strongly biased (i.e. ko; is much larger than any other rate ko; from
non-signaling, 0, to signaling state i), then the derivative of the signaling time with respect to concentration is:

dTs o
Pl . 4
de For (T10 + Tio) (4)

=2

Since this is by assumption small, we will approximate Tg as independent of concentration, and thus all the concen-
tration dependence comes from 7yg. Thus, using the usual error-propagation formulas one has

1) dT 1
fu = - TNS ——dc (5)
U dc Ts+TNs

which gives the uncertainty for the concentration:

The formula above reduces the problem to calculating the uncertainty in the number of signaling molecules produced
in a time T. To calculate this, notice that @ comes from on average N = T/(Ts + Tns) independent binding cycles

s . . . . . . a1 - -1
(state 0 to state 1 transition). Thus, the variance in the fraction of time bound during a time 7' will just be N
times the variance in a single binding cycle. In particular, the coefficient of variation in a single cycle is given by

) T ot ot
o T f(m) ()] ™
10) TS +TNS TS TNS

Noting that the signaling and non-signaling events are independent, we get

(Ou?) 1 s\ [{0mns)?) | {(975)%)
=) [

Ts +TNs

w2 N s 7%

Plugging this expressions into (6) gives
)

(5e)) 1 (Cdlog(TNs))_2 [((6ms)2> N <(5Ts>2>} 9)

@ N de s T3

Therefore the complicated response of a receptor is reduced to its mean and variance of the time in both the
signaling and non-signaling states. In this paper, we will examine the case where there is a single non-signaling state
(0) and there are L signaling states arranged in a ring. In this case, the above expression simplifies to (leading order
kor/ko1):

((d75))
= — 142254 10
s N [ T (10)
For a two state process as considered by Mora and Wingreen [2], there is only the receiving state and one signaling

state. These are just Poisson processes which each have an uncertainty of 1 and we recover the Berg and Purcell [1]
limit

(11)



GENERAL FIRST PASSAGE TIME

We need to calculate the first passage properties of the Markov chain, specifically the mean and variance of the
first passage time. This can be calculated as follows [3, 4]. The master equation that we want to solve is % = Kp(t).
First apply the Laplace transform

Pi(s) = / pi(t)e stdt (12)
0
which leads to the master equation
(s — K)P(s) =p(t =0) (13)

with K the matrix of transitions for the full system but with the transition rates leaving the absorbing states set to
Zero.
The first passage time to return to state 0 is

ft) = dpgt(t) (14)
F(s) = sPy(s) (15)

For our purposes, we only need the mean and variance of the first passage time. This is easily obtained by the
uncentered moments

o d™F(s)
e — [ Temp) = oy S0 (16)
0 dSm s=0
where m = 1 is the mean and m = 2 is the uncentered second moment.
In general we know that 7., the spent in state z, is drawn from a mixture where it can switch to states j = 1,2, ....
The variance of mixtures is X = ) . w;X;, where w; are arbitrary weights and X; are random variables drawn from
distributions with mean p; and variance ;. Combining equations we get:

Var(X) = Zwi (i = p)* + o7 (17)

with g =", w;p,.
We can get the time spent in state xz, 7., by using the variance mixture formula combined with 7;, and Var(r;,),
respectively the mean and variance first passage time of starting in state ¢ and ending in state x. This gives us

kxi
Zj K

-1

po = (e (20)

2
Var(re) = Y quiVar(tia) + Y ui (Tm -3 qu:Tkz> (21)
% i k

where ¢,; is the probability of transitioning from state x to state i, k;; is the rate to go from state = to state i, and
po is the lifetime of state x.

In this paper, we have one non-signaling state and the other L states are signaling. Therefore, we will let state 0
be the absorbing state, and it can initially transition to state 1 and state L. The above equations then simplify to

qo1T10 + Q0LTLO (22)
Var(ry) = qgo1Var(io) + qorVar(tro) + 290190z (T10 — Tro) (23)
gor = 1—qo1 (24)

7o



FIRST PASSAGE TIME: 2 SIGNALING STATES

Here we calculate the mean and variance of the first passage time to return to state 0 from either state 1 or 2. The
master equation that we need to solve is % = Kp(t). The matrix rates are:

k1o fori=0and j=1
k12 fori=2and j=1
koo fori=0and j =2
Kij = q ko fori=1and j =2 (25)

—(k10+ k12) fori=1land j=1
—(koo + ko21) fori=2and j=2

0 everywhere else

While the initial conditions are set by the rates kg1 and kge, for the purposes of the first passage time calculation,
the rates from 0 to 1 (ko1) and from 0 to 2 (kg2) are both set to zero, ko1 = ko2 = 0.
The Laplace transform for the initial condition of starting in state 1 is:

F(s) = sPy(s) = kioP1 + k2o P (26)
with
kioko1 |
P = [Fl k2 21} 27)
Iy
k
P = £P1 (28)
I
I, = s—i—p;l (29)

We can obtain mean and variance from

dF
_ e 30
=l (30)
d?F
Var(’r) = @ o _FQ (31)
The mean and variance of the first passage time from starting in either state 1 or state 2 is:
_ 1+ k12p2 k1o + koo + k21
10 . k12ka1p1p2 13 (32)
_ 1+ ka1p1 k1o + k12 + ko1
20 P2 1~ kioko1pipo ¢ ( )
k12 (k1o — k20) ki2(k10 — k20)
\% = Tio |1+ 203~ | =T T2 34
ar(710) T10 [ P2 (1 + kiapo)? T10 €2 (34)
ka1 (k2o — K10) k21(k10 — k20)
Var = 72 [142p22~=0 2 2 gy 35
(T20) 720 [ P1 (1 + ka1p1)2 20 £z (35)
& = kiokao + kioka1 + k12k20 (36)

where the second equality holds as long as £ # 0.



FIRST PASSAGE TIME: L SIGNALING STATES

Derivation

Here we calculate the mean and variance of the first passage time in a L + 1 state chain. The master equation that
we need to solve is Z—t = Kp(t). The matrix is indexed from 0 to L and the rates are:

k10 fori=0and j=1
kro fori=0and j=1L
f fori=j+land1<j<L
b fori=j—land1<j<L
Kij = oriv=) an << (37)

—(f+kyp) fori=1landj=1
—(f+0b) fori=jand1<j<L
—(kpo+0b) fori=Landj=1L

0 everywhere else

While the initial conditions are set by the rates kg1 and ko, for the purposes of the first passage time calculation,
the rates from 0 to 1 (ko1) and from 0 to L (kor) are both set to zero, ko1 = kor, = 0.
For later convenience we define the following ratio of rates:

_f
0= 3 (38)
o = % (39)
w = % (40)

We can use a transfer matrix to find a general solution (for non-degenerate eigenvales, i.e. 6 # 1) to the state
probability as

Pi(s) = Cy N 40Nt (41)
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FIG. 1: Simplified rate structure considered for L signaling states first passage time calculation. The rates ko1, k10, kro, koL
are unconstrained, while the remaining forward rates are equal, f = k12 = ko3 = ... = kr—1,1 and the remaining backward
rates are equal, b = ko1 = k3o = ... =kr,r—1.



Solving for the the expressions 1 < i < L leads to

A = i(s+f+bj:\/(s+f+b)2—4fb)

2b
= %(a:ﬁ:\/cﬂféw):%(o:tw)
s
= -460+1
o b+ +
Y = Vo?—40

With the initial condition of starting in P;, the boundary equations for P, and Py, are:

(CT+O£ — 1) (C+ -+ C_) = 1/b+ (C+A+ + C_)\_)
(04 (w—1)0) (CoATT+ CoNETY) = 0 (Cu L2+ CAE?)

Solving these equations gives

07 == —C+ALM

o, = 1

T b +a—1— Ay +a—1)ALM]
Ay

A = &
A

M - 1+ (w—1)A

And then the probabilities are

Pi(s) = C4 (1—A"M)
Pr(s) = Ce Y (1 - AM)

The full Laplace transform F is:

a(l — APM) + woNEH (1 — AM)

F =
) = e i-0n ta-DALM

Results

To get the mean and variance of the first passage time, we need

__dr
Ti0 = — ds o
Var(rg) = dQ—F —72
ds? s=0

The mean return time to state 0 when starting in state 1 is:

7 _ ?10,num
10 F10,den
?10,num - (WL —w+ 1)9L+1 — (CUL + I)GL =+ (OJ — 1)9 +1

Troden = b[0 — 1] [w0" ! +w(a —1)0" + a(l — w)0 — o]



The variance of the return time to state 0 when starting in state 1 is:

Var(70)

Var(ﬁo) = W (60)
Var(710) pum = 0277 [w?(L — 1) +1] (61)
+ 022 [w? (LPa = LB+ 1) + 20— 3) + +1)+2a—3]
— 0?1 [w? (2L%a —4La + L+ 4a — 4) + 4L 6)r + 4) + 4a — 3]

0?L [w(wL + 2)(La — a4+ 1) + 2a — 1]

6L t3(w —1) [2(w — Do+ 3wL?a + L(w(4 — 5a) + 4a) + 2]
052 [—2w? (3BL%a + L(4 — 6a) + a — 2)]

0"*% [w (9L + L(12 — 23c) + 8a — 6) + 6(2L — 1) + 6]
oF ! [w ( 9L2a + L(19a — 12) — 6a 4 6)]

oF ! [w?( (3L —4)ar+4) + 6(—2La + o — 1)]

0" [o (3L2w75Lw+4L+2w—2) + (4L — 2)w + 2]

— Bw—-1322a—-1)

— 0w —1)(w + 4a — 3)

+ 6(—2w —2a + 3)

-1

= 5[0 — 1] [w0" ™ + w(a — 1) + a(l — w)f — al (62)

+ + + + + + +

VaI‘(Tlo)

den

While the results here are for initial condition of being in state 1, one can easily find the results for the initial
condition of state L if one makes the following substitutions § < 1/0, b < f, and a < w.

STEADY STATE PROBABILITIES

In general, we are considering a Markov chain with L + 1 nodes (labeled 0 to L). We have the master equation

ap(t)

o = KP(1) (63)

with K the matrix of transition rates. The rates are labeled as k;; where ¢ is the initial state and j is the final state.
For later convenience, define the lifetime of a state as
-1
> ki (64)
JFi
The steady state distributions are easily obtained by solving Kp®® = 0. The solution can be written in a compact
form [5] as

Zz

pr = (65)

Z = Z Z; (66)

and z; is the matrix minor of K at (7,7) i.e. the determinant of K with the ith row and column removed.



For the two signaling state system we have that

ss P1 — kioka1  kiokao + k1oko1 + Kki2kao
by = Z = 7 (67)
L Kook kork kork koo k
P = Po 02k20 _ Koi 20 + Ko1K21 + Ko2k21 (68)
A Z
by = py o1t — koikio _ ko1k12 + ko2kio + kozki2 (69)
Z Z

i

For the L signaling state with the simplified rates, we will just present the result for state O:

s DOnum

by = Den (71)

P num = b(0—1) (w0 + w(a — 1)8" + a1 — w)d — o) (72)
Poden = —e+abtalet+e+1 (73)
+ 0 (abw —2ab —aLle+w—¢e—1) (74)

+ abf? (1 —w) (75)

+ 0% (bw + ae — Lw — 1 — € — abw) (76)

+ 0" (abw — 20w + Lw —w 4+ 1 +¢) (77)

+ bwhtt? (78)

The rates from 0 to 1 is kg1 = 1, from 1 to 0 is k19 (with o = k19/b), from 0 to L is ko, = € < 1, and from L to 0 is
kro (with w = kro/f). All other forward rates are f and backward rates are b and the ratio of rates is § = f/b.

AVERAGE SAMPLING RATE: n

The average sampling rate is

—_ N Ss
n = ? = kOlp‘o( (79)

where N is the number of samples (i.e. number of binding events), T is the total integration time, kg, is the rate
from state 0 to state 1, and pg® is the steady state probability of being in state 0.

Since we are assuming that kg3 = 1 and kg = € < 1, we have the mean signaling time becomes 7g ~ 7¢9. With
these rates we have

na(l+7s)" " (80)

ENTROPY PRODUCTION: ¢,

For a general Markov process with states labeled by i, steady state probabilities pj®, and transition rate k;; from
state i to state j, the non-equilibrium steady state (NESS) entropy production [6, 7] is given by

ZZpSSk ln (81)

=0 j#i

where the summation is over both 7 and j. Alternatively, the entropy production can be written as a sum over the
flux between each connected node as

(82)



where now we have an unrestricted sum over ¢ but a restricted sum over j.
Since we are modeling our receptor as a ring, the entropy production simplifies to

ko1ki2 ... kLo

ep = (p5° ko1 — pi°k10) In =Jlnvy (83)

korkio ... kr,n—1
where the flux J = p§°ko1 — pi°ki0 between each neighboring state is equal and the In+y is the free energy difference
of a cycle.

For 2 signaling states, the entropy production per sampling rate is given by:

-1
€p k1o kl()k21:| v—1
= = |14+ —+ In 84
n { k12 k12ka0 Y v ( )
ko1 k12k
_ Fo1ki2k20 (85)
k1oka21ko2
For the L signaling states arranged in a ring, the entropy production per sampling rate is given by:
-1
€p o7 1=t v—1
- = |14+ —6 0 |
kmw L
= ] 87
7= e (87)

where w = kro/f, @ = kio/b, 0 = f/b, f is all the forward rates (except ko1 and kr), and b is all the backward rates
(except k1o and kop).

ANSATZ FOR 2 SIGNALING STATE RECEPTOR
Here are the details of the ansatz for the minimum uncertainty for the 2 signaling state system.

The rates are as follows:

® kor =1

“Vo k\

kd

—»
--—

kx
signal signal

Kyg = k(1-X)/2

FIG. 2: Rate structure for ansatz of minimum uncertainty for the L = 2 signaling state system. The rates are as follows:

koi =1, k1o = £(1 — 2), k12 = ka, ka1 = k6, kao = k, and ko2 = €. The mean signaling time is set by k. The other rates are
0K land 0 <z < 1.
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.klozg(l—l‘)

o ko =kx
o kop = k6
o kog =k
o koo =€

where € < 1 (and in this paper € = 1073), 0 < # < 1, § < 1 (and in this paper § = 0.04), and k is varied to fix the
mean sampling rate 7.
For the ansatz, the mean, coefficient of variation, and entropy production simplifies to

B 2
(( j§)> ~ 1% (89)
TS 1+
-1
e 1—2 v—1
— = (1+ 5 ) 5 In~y (90)
2z
- 1
7T %) (91)

SIMULATED ANNEALING

Simulated annealing is a meta-heuristic algorithm for global optimization in which one uses the Metropolis algorithm
to perform a random walk in parameter space while periodically lowering the temperature. We used a simulated
annealing algorithm to search for the parameters of a model describing a receptor with 2 signaling states that minimizes
a cost function given by

((6c)?)

Z T Ae,(Ine, —Iné,)* — (A — 1) Inm — (A, (1 — 7) — 1) In(1 —7) (92)

cost =

That is, we minimize the uncertainty of the resulting estimator ({(dc)?)/¢?) subject to soft constraints on the energy
production (e,) and sampling rate (%), which are constrained to é, and 7, respectively. Here, Ac, and A, implement
the constraints. We chose A, = 20 and A, = 20/ max{#n,1 —n}.

Let 21 denote a set of parameters describing a receptor with 2 signaling states (i.e. all of the various rate constants).
A new set of trial parameters 5 was generated in the following way: for each k € Q1 set the corresponding k' €
to Ink’ = Ink + n where 7 is a random variable with from a Normal distribution centered at zero. The width of the
Normal distribution was chosen adaptively so that approximately 25% of the steps were accepted. Making the random
perturbations to the logarithm of the rate constants ensures that they are always positive. The trial move was accepted
according to the Metropolis criterion with probability min[1, exp((cost(€21) — cost(€22))/T")]. The temperature T was
initialized to T" = 10 and adjusted by T < 0.95T every 2000 steps. The best solution obtained during the chain was
stored in Qp, and the chain was re-initialized from Q; = Qp every 2000 steps to prevent the chain from getting stuck
in a poor local minimum. This simulated annealing algorithm was run until convergence of ((dc)?)/e?, e, and n.

SCALING WITH TEMPERATURE

In the main text, we worked in the units of kgT" = 1. However, here we examine the general temperature dependence.
Experimentally, it is known that rates of biochemical reactions doubles for every 10°C [8, 9]. Therefore, a general
rate k at a temperature T (measured in degrees Celsius) is related to initial rate ko and initial temperature Ty by:

T-Ty
k= ko2 10" (93)

Now we need to determine the general scaling of various entities in this paper, which is summarized below in terms
of a general rate k:
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e Mean signaling time, 7g ~ k= !
e Variance in signaling time, ((675)%) ~ k=2

e Coefficient of variation of signaling time, «‘5;75)2) ~1
S

e Sampling rate, m ~ k

e Uncertainity, ((56702)23 ~ k7t

e Entropy production, e, ~ k

While increasing temperature increases both the mean and variance of the signaling time, since the estimator
2
€E =1+ Lﬁ”) only depends on the coefficient of variation of signaling time, the estimator is independent of

=
temperature. The sampling rate 7 does increase with increasing temperature, and therefore increasing temperature
decreases the uncertainty. However, this decrease in uncertainty costs energy. While the free energy per cycle (In+y)
remains constant, the probability flux (J) is proportional to a rate, and since the entropy production is given by

ep = JInvy, we see that that decrease in uncertainty is directly related to the increase in entropy production.
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