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In this lecture we discuss some simple aspects of gene expression. We
discuss how mRNA production is quite slow and that proteins are
produced in bursts. We show how these two elements give a simple
prediction for steady-state gene expression profiles.

Some basic numbers and experimental results

If we are to understand what is going on, let us get a sense of num-
bers. As shown in the slides, the typical prokaryotic cell has mRNA
lifetimes τm of order 3-10 minutes. Proteins are usually not actively
degraded and instead are “diluted” through cell division. In prokary-
otes, cell doubling times are from 20 − 60 minutes. mRNA is also
usually produced in the a bursty fashion. The experimental data
shown in Figure 1 shows that transcription of mRNA also proceeds
in an intermittent fashion, with periods of transcription ( 6 min) fol-
lowed by long pauses.

We can write down a simple differential equation that describes
this process (ignoring fluctuations)

dm
dt

= αm − τ−1
m m

dp
dt

= αpm − τ−1
p p (1)

At steady-state, we have that m̄ = αmτm and p̄ = αpτpm̄ = αmτpαpτm.
It will be helpful for the future to define two dimensionless parame-
ters

b̄ = αpτm

a = = αmτp. (2)

It is clear that the b̄ is the mean-number of proteins produced from
a single mRNA molecule. Experiments show that b̄ > 1 so that pro-
teins are produced in “bursts”. For this reason, we will often call this
quantity the mean-burst size. Experiments have also directly mea-
sured the distribution of burst sizes (see Figure 2) and found that it is
well approximated by a geometric distribution (the discrete version
of the exponential distribution). The other quantity a measures the
mean-number of bursts (mRNA transcription events) per cell cycle.

The distribution of protein abundances in a cell is also well de-
scribed by a gamma distribution (see Figure 3).

p(x) =
xa−1e−x/b̄

Γ(a)b̄a , (3)
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where in many cases we can interpret the two parameters of the
Gamma distribution exactly as above. Let us now try to derive these
results in a simple way.

Visualizing mRNA molecules

MS2-GFP 
tags

Get kinetics- but have to modify genes
Golding et al Cell. 2005 Dec 16;123(6):1025-36.

.

Figure 1: Data measuring transcription
in E. coli from Golding et al Cell 2005

Geometric Distribution of burst sizes

In this section, we give a simple derivation of why burst sizes are
distributed in a geometric manner. We start by considering a sin-
gle mRNA molecule that can be translated at a rate αp and can be
destroyed a a rate τ−1

m . We know most of the time that nothing hap-
pens. In fact, using the exact same intuition as the Gillespie algo-
rithm we can even calculate waiting time distribution between events.
However, for calculating the number of proteins produced from each
mRNA molecule this distribution plays no role. Instead, we have to
ask about the probability that when an event happens, it is the pro-
duction of protein rather than mRNA degradation. We can write this
relative probability as

q =
αp

αp + τ−1
m

=
b̄

b̄ + 1
, (4)

just like in the second step of the Gillespie algorithm.
Then the probability of producing exactly b bursts is just given by

Pburst(b) = qb(1 − q) =
1

1 + b̄

(
b̄

b̄ + 1

)b

(5)
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dissociation event of the repressor from the op-
erator region of DNA, transcription by RNA
polymerase is initiated, generating one mRNA
molecule. A few ribosome molecules bind to the
mRNA, producing a burst of fusion protein mol-
ecules. These molecules can be detected after
the completion of their assembly process, in-
cluding protein folding, incorporation onto the
inner cell membrane, and maturation of the
Venus fluorophore. Meanwhile, the repressor
quickly rebinds to the operator under the highly
repressing condition until the next event of pro-
tein production.

An epifluorescence microscope and a charge-
coupled device (CCD) camera were used to im-
age Venus with 514-nm laser excitation, while
differential interference contrast (DIC) images
were taken simultaneously to record the cell con-
tours during growth. To count the fusion protein
molecules as they were continuously generated,
we photobleached the Venus fluorophores after
their detection. Specifically, we applied a 1200-ms
laser exposure every 3 min. The laser power used
was 0.3 kW/cm2, at which the sample pho-
tobleaching time constant is È250 ms. Fluores-
cence images were recorded only in the first 100
ms, during which photobleaching is minimal, and
were discarded in the following 1100 ms in order
to avoid variation in the integrated signal and re-
duction of the signal-to-background ratio due to
photobleaching. The 3-min dwell time, which de-
fines the temporal resolution, was chosen to avoid
photodamage to the cells. Cells grown under such
laser illumination in a temperature-controlled
sample chamber have an average cell division
time of tcell 0 55 min, the same tcell as in shaking
M9 liquid culture without laser illumination. In
each image, one cell usually produces no more
than five fluorescent protein molecules, which
can be spatially resolved. In principle, higher
expression levels can be quantified with in-
tegrated fluorescence signals.

The activity of the lac promoter in the SX4
strain under the highly repressing condition was
monitored for cells immobilized by an agarose
gel pad of M9 media maintained at 37-C through
several cell cycles, and time-lapse movies were
recorded (movies S1 and S2). A sequence of im-
ages from one of them is shown in Fig. 3A. In
each fluorescence image, the fluorescent spots
correspond to newly synthesized fluorescent mol-
ecules during the last 3 min. Although Tsr is
known to cluster at one of the cell poles (SOM
Text and fig. S6), we found that Tsr-Venus pro-
tein molecules initially land on random positions
in the membrane and migrate to and cluster at the
cell poles at a longer time scale (SOM Text and
fig. S6). Time traces of the fluorescent protein
molecules along cell lineages were extracted
from the time-lapse fluorescence-DIC movies
(Fig. 3B). More than 60 time traces have been
collected for statistical analyses.

Several qualitative features are evident from
these time traces. First, protein molecules are
generated in bursts. Second, the number of pro-
tein molecules in each burst varies. Third, the
bursts exhibit particular temporal spreads. Anal-
ysis of the data allows us to address the following
four questions: Do these gene expression bursts
occur randomly in time? How many mRNA
molecules are responsible for each gene expres-
sion burst under the repressed condition? What is
the distribution of the number of protein mole-
cules in each burst? And what is the origin of the
temporal spread of the individual bursts?

To address the first question, we show
(Fig. 4A) the distribution of the number of gene
expression bursts per cell cycle for all cells. The
histogram is well fit with a Poisson distribution,
which suggests that gene expression bursts oc-
cur randomly and are uncorrelated in time. We
also observed a weak cell cycle dependence of the
burst frequency (fig. S3), which might arise from
an increase of gene copy number associated with

DNA replication during cell growth and does not
change the Poissonian distribution. The average
number of bursts is nburst 0 1.2 per cell cycle,
yielding an average time of 46 min between two
adjacent bursts. This time is comparable to in
vitro dissociation times of lac repressor from lac
operator O1 (20 to 50 min) (31, 32); albeit the
dissociation time in live cells can be different,
and each repressor dissociation event may not
lead to successful transcription because of either
temporary unavailability of RNA polymerase or
failed transcription.

In order to answer whether the bursts arise
from one copy or multiple copies of mRNA, we
determined the average number of mRNA mol-
ecules per burst (m) according to m 0 nmRNAtcell/
(nbursttmRNA), where nmRNA is the steady-state
abundance of tsr-venus mRNA molecules aver-
aged over a cell population, tcell is the average
cell division time, nburst is the average number of
expression bursts per cell division cycle, and
tmRNA is the cellular lifetime of the tsr-venus
mRNA. By using real-time reverse transcription
polymerase chain reaction (RT-PCR), we ob-
tained nmRNA 0 0.037 T 0.013 for SX4 cells (table
S1 and fig. S5). We also measured the cellular
lifetime of tsr-venus mRNA to be tmRNA 0 1.5 T
0.2 min (fig. S4) by a real-time RT-PCR assay
after a pulse induction of the mRNA production.
It follows that m 0 1.14 T 0.42 (a 95% confidence
interval; see SOM Text for more details). We
thus conclude that under the repressed condition
each gene expression burst results from one
mRNA molecule, implying that Lac repressor
quickly rebinds the exposed operator region of
DNA, allowing transcription initiation of one
mRNA molecule.

Next, we show the histogram of the number
of protein molecules (n) produced per mRNA
molecule (Fig. 4B). The distribution fits well
with a single exponential decay, which is termed
the geometric distribution for integer n. This
distribution arises from the stochastic cellular
lifetime of an mRNA molecule with mean
tmRNA 0 1.5 min (fig. S4) due to degradation
of mRNA by ribonuclease (RNase) E, which
competes with ribosomes for mRNA binding
(33). It was shown theoretically that the prob-
ability of generating n protein molecules from
one mRNA follows a geometric distribution
(11, 12, 34):

PðnÞ 0 rnð1 j rÞ ð1Þ

where r is the probability of the ribosome
binding and 1 – r is the probability of RNase E
binding to the overlapping site on mRNA (33).
We proved that this model is consistent with
our single-molecule measurement. Data fitting
of Fig. 4B to Eq. 1 yields r 0 0.8 T 0.1 and an
average of 4.2 T 0.5 molecules produced per
burst. This number multiplied by the number of
bursts per cell cycle (1.2) results in a steady-state
protein abundance of 5.0 T 0.8 molecules per
cell in a cell population. Consistently, we ex-

Fig. 2. Experimental design for live-cell observations of gene expression. Tsr-Venus is expressed under
the control of lac repressor, which binds tightly to the lac operator on DNA. Transcription of one mRNA
by an RNA polymerase results from an infrequent and transient dissociation event of repressor from
DNA. Multiple copies of protein molecules are translated from the mRNA by ribosomes. Upon being
assembled into E. coli’s inner membrane, Tsr-Venus protein molecules can be detected individually by a
fluorescence microscope.
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perimentally measured this abundance to be
4.1 T 1.8 molecules per cell by counting the
molecules in È300 individual cells under the
microscope at the same time.

Lastly, the temporal spread of the expres-
sion bursts can be characterized from the auto-
correlation function of the fluctuation in protein
expression, C(2)(t) (Fig. 4C), averaged from 30
different cell lineages from 15 different movies.
The single exponential fit of C(2)(t) gives a decay
time constant of 7.0 T 2.5 min, corresponding to
the average spread of the stochastic arrival times
of fluorescent reporter proteins within a burst,
despite the fact that the polypeptides are gen-
erated within the short lifetime of an mRNA
(tmRNA 0 1.5 min). We show (SOM Text) that,
under the condition that there is one rate-limiting
step for the posttranslation assembly of the fusion
protein,

Cð2ÞðtÞ 0
!

sr
1 j r

"2#
1 þ k

s
expðjktÞ

$

ð2Þ

where s is the average rate of the expression burst
and k is the rate constant of Tsr-Venus assembly
process, consisting of transcription, translation,
folding, and chromophore maturation. The fitting
of Fig. 4C with Eq. 2 gives s 0 (29 T 8 min)j1,
in agreement with the average number of expres-
sion bursts per cell cycle of 1.2 T 0.3 (Fig. 4A);
r 0 0.7 T 0.1, consistent with the value of 0.8 T
0.1 determined from Fig. 4B; and 1/k 0 7.0 T
2.5 min, corresponding to the rate-limiting step
of the protein assembly process. Considering the
fast transcription (È45 bases/s) and translation
(È15 residues/s) rates, we tentatively assign 1/k
to the fluorophore maturation process (SOM
Text). Although we can only spatially resolve a
few molecules within an E. coli cell because
of the diffraction limit, the long spread of the
stochastic arrival times of Venus allows many
more protein molecules per expression burst to
be counted in several consecutive images.
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Fig. 4. Statistical analyses of the protein production time traces. (A) His-
togram (gray bars) of the number of expression events per cell cycle. The
data fit well to a Poisson distribution (solid line) with an average of 1.2
gene expression burst per cell cycle. (B) Distribution of the number of flu-
orescent protein molecules detected in each gene expression burst, which
follows a geometric distribution (solid line), giving a probability of ribosome

binding of 0.81 T 0.05 and an average number of molecules per burst of
4.2. (C) Autocorrelation function of the protein production time traces cal-
culated according to Eq. S9. The result is averaged from 30 individual cell
lineages because of the insufficient statistics of a single time trace. The
fitting to Eq. 2 (solid line) gives 1/k 0 7.0 T 2.5 min, which is attributed to
posttranslational assembly of the fluorescent fusion protein.

Fig. 3. Real-time monitoring of the expression of tsr-venus under the control of repressed lac promoter.
(A) Sequence of fluorescent images (yellow) overlaid with simultaneous DIC images (gray) of E. coli cells
expressing Tsr-Venus on agarose gel pad of M9 medium. The cell cycle is 55 T 10 min in a temperature-
controlled chamber on a microscope stage. The eight frames are from time-lapse fluorescence movie S1
taken over 195 min with 100-ms laser exposures (0.3 kW/cm2) every 3 min. An 1100-ms exposure is
applied after each image collection to photobleach the Venus fluorophores. (B) Time traces of the
expression of Tsr-Venus protein molecules (left) along three particular cell lineages (right) extracted from
the time-lapse fluorescence-DIC movie of (A). The time resolution is 3 min. The vertical axis is the number
of protein molecules newly synthesized during the last three minutes. The dotted lines mark the cell
division times. The time traces show that protein production occurs in random bursts, within which
variable numbers of protein molecules are generated. Each gene expression burst lasts È3 to 15 min.
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perimentally measured this abundance to be
4.1 T 1.8 molecules per cell by counting the
molecules in È300 individual cells under the
microscope at the same time.
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in agreement with the average number of expres-
sion bursts per cell cycle of 1.2 T 0.3 (Fig. 4A);
r 0 0.7 T 0.1, consistent with the value of 0.8 T
0.1 determined from Fig. 4B; and 1/k 0 7.0 T
2.5 min, corresponding to the rate-limiting step
of the protein assembly process. Considering the
fast transcription (È45 bases/s) and translation
(È15 residues/s) rates, we tentatively assign 1/k
to the fluorophore maturation process (SOM
Text). Although we can only spatially resolve a
few molecules within an E. coli cell because
of the diffraction limit, the long spread of the
stochastic arrival times of Venus allows many
more protein molecules per expression burst to
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Fig. 4. Statistical analyses of the protein production time traces. (A) His-
togram (gray bars) of the number of expression events per cell cycle. The
data fit well to a Poisson distribution (solid line) with an average of 1.2
gene expression burst per cell cycle. (B) Distribution of the number of flu-
orescent protein molecules detected in each gene expression burst, which
follows a geometric distribution (solid line), giving a probability of ribosome

binding of 0.81 T 0.05 and an average number of molecules per burst of
4.2. (C) Autocorrelation function of the protein production time traces cal-
culated according to Eq. S9. The result is averaged from 30 individual cell
lineages because of the insufficient statistics of a single time trace. The
fitting to Eq. 2 (solid line) gives 1/k 0 7.0 T 2.5 min, which is attributed to
posttranslational assembly of the fluorescent fusion protein.

Fig. 3. Real-time monitoring of the expression of tsr-venus under the control of repressed lac promoter.
(A) Sequence of fluorescent images (yellow) overlaid with simultaneous DIC images (gray) of E. coli cells
expressing Tsr-Venus on agarose gel pad of M9 medium. The cell cycle is 55 T 10 min in a temperature-
controlled chamber on a microscope stage. The eight frames are from time-lapse fluorescence movie S1
taken over 195 min with 100-ms laser exposures (0.3 kW/cm2) every 3 min. An 1100-ms exposure is
applied after each image collection to photobleach the Venus fluorophores. (B) Time traces of the
expression of Tsr-Venus protein molecules (left) along three particular cell lineages (right) extracted from
the time-lapse fluorescence-DIC movie of (A). The time resolution is 3 min. The vertical axis is the number
of protein molecules newly synthesized during the last three minutes. The dotted lines mark the cell
division times. The time traces show that protein production occurs in random bursts, within which
variable numbers of protein molecules are generated. Each gene expression burst lasts È3 to 15 min.
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Figure 2: Data measuring bursty pro-
tein synthesis. The bottom row shows
that the number of bursts (mRNA tran-
scription events) per cell cycle follows
a Poisson distribution while the num-
ber of proteins per burst follows an
exponential or geometric distribution.

This is the famous Geometric distribution. The geometric distribution
is just the discrete analogue of the exponential distribution. To see
this notice that we can write

Pburst(b) =
e− ln (1+1/b̄)b

1 + b̄
≈ e−b/b̄

b̄
, (6)

where in the second line we have done a Taylor expansion in 1/b̄
which is valid when b̄ � 1.

Deriving the Gamma Distribution

We can use this to derive the Gamma distribution for protein abun-
dances. To do so, we will write a protein-only master equation. We
will call the number of proteins x.

dp(x, t)
dt

= αm

∫
dbPburst(b)p(x− b, t)− αm p(x, t)+ τp(x+ 1)p(x, t)− τpxp(x, t).

(7)
The first term on the right is the probability that you have x − b
proteins and produce a burst of size b (integrated/summed over
all bursts sizes b), the second term is the probability that you have
x proteins and produce a burst (of any size), the third term is the
probability you have x + 1 proteins and degrade a protein, and the
final term is the probability you have x proteins and degrade a pro-
tein. When x � 1, we can approximate this Master Equation by a
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foreign organic molecules from the cytoplasm14 (see Supplementary
Information). As the fluorescent product molecules are pumped to
the surrounding medium and rapidly diffuse away, the advantage of
enzymatic amplification is lost.
To circumvent the efflux problem, we trap cells in closed micro-

fluidic chambers, such that the fluorescent product expelled from the
cells can accumulate in the small volume of the chambers, recovering
the fluorescence signal due to enzymatic amplification. The fast
efflux rate and short mixing time of the fluorescent molecules in
the miniature chambers guarantee that the fluorescence signal
outside the cells accurately reflects the enzymatic activity inside.
The microfluidic device is made of a soft polymer, polydimethyl-
siloxane (PDMS), and consists of a flow layer that contains the cells
and a top control layer (Fig. 1a)15,16. Actuation of two adjacent valves
in the control layer forms an enclosure of dimensions
100 £ 100 £ 10 mm3 (100 pl) in which cells can be trapped and
cultured17,18 (Fig. 1c, d; see also Supplementary Fig. S1). The micro-
fluidic chip is mounted on an inverted fluorescence microscope and
translated by a motorized stage, allowing multiplexing of data
acquisition by repeatedly scanning the chambers. Typically, 100
chambers can be scanned within less than 2min. Fluorescence is
excited with a tightly focused laser beam (Fig. 1a) that does not
directly illuminate the cell, avoiding cellular autofluorescence and
photo-damage to the cell.
We first show the ability to detect single enzyme molecules using

this technique by injecting a diluted solution of purified b-gal
enzyme and 300 mM of the fluorogenic substrate fluorescein-di-b-
D-galactopyranoside (FDG) into the chambers19. Fluorescence sig-
nals from different chambers increase with time, and the slopes give
the rates of hydrolysis (Fig. 1e). The distribution of hydrolysis rates
measured in the different chambers shows quantized and evenly
spaced peaks (Fig. 1f). We attribute these discrete peaks to integer
numbers of b-gal molecules. The spacing between the peaks is
60 pMmin21, which gives a calibration for the rate of increase in
fluorescein concentration corresponding to one enzyme molecule in
a chamber.
Another challenge for using b-gal to monitor gene expression in

live cells is that the cell wall acts as a barrier for FDG influx. We
quantify this effect in E. coli by measuring the hydrolysis rate for live
cells compared to cells treated with chloroform, which completely
permeabilizes cell membrane (Supplementary Fig. S4a). The ratio of
hydrolysis rates between these two cases is defined as the permeability
ratio, and is measured to be R ¼ 13 at 300 mmFDG. To increase FDG
influx, we transformed E. coli cells with a plasmid conferring
ampicillin resistance and grew the cells in media with b-lactam
antibiotics (see Methods). Under these conditions, cell wall synthesis
is partially inhibited, making the cells more permeable to FDG,
as evident by a lower value of R ¼ 2 ^ 0.3 (Supplementary Fig. S4b).
In determining the number of enzyme molecules in live cells
below, R ¼ 2 is used as a correction factor to the in vitro calibration
(Fig. 1f).
We then monitored gene expression in live E. coli cells in real time.

b-gal is expressed from the lacZ gene on the chromosomal DNA,
which is under the control of the lac promoter. Cells are grown in
glucose-containing medium without inducer to exponential phase;
hence the expression level is highly repressed20. We observed abrupt
changes in hydrolysis rates in chambers with dividing cells, as shown
in Fig. 2a, b. These step-wise increases in the rates indicate the
stochastic burst-like expression of new b-gal molecules. We attribute
the bursts to stochastic and transient dissociation events of the Lac
repressor from the promoter, followed by transcription of mRNA,
which is then translated into a few copies of the reporter protein
before the mRNA is degraded.
The expression of proteins from a given gene can be characterized

by two key parameters: the average frequency of expression bursts per
cell cycle, a; and the average number of protein molecules per burst,
b. Under conditions of exponential growth in minimal medium, the

burst frequency for protein expression from the repressed E. coli lacZ
gene is measured to be a ¼ 0.11 ^ 0.03 bursts per cell cycle. The
average burst size is measured to be b ¼ 5 ^ 2 enzymes, or 20 ^ 8
monomers per burst, which is consistent with biochemical estimates
of 25–30 b-gal monomers per mRNA21,22.
This real-time assay also allows us to measure the distribution of

the number of enzymes produced per burst (Fig. 2c). It can be well
fitted with an exponential distribution, PðnÞ ¼ C expð2n=bÞ, where n
is the number of b-gal molecules per burst and C is a normalization
constant. We attribute this distribution to the fact that the cellular
lifetime of the mRNA is exponentially distributed21,23. Previously
only theoretically predicted1,24, the exponential P(n) can be
accounted for by the competition between mRNA degradation by

Figure 2 | Quantitative real-time measurement of individual protein
expression events in live E. coli cells. b-gal is under the control of a
repressed lac promoter. a, Trace of a chamber containing dividing cells
shows abrupt changes in hydrolysis rates (arrows on black curve). An empty
chamber shows a constant background (red curve). b, Discrete jumps in
b-gal number are due to burst-like production of proteins. The number of
b-gal molecules is calculated by taking the time derivative of the traces in a
and compensating for fluorescein photobleaching (Supplementary
Information). c, Histogram of copy number of b-gal molecules per burst.
The distribution is well-fitted with an exponential function (black line), with
an average of five proteins per burst, and is a consequence of exponential
cellular lifetime of the mRNA.
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RNaseE and translation by ribosome. Our single-molecule experi-
ment demonstrates the ability to provide quantitative real-time
information on gene expression in a live cell.
Stochasticity of gene expression is exhibited not only in the

temporal evolution of protein production in a single cell, but also
in the distribution of protein copy number in a population of cells at
a particular time. Such distributions have been measured using flow
cytometry3,4 or fluorescence microscopy2,5,6, but have been limited to
only high expression levels. Our method allows measurements of
the reporter’s distribution in a cell population with single copy
sensitivity.
To do this, we treated E. coli cells with chloroform, which

completely permeabilizes cell membrane and stops protein pro-
duction, while keeping existing b-gal molecules active inside the
cell (Fig. 3b, inset). The treated cells are immediately injected into the
microfluidic device together with FDG and the hydrolysis rate is
measured. We first demonstrate the detection of single enzyme
molecules inside those chloroform-treated cells. The histogram of
hydrolysis rates of all chambers shows quantized peaks (Fig. 3a and
Supplementary Fig. S12). The spacing between peaks is in agreement
with that measured in vitro (Fig. 1f).
We compiled a histogram of the number of b-gal molecules in

chambers containing only a single cell (Fig. 3b) for cells cultured
under the same repressed condition as in the real-time experiment.
The mean of this distribution is m ¼ 1.2 ^ 0.4 copies of b-gal
molecules per cell, and the standard deviation is j ¼ 3.3. The
mean agrees with the ensemble measurement of 1 ^ 0.5 b-gal per
cell, as well as the observation that the average number of b-gal
molecules per chamber increases with the number of cells trapped in
a chamber with a slope of 0.9 enzymes per cell (Fig. 3b inset).
We created a model to relate the measured steady-state protein

copy number distributions to the parameters a and b that are defined
above. We used a continuous form of the master equation25 to
analytically describe that distribution given the burst dynamics of
protein production. We assume that: (1) distribution of protein
molecules produced per expression event is exponential; (2)
expression events are temporally uncorrelated; and (3) protein
molecule copy numbers are halved at cell division. At steady-state,
protein production is balanced by protein dilution due to cell growth
and division. We found that the steady-state probability distribution
of protein number per cell, p(x), is a gamma distribution, which is
uniquely determined by the parameters a and b (Supplementary
Information):

pðxÞ ¼ xa21e2x=b

baGðaÞ ð1Þ

where G denotes the gamma function. The parameters a and b are

related to the mean,m, and standard deviation, j, by a ¼ m2/j2 and
b ¼ j2/m. Figure 3b shows that the data fits well with equation (1),
with b ¼ 7.8 ^ 2.6 reporters per burst and a ¼ 0.16 ^ 0.05 bursts
per cell cycle, which are consistent with the real-time data above
within error bars. This demonstrates that the information about
the underlying dynamic process, namely the values of a and b, is
preserved in both the temporal fluctuations in a single cell and the
instantaneous variability within a population.
Notably, the profile of p(x) with a , 1 that we measured for

the repressed lac operon is distinct from p(x) with a . 1 that was
measured previously for the induced lac operon2. These correspond
to two different regimes of equation (1), schematically illustrated
in Fig. 4. For a , 1, p(x) peaks at zero and a large fraction of cells
contains no b-gal regardless of the burst size b (Fig. 4a); however, for

Figure 4 | Two regimes of stochasticity in protein expression. Protein
molecules are produced in bursts (red), in addition to existing molecules
(blue), and diluted upon cell division, leading to a steady-state distribution,
p(x), of protein copy number, x, in the cell population. a, With a , 1, p(x)
peaks at x ¼ 0 and a large fraction of cells do not contain a single copy of the
protein regardless of the burst size, b. The repressed lac operon is well
described by this regime. b, With a . 1, most cells contain the protein at
some level. Both regimes can be described by the gamma distribution
(equation (1)).

Figure 3 | Steady-state protein copy number distributions in a population of
cells. a, Histogram of FDG hydrolysis rates from 48 chambers containing
chloroform-treated E. coli cells shows discrete, evenly spaced peaks, with
spacing equal to that measured with purified enzyme (Fig. 1f). b, Copy
number distribution of b-gal molecules in chambers containing a single
E. coli cell, under the repressed condition (120 cells). The solid line shows a
gamma distribution (equation (1)) with a ¼ 0.16 bursts per cell cycle and

b ¼ 7.8 b-gal molecules per burst. Inset: average hydrolysis rate grows
linearly with the number of cells per chamber with a slope of 0.9 enzymes per
cell. c, Histogram of the number of b-gal molecules in chloroform-treated
yeast cells (116 cells) expressing b-gal from the repressed GAL1 promoter
carried on a low copy number plasmid. The solid line is a gamma
distribution with a ¼ 0.2 and b ¼ 1.7.
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RNaseE and translation by ribosome. Our single-molecule experi-
ment demonstrates the ability to provide quantitative real-time
information on gene expression in a live cell.
Stochasticity of gene expression is exhibited not only in the

temporal evolution of protein production in a single cell, but also
in the distribution of protein copy number in a population of cells at
a particular time. Such distributions have been measured using flow
cytometry3,4 or fluorescence microscopy2,5,6, but have been limited to
only high expression levels. Our method allows measurements of
the reporter’s distribution in a cell population with single copy
sensitivity.
To do this, we treated E. coli cells with chloroform, which

completely permeabilizes cell membrane and stops protein pro-
duction, while keeping existing b-gal molecules active inside the
cell (Fig. 3b, inset). The treated cells are immediately injected into the
microfluidic device together with FDG and the hydrolysis rate is
measured. We first demonstrate the detection of single enzyme
molecules inside those chloroform-treated cells. The histogram of
hydrolysis rates of all chambers shows quantized peaks (Fig. 3a and
Supplementary Fig. S12). The spacing between peaks is in agreement
with that measured in vitro (Fig. 1f).
We compiled a histogram of the number of b-gal molecules in

chambers containing only a single cell (Fig. 3b) for cells cultured
under the same repressed condition as in the real-time experiment.
The mean of this distribution is m ¼ 1.2 ^ 0.4 copies of b-gal
molecules per cell, and the standard deviation is j ¼ 3.3. The
mean agrees with the ensemble measurement of 1 ^ 0.5 b-gal per
cell, as well as the observation that the average number of b-gal
molecules per chamber increases with the number of cells trapped in
a chamber with a slope of 0.9 enzymes per cell (Fig. 3b inset).
We created a model to relate the measured steady-state protein

copy number distributions to the parameters a and b that are defined
above. We used a continuous form of the master equation25 to
analytically describe that distribution given the burst dynamics of
protein production. We assume that: (1) distribution of protein
molecules produced per expression event is exponential; (2)
expression events are temporally uncorrelated; and (3) protein
molecule copy numbers are halved at cell division. At steady-state,
protein production is balanced by protein dilution due to cell growth
and division. We found that the steady-state probability distribution
of protein number per cell, p(x), is a gamma distribution, which is
uniquely determined by the parameters a and b (Supplementary
Information):

pðxÞ ¼ xa21e2x=b

baGðaÞ ð1Þ

where G denotes the gamma function. The parameters a and b are

related to the mean,m, and standard deviation, j, by a ¼ m2/j2 and
b ¼ j2/m. Figure 3b shows that the data fits well with equation (1),
with b ¼ 7.8 ^ 2.6 reporters per burst and a ¼ 0.16 ^ 0.05 bursts
per cell cycle, which are consistent with the real-time data above
within error bars. This demonstrates that the information about
the underlying dynamic process, namely the values of a and b, is
preserved in both the temporal fluctuations in a single cell and the
instantaneous variability within a population.
Notably, the profile of p(x) with a , 1 that we measured for

the repressed lac operon is distinct from p(x) with a . 1 that was
measured previously for the induced lac operon2. These correspond
to two different regimes of equation (1), schematically illustrated
in Fig. 4. For a , 1, p(x) peaks at zero and a large fraction of cells
contains no b-gal regardless of the burst size b (Fig. 4a); however, for

Figure 4 | Two regimes of stochasticity in protein expression. Protein
molecules are produced in bursts (red), in addition to existing molecules
(blue), and diluted upon cell division, leading to a steady-state distribution,
p(x), of protein copy number, x, in the cell population. a, With a , 1, p(x)
peaks at x ¼ 0 and a large fraction of cells do not contain a single copy of the
protein regardless of the burst size, b. The repressed lac operon is well
described by this regime. b, With a . 1, most cells contain the protein at
some level. Both regimes can be described by the gamma distribution
(equation (1)).

Figure 3 | Steady-state protein copy number distributions in a population of
cells. a, Histogram of FDG hydrolysis rates from 48 chambers containing
chloroform-treated E. coli cells shows discrete, evenly spaced peaks, with
spacing equal to that measured with purified enzyme (Fig. 1f). b, Copy
number distribution of b-gal molecules in chambers containing a single
E. coli cell, under the repressed condition (120 cells). The solid line shows a
gamma distribution (equation (1)) with a ¼ 0.16 bursts per cell cycle and

b ¼ 7.8 b-gal molecules per burst. Inset: average hydrolysis rate grows
linearly with the number of cells per chamber with a slope of 0.9 enzymes per
cell. c, Histogram of the number of b-gal molecules in chloroform-treated
yeast cells (116 cells) expressing b-gal from the repressed GAL1 promoter
carried on a low copy number plasmid. The solid line is a gamma
distribution with a ¼ 0.2 and b ¼ 1.7.
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Figure 3: The protein distribution
in single cells follows that Gamma
distribution and was measured using
a very clever experiment by Cai et al.
See also this crazy paper from the same
group Taniguchi et al Science 2010

where they do this for almost every
type of mRNA molecule in E .coli.

Fokker-Planck equation of the form

dp(x, t)
dt

= αm

∫
dbPburst(b)p(x − b, t)− αm p(x, t) + ∂x

(
τ−1

p xp(x, t)
)
(8)

At steady-state, this just becomes

a
∫

db[Pburst(b)− δ(x)]p(x − b) = −∂x (xp(x, t)) , (9)

with a = αmτp the mean number of bursts per cell cycle. Notice the
left hand side is just a convolution of two distributions, an exponen-
tial distribution and the distribution we want to solve for. A straight
forward calculation shows that

P̂burst(s) =
1/b̄

s + 1/b̄
(10)

Thus, we can take Laplace transform of both sides to get

− as
s + 1/b̄

p̂(s) = s∂s p̂(s). (11)

This yields

p̂(s) =
1

(s + 1/b̄)a . (12)

This is just the Laplace transform of the Gamma distribution.
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