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Appendix A: Interpretations of MacArthur’s Minimization Principle

MacArthur developed an interpretation of the minimization principle for the consumer resource
model with non-interacting resources, under the assumption that all species have the same re-
quirements m; = m and the same total harvesting ability 224:1 Cix = ¢ (MacArthur 1970). This
same constraint has been discussed recently in the context of microbial ecology (Posfai et al.
2017), where it has been shown to give rise to non-generic behavior in highly diverse commu-
nities (Cui et al. 2019). In this scenario, MacArthur’s objective function from eq. (4) in the main
text can be written as:

QN =3 T

weMm+ Ta

adM*

2
r m m

where M* is the set of resources where r, > Zj ¢cjuNj, which can stably avoid extinction at the
current consumer population size.

When all the resource types survive, the final term in this expression simplifies (since there

are no resource labels a that are not in M*), and the remaining part takes on the straightforward

_m_
CWy

physical meaning proposed by MacArthur. I% <K,X — ) is the production rate of resource «
when the abundance R, is at the minimum value that supports consumer growth. The objective
function is a weighted sum of squared differences between this “available production” and the
community’s total harvest rate }; cj,N;. These ecological dynamics can thus be conceived of as
an algorithm for performing a least-squares fit of the harvest rate (with positive free parameters
Nj) to the available production.

But if any resources go extinct in the steady state, this interpretation is no longer valid. Now
some terms end up disappearing from the first sum, with corresponding modifications to the final
term, which has no clear biological meaning. Even in this case, however, a revised explanation by
Gatto (1990) still applies. In this reading, no constraints on m; or c;, are required, and one instead

directly interprets the two terms that already appeared in the original expression for Q in eq. (5)

The first term, which he calls the “unutilized productivity” U, is a weighted sum of squared
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differences between the maximal resource production rate r, and the current consumption rate:

2
1 _
u= 5 Z 1o LK w, (r,x — ch,xN]) ) (A2)
j

aeM*

While Gatto (1990) does not comment on the restriction of the sum to the surviving resources,
this interpretation of U is compatible with the restriction. If a resource is extinct, it is reasonable
to say that none of its (nonexistent) potential productivity is unutilized. The second term is
the “basal energy consumption” B which is the total consumption of nutritional value by the

community required to maintain the current population sizes:
]

This term is not affected by resource extinction, and the interpretation remains valid.
The full expression for Q in eq. (4) can also be rearranged in a different way, which sets the
stage for the present work. To obtain this form, we first note that the local equilibrium abundance

R, of resource « at fixed consumer population sizes N; are given by

0, K, (1 — ! ZNicm>
i

This expression comes from the fact that there are two solutions to dR, /dt = 0, one where R, = 0

R4 (N) = max (A4)

and one given by the second term in the brackets. Since resource abundances must be positive,
we are required to take R, = 0 if the nonzero solution turns out to be negative. If the nonzero
solution is positive, then the R, = 0 solution is unstable to the addition of a small amount of

resource x. This consideration fully accounts for resource extinction, and so eq. (4) simplifies to

QN) = —5 & 4K, — R(N)E = TN <2wacmm(N> - mi> (A5)

where the sums are no longer restricted. The first term now measures the difference between
the local equilibrium resource concentrations R,(N) and the carrying capacities K,, while the
second term measures the total rate of biomass production. This form of Q(N) also makes it
easier to see that MacArthur’s minimization principle is the Lagrange dual of MEPP (Boyd and

Vandenberghe 2004). The first term is clearly minus the objective function 4 defined in eq. (14)

3
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of the main text, and the second term is the sum of the Lagrange multipliers times the active

constraints g;, with R, replaced by R,(N) in both terms.

Appendix B: Derivation of Minimum Environmental Perturbation

Principle

In this Appendix, we justify the three mathematical results required for the derivation of MEPP

in the main text:

e that the impact vectors are related to the gradients of the growth rates by eq. (8) whenever

the environmentally mediated interactions between species are symmetric

e that this same symmetry implies that the rescaled supply vector h,/b, can be written as

the (negative) gradient of some function d, as done in eq. (13)

e that the unconstrained minimum of d coincides with the supply point of the resource dy-

namics.

We also explain how an extended version of MEPP can be obtained for asymmetric models by

using a modified supply vector.

Implications of symmetric interactions

In this section we deal with the first two points in the list, concerning the consequences of
symmetric interactions. To quantify the interactions between two species, we compute the effect
of a small change in the abundance of the first species on the growth rate of the second. We
introduce a scale factor 4; that can depend on the environmental state, and measure abundances
as a;N;. Since the growth rates directly depend only on the resource abundances, we need
to imagine making the perturbation and then holding all the population sizes fixed until the

environment relaxes to its new equilibrium state R(N). Thus we define the interaction matrix a;;
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as:

dgi _ agz aRa
N aRa a(a]N])

(B1)

o
Now we can compute a( ) by implicit differentiation of the local steady-state equation for

the environment:
0=hy+ ZNiqm (BZ)
i

To facilitate the derivation, we write the impact vector as:

0gi
—a; Zbaﬁ aRﬁ' (B3)

for some functions b;ﬁ(R) and 4;(R). This does not impose any additional assumptions on the

form of g;,, as long as agf # 0. If the partial derivative does vanish, as in the case of essential

resources examined in Appendix C, a limiting procedure has to be taken to apply these results,
as will be explained in the context of that example.

If we now further assume that the b g are invertible, we can multiply by (b)~! and obtain:

0gi
0= Y (b)) — Y- Niai(b0) b, =5-. (B4)
P ipy Ll

Taking the derivative of both sides with respect to a;N; gives:

d ‘ BR)\ a2g‘ oR, 0g;
0=Y — ) Nja; (b)) b l — =] B5
L, @ e ﬁ) Ny g N R R ) ok, 7
—_V A AT B6
; “Aa(aij) aRa ( )
where
' 0 9%¢;
i 1 -1 &i
A = ~3R0 <§(b ) hﬁ> +2Na )i bﬁVaRAaRn,' (B7)
Now, further assuming that this matrix is invertible, we obtain:
I Uit (B8)
a(a]N]) B ap BR[;
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Finally, inserting this into the definition of the interaction matrix yields

1 0g; 98]
- i\—198i 98]
wjj = gﬁ(A )04g 3R, —aRﬁ. (B9)

With this expression in hand, we can proceed to investigate the implications of symmetry

(aij = &), by looking for conditions under which

jy-198i 98 _ iy—198j 98i

Inspection of this equation reveals two important conditions. The first is that Ai g s the same for
all j. Going back to the definition of Aiﬁ in eq. (B7), we find that this is true if and only if biﬁ is

the same for all j. In this case, the definition simplifies to

_ J -1 98
A“)\ = —E (%ba h/g) +;Nlalm. (Bll)

The second condition is that A,z must itself be symmetric. The second term in eq. (B11) is always

symmetric, so we can focus on the first. Symmetry of this term means that

0 1 0 1
3R, (;zya hﬁ> = 3K (;zowhﬁ) : (B12)
For this to be satisfied in a generic model, b,z must be diagonal (byg = badap). (If byp is not diag-

onal, very specific correlations between the R-dependence of bojﬁl and the h, would be required

to satisfy the condition.) This, combined with eq. (B3), yields eq. (8) of the main text:

fia = —aih 5 (B13)

The symmetry requirement can now be written as:

0 hy 0 hy

OR, by _ OR, by’

(B14)

Eq. (B14) is sufficient to guarantee that Z—g can be written as a gradient of some function, as

claimed in eq. (13) of the main text:

= (B15)
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In this case, A,p further simplifies to:
(B16)

Thus we obtain the first two of the three key results listed at the beginning of this Appendix.
We can restate these corollaries of interaction symmetry in a particularly useful way by re-

turning to the dynamical equations. The preceding arguments show that the environmentally

mediated interactions between species in a generic niche model described by egs. (6-7) are sym-

metric if and only if the dynamics can be rewritten as:

dN;

it ZNigi(R) (Bl7)
ARy od 08
& = b @JF;QZNZBR,X (B18)

for some functions b, (R) and 4;(R).
In two of our examples, A{;‘ g is not invertible. To define symmetry in these cases, we add a
small additional self-limitation term —eR? to h,, and then evaluate a;j/wj; in the limit € — 0. If

this ratio converges to 1, we consider the interactions to be symmetric.

Supply point as unconstrained minimum

In the main text, we made the assumption that b, > 0, and that the supply point R? is a stable

fixed point of the intrinsic environmental dynamics %8 = ,(R). We evaluate the stability of the

tixed point in the usual way, by computing the Jacobian gﬁ; . The equilibrium point is stable if

and only if this matrix is negative definite, so that the dynamics tend to resist small perturbations

from equilibrium. Now from the definition of d in eq. (13) we have

oh, 0% ad b,
dRg  ORgIR, b= 3R, dRg (B19)

where the second term vanishes at the supply point R? since h, = —ba% = 0 there. From the
remaining term and the fact that b, > 0, standard results on D-stability (cf. Hogben 2013) yield

that the Hessian alzaﬁzigm is positive definite whenever dh, /dR is negative definite. Thus we arrive

7
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at the result stated in the main text, that the supply point R is an unconstrained local minimum

of d.

Extended MEPP for arbitrary niche models

Here we show how to obtain and use a minimization principle for models with asymmetric
interactions between species, where the impact vector and growth rate cannot be related by an
equation of the form of eq. (13). We do this by constructing a symmetric model that shares the
same stable equilibrium point N, R. The parameters of this model will depend on the location of
the equilibrium point, requiring an iterative method of estimating and updating the equilibrium
point in order to function as a practical algorithm.

We start by decomposing the impact vector into a part g7, = by(R)a;(R)dg;/0R, correspond-
ing to a convenient reference model with symmetric interactions, and a part g7 that contains the

rest of the impact:
Gia = G+ T (B20)

This can clearly be done for any g;,, without loss of generality. Substituting in to the general

equation for the resource dynamics (7), we obtain

dt

)
= aA (R 98i
_ha(R)+§i Nig? (R) § Niaiba " (B21)

We now construct our new symmetric model by freezing the asymmetric part of the impact
Y NigA (R) at its equilibrium value Y, Nig2 (R), and regarding it as part of the supply. The

resource dynamics for this new model are given by

dR, I,
T b b, ZNab (B22)

with

ha(R) = ha(R) + ) Nigiy (R). (B23)
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By construction, this new model has the same equilibrium state as the original model, and it is
nearly of the form of eq. (B18) that guarantees the applicability of MEPP. The remaining step is
to write —1, /b, as the gradient of a function d(R). For models with direct interactions among
resources, where 1, depends on Rp with B # w, it is possible that —N, /by contains a curl, with
the result that no such d exists. In that case, we would also have to decompose &, into two parts,
freezing the part that produces the curl at its equilibrium value. But in the present work we focus
on cases where h, is a function of R, alone, and in particular on the important case of externally

supplied resources h, = T~ }(R) — R,). For this form of the supply, we can write

dR, . [3d(R°,R) R R) gl
=, + LN (B24)

where d is the same function that would have been obtained in the true symmetric model with

g4 = 0, but with modified supply point
RY(N,R) = R} + 7Y _Nigip(R). (B25)
i

The modification is always equal to the asymmetric part of the impact from all the organisms
over one chemostat turnover time 7.

As noted in the main text, the difficulty of practically implementing the extended version of
MEPP is that computing the effective supply point via eq. (B25) requires prior knowledge of
the equilibrium state N, R. This problem of minimizing an objective function whose parameters
depend on the solution arises frequently in Machine Learning, in the context of fitting models
with latent variables (Mehta et al. 2019a). It can be solved with a simple iterative approach, called
Expectation Maximization (EM), where one starts by guessing the values of these parameters,
then minimizes the function, and then updates the estimates using the new solution. For the case
of externally supplied resources, the algorithm can be straightforwardly written as a discrete-time
dynamical system describing the evolution of a vector 1°(t) which represents the effective supply

point calculated using the current estimate n(t), r(¢) of the equilibrium state N, R. The parameter
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t represents the number of iterations. With these definitions, the algorithm is:
While |[r°(t) — °(t — 1)|| > €
ra(t) <—RO+TZn )7ia (x(£))

r(t+1) + argmind(r°(t), R) subject to g;(R) < Oforalli
R

A
n;i(t+1) + — where A, is the KKT multiplier corresponding to the constraint ¢;(R) < 0

i
t—t+1 (B26)
where € is a small number that controls the precision of the numerical solution.
We can evaluate the stability of the fixed point ) = RY, by initializing the system at r%(0) =
RY + €, for some small perturbation €,. After the first iteration, the effective supply point has

updated to

001 = Rg+2<zar2<t> oy 1) +Zg;g<t> ony(t) )eﬁ 527

where the derivatives

DRI

ar"r(t) - T;nl(t) aR’Y (328)
ora(t) 4

aﬂj(t) - quvc (829)

come from differentiating the first step in the algorithm with respect to the components of the
equilibrium estimate n,r, and the other two derivatives measure how the new estimate of the
equilibrium point depends on the previous estimate of the supply point (via the minimization in

step 2). The change in the estimate of the effective supply point over this first iteration is thus:

o1y = 13(1) = 12(0) = }_ Jupep (B30)
p
where the Jacobian is
ord 0
Z O(t) 877 Z (t) omj(t) . (B31)
81’7 on;(t) ﬁ( 1)

From eq. (B30), we see that the algorlthm is stable near the fixed point if and only if the real

parts of all the eigenvalues of ],z are negative.

10
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Figure C1: Additional simulations with symmetric interactions. Simulations of the second two

models from fig. 2 with larger numbers of species and resources, compared with the predictions

of MEPP for the uninvadable equilibrium state. Consumer abundances are obtained from the

Lagrange multipliers that enforce the constraints during optimization. See Appendix D for all

simulation parameters.

Appendix C: Analysis of specific models

In this Appendix, we show in detail how to obtain the objective function d and the auxiliary

functions b, and a; for each of the seven models analyzed here. We do this by following the first

two steps of the procedure outlined in the main text, which are copied here for reference:

1. Find b, and a; by comparing the impact vectors with the derivative of the growth rates

using g, (R) = —ai(R)ba(R)%'

2. Compute d from b, and the supply vector using % = -

11
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We also provide explicit expressions for the effective pairwise interaction matrix a;;, using eq. (B7)

and (B9) from Appendix B above.

Noninteracting resources

We begin with the dynamical equations

dN;

dtz = eiNi [; w“cmR“ — mi] (Cl)
ARy 714

at = ERa<Ka - sz) - ;Nzcmsz- (CZ)

Comparing with the general niche theory scheme of eq. (6-7), we identify

gi(R) = ¢ [Z WaCioRy — mi] (C3)
%x(R) = —CinRy (C4)
ha(R) = IQ—“R“(Ka —Ry), (C5)

as also given in table ??. The gradient of the growth rate is

9gi = ;WuCiy- (C6)

a; =e; ! (C7)
by =~ (C8)
Step 2 now yields the expression for d:
od 1wy
k.~ K, (Ky — Ry). (C9)
Integrating this expression, we find
1
d =3 ¥ (K~ Ra)? (C10)
o o
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which is equivalent to eq. (14) in the main text.

We are not quite finished, however, because the minimization of this expression for d subject
to gi < 0 can produce negative values of R,. Physically, we know that the resource abundances
cannot be negative numbers, and the original dynamical equation (C2) ensures that R, never
becomes negative as long as the initial conditions are positive. But this constraint is lost when we
divide by by, = Ry/w, in the derivation of the KKT conditions. To address this issue, one must
impose R, > 0 as an additional set of explicit constraints when performing the optimization.
This problem occurs for most models with self-renewing resources, and can always be resolved
by adding additional constraints in this way.

The effective pairwise interaction a;; between species i and j in this model were shown by
MacArthur (1970) to be equal to the overlap between consumption vectors c¢;, and cj,. We can

also see this from our general formulas, using eq. (B7) and (B9) to compute:

i YaW,
Afw: ";(a“(saﬁ (C11)
108 98j weK
o jy-198i 98j _ wle o
&ij aXﬁ:(A >a[% R, aR,B ; o €i€iCinCip- (C12)

Interacting self-requlation

We begin with the dynamical equations

d .
gz = ¢iN; [Z WaCigRa — mi] (C13)
11
dR,
B i

13
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Comparing with the general niche theory scheme of eq. (6-7), we make the same identifications

as for noninteracting resources, but with a modified supply vector:

gi(R) =¢ [Z WaCin Ry — mi] (C15)
Gia(R) = —ciaRa (C16)
he(R) = 1Ry <1 - Zaﬂ{,;) : (C17)
p
Since g; and g;, are unchanged, we have the same expressions for a; and b,:
a;=e; ! (C18)
by = Zz (C19)
Step 2 now yields the expression for d:
aii = — 1 Wy <1 - ;a5R5> . (C20)

For generic ag and w,, there is no function d that satisfies this expression, because the second
derivatives of the function would be:

0%d 0%d

m = —T’txwaaﬁ ;é m (C21)

This means that the model is generically not symmetric. But if we set w, = wa, and r, = r as

described in the main text, we find that

2
wr
d= - <1 — ;a,,‘Ra> (C22)

satisfies the equation.

In this case the effective pairwise interactions a;; are ill-defined, because many sets of resource
concentrations can satisfy dR,/dt = 0 for the same set of species abundances. But we can still
evaluate symmetry by adding a small self-limitation term —eR? to h,, and then taking the limit

as € — 0. Using the modified h,, we obtain (see eq. B7):

Ai/s = Wy (raap + €04p). (C23)

14
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Then, using the Sherman-Morrison formula (Bartlett 1951), we find

) 7ol
VAR PSS S| __Tabp ) 24
( )aﬁ € Wy (5043 Z'y a7, (C24)

Inserting this into eq. (B9), we find:
=Y (A4 03: 98j _ e 'Y | wabup — Talullp €i€;CinCjp- (C25)
! ap “P ORy ORg ap Yoy AyTy e

We see that a;;/a;; = 1 for all €, including € — 0, when r, = r for all « and w, = wa,. The

divergence of a;; in this limit is reflected in the long transient of highly volatile dynamics in fig.

?2.

Shared predators

We begin with the dynamical equations

dN;
5 = el [E WaCig Ry — mi] — Y piaPaN; (C26)
Ry
d pT R Z NiciR (C27)
dtz L =Y 7ipiaNiPs — uaPy (C28)

To situate this model within the general niche theory scheme of eq. (6-7), we must treat the preda-
tors as additional environmental factors, along with the resources. We denote the impact and
supply vectors for the resources by g% and k&, and the corresponding vectors for the predators

by g2 and h};. We obtain:

gi(R,P) =¢ [Z WaCin Ry — mi] =Y piaPa (C29)
R (R) = —cigRy (C30)
95(P) = 7ipiaPa (C31)
hE(R) = %Ra(sz - sz) (C32)
W (P) = —u,P,. (C33)

15
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Following Step 1 from the general procedure with gX as the impact vector yields the same results

for a; and b, as the previous two cases, while using g7 yields:

g =1 (C34)
€0
bl = eyP, (C35)

for an arbitrary constant e). We have added a superscript to b, because there is a separate
set of these functions for the predators and for the resources. The scaling factor a;, however, is
only indexed by the species label, and must be the same for both the predator and the resource

impacts. This means that Step 1 of the general procedure outlined above can only be satisfied if

€o
e = — (C36)
i

which is the requirement for symmetric interactions stated in the main text.

Under this assumption, we can apply Step 2 to obtain expressions for the derivatives of d:

od 14
T —K—awa(Ka — Ry) (C37)

od  u,
Fi (C38)

Integrating these expressions, we obtain:

d= % Z %wa(m — Ry + 810 Zﬂ:uaPa (C39)
as reported in the main text.

This model also has an ill-defined interaction matrix, because a range of equilibrium predator
abundances are compatible with any given set of prey abundances. Following the procedure
outlined above, we add a small additional self-limitation term —eP? to the predator supply vector
hY. Using eq. (B7) and keeping track of the contributions of the predators and the resources, we

find (for general 7;):

raw“

/A
Al =L, (C41)
1j€j

16
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Note that we are finally using the j superscript on A{lb. The full matrix is thus completely

diagonal, with these two diagonal blocks, and the inverse is readily obtained, yielding:

§ A 1 g g] -1 §
aij - ( ])(xﬁ aR; TR § %eiejciacj(x € - ﬂjejpjap]'a. (( 42)

To have w;;/aj; = 1 for any ¢, including € — 0, we need 77;¢; = ¢o for some constant ¢, as claimed

above.

Externally supplied resources

We begin with the dynamical equations

dN; _

dtl = eiNi [; wacmRm - mi] - T lNl’ (C43)

ARv _ —1(g0 _ g Nic;sR C44

ar =T ( a “)_2, iCig IR ( )
i

Comparing with the general niche theory scheme of eq. (6-7), we identify

i(R) = ¢; [Z WaCinRy — mi] 7! (C45)
Gia(R) = —CiaRa (C46)
h(R) = 771 (Ry — Ra), (C47)

which is the same as for the original consumer resource model (1-2), except for the supply vector.

We thus obtain the same conversion factors:

a;=e; ! (C48)
Ry
b, = —2. 4
= (C49)
Step 2 now yields the expression for d:
od ., RYI—R,
Integrating this expression, we find
RO
d=1"Y w, RglnR—"‘—(Rg—Ra) : (C51)
o o
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which is eq. (??) in the main text. Note that this expression diverges as R, — 0, so there is no
need to explicitly impose the resource feasibility constraints.

For this model, we can straightforwardly compute the interactions using eq. (B7) and (B9):

-1 0
i T waR
A= "z e (C52)
- Jo: 0¢; R2
_ —198i 98j w
Dci]' - %(A])aﬁ aR; aR‘B - T; ggaeiejciacja- (C53)

Note that in this case the strength of the interaction depends directly on the equilibrium resource

abundances R,.

Microbial consumer resource model

We begin with the dynamical equations

dN;
dtl = ¢e;N; [2(1 — L) WaCig Ry — m; (C54)
4
dR _ w
dta =T 1(R2 - R“) - ZNiCiaRac + ZNiDa‘BlﬁwiﬁciﬁRﬁ- (C55)
i i @
Comparing with the general niche theory scheme of eq. (6-7), we identify
gi(R> =€ [Z(l — L) waCig Ry — mi] (C56)
o
e
C]i,x(R) = —CmRa + ZDaﬁlﬁ;CiﬁRﬁ (C57)
‘B o
ha(R) = T (R} — Ra). (C58)

As noted in the main text, the generation of byproducts breaks the symmetry of interactions
between consumers, and so we must use the extended form of MEPP discussed above at the end
of Appendix B. In this case, the symmetric reference model has an impact vector g3, identical to
that of an ordinary consumer-resource model, and g7 encodes byproduct generation:
G = —CiaRa (C59)
gl = ;pwzﬁzjiciﬂzzﬁ. (C60)
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We thus see that this model shares an equilibrium state with a pure competition model of the
form (C43-C44), but with a modified supply vector
~ —1/10 _ wﬁ _
hy =1 (sz — R,X) + ZNiDaﬁlﬂ;CiﬁRﬂ (Ce61)
i «

and modified resource weights
Z’D[x - wlx(]. - la). (C62)
The change to the supply vector is equivalent to a shift of the supply point from RY to
=0 0 _ Wﬁ _
sz = sz + TZNiDaﬁlﬁwici,BRﬁ/ (C63)
i «

which accounts for the total quantity of byproducts generated by all consumers over one chemo-
stat turnover time 7.

We can therefore use the same objective function obtained for the pure competition model in
eq. (24), but with these modified formulas for the weights w, and the supply point R?.

To compute the interactions in the original model, we need to write the full impact vector g;,

in the form of eq. (B3). We find:

a;=e; ! (C64)
' W\ 1 o1
leﬁ = (&cﬁ — Daﬁlﬁ%) wﬁ Rﬁ = baﬁwﬂ Rﬂ (C65)
where
~ wﬁ
bup = Sup — Daﬁlﬁa. (C66)

Using eq. (B7), we thus obtain:

, ~14 5 —1.5
i T W (31 PaBNmi1/p0 B T Wy
Ay = z (baﬁ %, ;b 7 (RY R7)> =% Wap (C67)
where
I _
W = baﬁl ~ %, Y by (RS —Ry). (C68)
Y
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Plugging in to eq. (B9), we have:

. Jo; 0¢; )
_ ~198i 98j _ . -1
(XZ']' = %(A])aﬁ BR; @ = T%ZUDCR“W“& €i€]'CiaC]'ﬂ. (C69)
Note that the factor of R, in the final expression generically breaks the symmetry even in special
cases where W,z is symmetric. Note also that W,z is fully determined by the intrinsic prop-

erties of the resources, encoding the information about the structure of the universal metabolic

byproduct network.

Alternative crossfeeding model

A different model of microbial resource exchange that has recently been proposed and analyzed

is (Butler and O’Dwyer 2018, 2020):

fﬁ=NJmew%m—m1 (C70)
Ry _ T (R} — Ry) — Y_ NicixRa + Y_ N;P; (C71)
dt o o - (A !4 - 151

Comparing with the general niche theory scheme of eq. (6-7), we identify

gi(R) =) (ciaRa — Pip) — m; (C72)
ia(R) = —CiuRy + Pia (C73)
ha(R) = T (Ry — Ra). (C74)

In general, there is no way of casting g;, into the form required by eq. (8), even when the
matrix Pj, is square and symmetric. This means that the effective pairwise interactions are not
symmetric, as will be confirmed explicitly below. But we can still use the extended form of
MEPP discussed above. We obtain results similar to the MiCRM, but with a simpler asymmetric

component g4

75 = —CiuRy (C75)

qh = Py (C76)
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We thus see that this model shares an equilibrium state with a pure competition model of the

form (C43-C44), but with a modified supply vector

he = T Y (R} — Ra) + Y_ NiPyy. (C77)
i
The change to the supply vector is equivalent to a shift of the supply point from RY to
R) =R} + 1Y NiPy, (C78)
i

which accounts for the total quantity of byproducts generated by all consumers over one chemo-
stat turnover time 7.

This model is known to exhibit both stable and unstable fixed points, depending on the
parameters, and explicit stability criteria were previously derived for the case where c;, = cdj,
and the mortality rates m; and supply rates "' R are tuned such that the equilibrium population
sizes N; = N and resource abundances R, = R take on equal pre-specified values (Butler and
O’Dwyer 2018). The limit is also taken where =1 — 0 at fixed T_le, so that all resource
depletion comes from consumption. Under these conditions, one can readily use eq. (B31) to
evaluate the stability of the EM algorithm introduced at the end of Appendix B. We find that the

elements of this Jacobian are given by:

where the resources a have been re-indexed in terms of the species i that specializes in each one.
For symmetric P;;, Butler and O’'Dwyer (2018) showed that the fixed point is stable under the
original dynamics if and only if all the eigenvalues of P;; are less than cr. This is equivalent to

the stability condition for the EM algorithm, that the eigenvalues of J;; must all be negative.
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Liebig’s Law

We begin with the dynamical equations

dN; T HipRp ,
S HigRg
praiald (R; — Ry) Ei va,x,mﬁm ({ ks + Ry . (C81)

Comparing with the general niche theory scheme of eq. (6-7), we identify

$i(R) = min ({”“Rﬁ}) (C82)

B kzﬁ -+ R,B
_ HipRg })
ix(R) = —yymin —_— C83
7e(R) : ({kaﬁ (C83)
h(R) = 771 (R — Rq). (C84)

Note that we have slightly changed the definition of g;, so that now dN;/dt = N;(g; — m;). This
significantly simplifies the expressions in the derivation of the effective interaction matrix below.
Since m; is a constant, this has no effect on the key MEPP equation involving dg;/9dR,.

As noted in the main text, the consumption of resources that are not currently limiting growth
breaks the symmetry of the interactions between consumers, and so we must use the extended
form of MEPP discussed above at the end of Appendix B. In this case, the symmetric reference
model has an impact vector g3 that only depletes the limiting nutrient, and g7 encodes the
consumption of non-limiting nutrients. To write explicit expressions for these quantities, it is

pigRp _ Mg Re;
k,‘B+R}g k‘ﬁ1+Rﬁ1 °

convenient to denote the index of the limiting resource by B;, so that rr;in ({

Then we have

s _ 5 MisRp
in = 1/‘51.1(5“51. kiﬁi + R,Bi (C85)
Hip;Rp;
qz‘i}c = —vi(1 - 504,3,-) kiﬁ:ﬁ'f- liﬁ,' . (C86)
We obtain g; and b, by comparing g7 with the gradient of the growth rate
, ki
agl — 5 ;/llﬁl ZIBZ (C87)

JR, api (kiﬁi + Rﬁi)z
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to find
a; = kiﬁ,‘ + Rﬁi (C88)
by — iR (C89)
Bi kiﬁi Bi

The competitive exclusion principle guarantees that there is at most one consumer species i
limited by each resource a, which allows us to unambiguously index the functions b, in this
way. Aside from the strange indexing, this is the same b, as in all the other resource competition
models discussed so far, with effective resource weights

klﬁl
wp, = ——. (C90)
Vﬁii
We thus obtain an expression for d that is identical to the case of substitutable resources, but with

a modified supply point:

od  hy T 1w, (RY — Ry)
= — = — 1
ORy by R, (©D
where the effective supply point is
- _ 8. R,
RO=RO—7 Y Ny b 92
« « 1‘,;‘3,. iVai kiﬁi T Rﬁl ( )

with the second term accounting for the total consumption of resource a over a chemostat
turnover time by organisms that are limited by some other resource (B; # «).

Note that the weights w, in eq. (C90) are only defined for resources that are limiting for some
species. Resources that are not limiting for any species are not subject to any constraints in the
optimization, and always reach the effective supply point regardless of the values of the weights.
The weights can therefore be set arbitrarily for these resources, for example by taking them all to
equal 1.

To compute the interactions in the original model, we again need to write the full impact
vector g, in the form of eq. (B3), with gin = a;} biﬁagi /9Rg. Doing this directly involves

division by zero. To proceed, we note that
—-1/n

. HipRg }) . < HipRp > o
min —t = lim —_—t . C93
B <{ kiﬁ + R/g n—00 ; kz‘ﬁ -+ Rﬁ ( )
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We can therefore perform the computations for finite 1, and then take the limit. First, we define:

A ‘uiﬂéRl’é " :ui’YR'Y >n
ol = —_ C94

which converges to d,,, in the limit n — oo, where 7; is the index of the most limiting resource

for species i. We thus find:

a =1 (C95)
VuciRa(kia + Ruc)

g = C96
ap ap kia(sg‘l% ( )
9 o kin
E - vc’Yigl Ra (kitx + RIX) (C97)
aZgZ_ _ (SZ’Hgiki”‘ 5E’Y,‘kiﬁ . kioc + 2R, (C98)
aRaaRﬁ N Ra(kia + Ra) Rﬁ(klﬁ + R‘B) ap R“(kia + Ra) ’

Note that this is the first time we have need of the second term involving the second derivatives

of g; in eq. (B7), since g; is no longer linear in the resource abundances. We thus obtain:

T 'kjo R)(kjo +2Ra) — R2 YN kjado, ViaSi Opykip 5. Kia + 2R,
Vaj R2(kjs + Ry) "VejRa(Kia + Re) \ Rp(kis + Rg) " “PRolkin +Re) )

(C99)

AL,B = 52%'50‘/5

i

Again, without loss of generality, we can reindex the species by their limiting resource at equilib-
rium, so that N, = N; when ; = a. If no species is limited by a given resource 8, we introduce

a fictitious species with Ng = 0. We find:

knno"
Al = W 1
ap Vay R (Ko + Ry ap (C100)
where
1 _
A
Vaagrkap

+ Y Ny ——— . C101
; A /\Rﬁ(k)\ﬁ‘i‘Rﬁ) ( )

Plugging in to eq. (B9), we have:

1081 98y
i = (A7), S5
,)/ DC,B (X‘B aR(X aRIB
_ kru8r8
= w1 — ARSAST C102
%( )ocﬁ a)\Ra(ko ‘|’sz) ( )
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Finally, taking the limit n — oo, and replacing N, R, with the equilibrium values N,, R,, we

conclude:

ks,
Qi §(W )mﬁ Rm(kia; + Ry,) .

where again «; is the resource limiting the growth of species i, respectively, with

' L 2 32 Y 3 Vpagpkpp
W,y = SbR (T [Ry (kjo +2Ry) — R] — ;Nv%agv(kw + 2Roc)> + Nﬁm (C104)

Interactively essential resources

Another model not discussed in the main text due to space constraints, but of interest to some
readers, is the following scenario of interactively essential resources, with growth rate governed

by the product of all the incoming nutrient fluxes, each following Michaelis-Menten kinetics:

dNi Wi R

= e;N, [H kmz: ;a _ i] (C105)
thx ,uwc

T ZN Kia + R (C106)

Comparing with the general niche theory scheme of eq. (6-7), we identify

o ,uwc
— ¢ 1‘[ e R (C107)
(R = - L (C108)

ha(R) = T71(RY — R,). (C109)

As in the previous section, we have altered the definition of g;, so that now dN;/dt = N;(g; — m;),
which again significantly simplifies the notation in the derivations. The gradient of the growth

rate is

98i _ kingi
oR, R, (kia + R“) ’

(C110)

In general, there are no functions 4; and b, that relate this gradient to the impact vector in the

way required by Step 1 of the MEPP procedure. But if the low-density specific consumption rate
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Uin/kiy is the same for all species i, so that we can define w, = ki, /ui, with the left-hand side

independent of i, we obtain:

2
by = R (C111)
Wy
1
a; = —. (C112)
i
The resulting expression for d is:
od T 1wy (RY — Ry)
IR, — R . (C113)

Integrating this, we obtain a weighted KL divergence between the inverse resource concentrations

and the inverse supply point:

_ 1 1/R0 1 1
— 1 —
d(R =T ZR [ N R, <R2 R“ﬂ' (C114)
To compute the effective pairwise interactions, we use eq. (B7) to obtain:
A, =L 11
= Ropijn (1)
with
2RO — R N"um [kiﬁ(l — 5@3) + 2Rﬁ5a5]
Wap = Sup =5+ 1Y —— _ S C116
wOTR Zl; Rp(kiw + Ro) (kip + Rp) (C116)
We thus find
. ag ag _ kia‘u'ﬁ
wij=Y (A) 4otk =1)y Wl o ——$ig). C117
1 %( )aﬁ R, aRﬂ % «p Ra(kia 4 Roc)(kiﬁ I Rﬁ)glg] ( )

We see that this matrix is symmetric only if k;, = w,p;, for some w, independent of i, as claimed

above.

Type II functional response

We begin with the dynamical equations

dN; Ra
PN | | — 1IN (C118)
dt cipRp
& 1 + Zﬁ ]lﬁ
dR R
o _ - S/ (C119)
dt AR TRV
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Comparing with the general niche theory scheme of eq. (6-7), we identify

Cia Ry -1

gi(R)=ei |), Ry M|~ T (C120)

w 1+Zlgﬁ

c;ixR
qin(R) = —— =& (C121)
1+ Zﬁ Jig

hy(R) = 7 HRY - R,). (C122)

The gradient of the growth rate is

cipR i
dgi (1 + 2/5 i,sﬁ) Ciae — 2/3 CiﬁRﬁ%
aR, Rp\2 ’

ci
' (1+55 %)

In general, there are no functions 4; and b, that relate this gradient to the impact vector in the

(C123)

way required by Step 1 of the MEPP procedure. But if the maximum uptake rates J;, of a given

consumer i are the same for all resource types «, the gradient simplifies to

ogi Cin
S —. (C124)
e (1)

Now this can be related to g;, in the required way, yielding

4= —— (C125)

blx — Rlx . (C126)

Since h, and b, are the same as for the original model with externally supplied resources and
linear functional response (with w, = 1, because we did not need the weight parameters to fit the
data of interest), the objective function is also the same. The only consequences of introducing the
saturating growth law are to modify the constraint region g; < 0 and to change the conversion
factor a; required for extracting the species abundances from the Lagrange multipliers.

To compute the pairwise interactions for the general model, we note that if the J;, are not

the same for all a, then casting the impact vector into the form of eq. (B3) requires biﬁ to be
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dependent on the species index i:

Ry

bup = Oup . (C127)
1 1
1+ YpcipRe (m - T)
For this model, we also need the second derivatives of the growth rate:
cinCigR cin R 1 1
azgi 227 }mi‘ﬁv o (1 + 27 }iﬂyv) Cip <E + E)
9R.OR = €iCiy R\3 . (C128)
Ci
a0Ng (1 +Z’Y }ywv)
Putting it all together using eq. (B7) and (B9Y), we obtain
5 (1 1
Af—flw9+2“”&(M_MXs—u@_Rx-<1‘1)
Ry |" R, *f w TR Jip Jia
> i - L Cj. Ci,BR”V o Cj R . L i
1+ Zﬁ C]ﬁR/S (]j,a ]ja) 22'7 }z’a}iﬁ (1 + 2'7 }mv) Cip (]iﬁ + ]ia)
+ Y " Nicia — 2 (C129)
- . 1 1 Ci
i 1 +Zﬁ C,IgRﬁ (], T ) <1 +ny }WW)
d €i€iCiyCi
[J(ij = Z(A])“‘Bl agl @ Z . Rl i ]‘B — 5. (C130)
o Tty il
" (1 1y Jiy ) (1 * 27 Ty )
Note that when J;, = J; is independent of &, the first expression simplifies to
_1R0 Niciqci
Al = g 0w 2L P (C131)

ACER

which is symmetric and independent of j, thus giving rise to symmetric interactions via eq. (B9).

Appendix D: Simulation details

All simulations and data analysis were performed in Python using the Scipy scientific computing
package (Jones et al. 2001-). Data and scripts (in Jupyter notebooks) to generate the figures can
be downloaded from https://github.com/Emergent-Behaviors-in-Biology /mepp.

The equations parameter values for all simulations are as follows. Note that for the sim-
ulations with more than two resources, parameter values were randomly sampled. The sym-
bol U(a,b) will represent a uniform probability distribution over the interval [a,b], and D(«) a

Dirichlet distribution with concentration parameters all equal to a.
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e Figure 2

- (a) eq. (1-2), c1o = (0.5,0.3), c20 = (0.4,0.6), K, = (4.8,2.85), 11 =1rp = my = mp =
e1=ep=w=wy=1

- (b) eq. (15-16), c1, = (0.5,0.3), c2o = (0.4,0.6), m; = (0.2,0.22), w; = (0.2,0.15), &1 =
er=1

- (c) eq. (18-20), c11 = 0.5, co1 = 04, p11 = 0.3, p1 = 0.6, Ky = 4, m; = (1,05), u; =
05, m=wi=e1=e =1

- (d) eq. (22-23), c1, = (0.5,0.3), c2y = (0.4,0.6), RO = (4.8,2.5), my =mp =0, ¢; = €3 =
wi=wy=1=1

-(e)eq (1-2), S =10,M = 10,c¢j, ~ U(0,1), Ky ~ U(5,6), 1x ~ U(1,2), m; ~
U,2), wy ~U(1,2), e, =1

- (f)eq. (15-16), S =10, M = 15, ¢j, ~ U(0,1), m; ~ U(0.033,0.066), w, ~ U(0.05,0.1), ¢; =
1

e Figure 3

- (b) eq. (25-26), c1, = (0.5,0.3), c2x = (0.4,0.6), Dy = (0,1), Dy = (1,0), RY =
(45,09), 1 =1, =05 m=m=w=wy =€ = =1=1

- (c) eq. (2526) S = 10, M = 5, ¢jy ~ U(0,1), Dy ~ D(10), RS ~ U(0,10), Iy ~
Uu,1), mi ~U(1,2), wy ~U(1,2),e;=7=1

- (e) eq. (28-29), p1a = (6,9), pox = (8,5), k1a = koo = (10,10), v1, = (1,0.7), 1oy =
(07,1), R) = (43,4), t=m =my =1

- (f) eq. (28-29), S = 10, M = 3, pj, ~ U(0,30), ki ~ U(28.5,31.5), RY ~ 1/(20,21), T =

m; = 1. The v,; are generated by first sampling 7,; ~ (ki /pix) ' +U(0,0.1), in order

to increase the odds of finding stable consortia, and then normalizing with v,; = Z‘;ﬁ;ﬁl.

e Figure 4: In panel (b) an additional term —7~!N; was added to eq. (30) in the simulations,

to account for the dilution of consumers. This was not required for the fitting in panel
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(a), because the growth rates were measured using the change in population size between

dilutions.

e Figure 5: The same additional term —7~!N; was added to eq. (30) for the purpose of

computing the ZNGI’s.
e Figure Al

- (a) eq. (18-20), S = 10, Mg = 10, Mp = 10, ciy ~ U(0,1), pia ~ U(0,1), m; ~
U1,2), 1wy ~U(1,2), wy ~UL,2), ra ~U(1,2), Ky ~U(0,5), ¢; = 1

— (b) eq. (22:23),S =9, M =5, iy ~U(0,1), wy ~U(1,2), RO~ U(1,7), T =¢; =1
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