Topic 35: Green’s Functions II — Potential between Two
Spherical Shells

In this topic we develop the tool to be used for finding the potential for an arbitrary
charge distribution between two concentric spherical surfaces of radii a and b (a <b)
having arbitrary potentials as boundary conditions. From our previous discussion of
uniqueness theorems, we know that the solution to such a problem is unique. However, it
is in general difficult to obtain the solution unless one can find the appropriate Green’s
Function. That is our primary goal in this topic. Much of the procedure employed here
mirrors that used in Exercise 34-2, which involved the expansion of the Green’s Function
for all space in terms of Legendre polynomials. The approach used in this topic will lead
to the expansion of the Green’s Function in the space between the concentric spheres in
terms of spherical harmonics.

From Topic 33 we know that if:

V"G, (f,7)= -4nd(i' - 7), (33-6)
and

G, (f,7')=0 on surface S, (33-7)

then the potential in the volume V that is bounded by the surface S is:

off) = ()6, (5.7 ki __§ (& Mdac (33-8)

4rg, 3, on'

There is no simple image solution for this problem, so we must employ a systematic
procedure to find the Green’s Function. Since the Green’s Function is a potential for a
specified charge distribution within a surface having specified potential, we know that
once we have found a solution, it is the one and only solution by the uniqueness theorem.

Since the Green’s Function is a solution to Laplace’s equation for ' # r we can express
it in terms of spherical harmonics, ala equation (34-45), for r' <r and ' > r:

(£,7) Z Z ( %)Ynm(e’,cp') (r'<r), (35-1)

n=0 m=—n

ZZ[C r D,HHJY (0,9") (r'>1). (35-2)

n=0 m=-n

G must vanish on the surfaces with radii a and b so we have that:
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G(F)=> > Anm(r'n —%JYnm(e',(p') (r'<r), (35-3)
r

and

— = = L 1 m ’ 1 1
G(ET)=> > Dnm(rmﬂ —ﬁ)Ynm(e ,0') (1’ >1), (35-4)

n=0 m=-n

Since G is a potential, it must be continuous across the sphere of radius r:

1 rn N a2n+1
Dnm[F_WJZAnm(r — rn+1 ] (35-5)

We can satisfy this requirement, and also satisfy the requirement that G be symmetric in
T and 1’ by setting:

2n+l1
D_=f_ (O,q){r“ - j (35-6)
T
and
A, =f (0,0 L G (35-7)
nm nm rn+1 b2n+l

We can now combine equations (35-3) and (35-4) into the following one:

S © n . 2n+1 1 >n ' ;
G(I', r ): Z z fnm (e’ (p{l} - arnﬂ ](rn+1 - brz‘nﬂ anm (e P ) (35_8)
n=0 m=—-n < >

where r_ is the smaller of r and r’ and r._ is the larger of r and r’. To determine f & we

impose the condition that the electric field must be continuous across the sphere of radius
r (except at 1):

%
or'

0 n . 2n+1 1 n-1 , '
= Z Z fnm (e’ (P{r - a;_n+1 )( nn_-t—_Z + 1’bHZ.nH ]Ynm (e ’(P )’ (35_9)

+ n=0 m=-n r
and

oG
81_[

- n=0 m=-n r

© n 2n+l1 n
-3 3 tfoof o O L @), s
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So,

2n+1
ZZ (2n+1) nmeq))[bM—J (0,9)=0, if(0=6,0'%0¢). (35-11)

n=0 m=-n
It is easy to identify f _ by using the completeness relation for spherical harmonics:
1 1

K Y *
(211 + 1) a2n+l nm
1- b2

where K is a constant. Note that this choice for f  also completes the requirement that G

is symmetric in T and 1’, and provides the needed singularity at the point ' =7 . So we
now have that:

fn(0,0)= (6,9), (35-12)

a 4, 1 ) a2n-¢—l 1 r; . o
KZ Z 21’1 +1 ( a2n+l J - I,n-H I_n-H - b2n+1 Y nm (69 (P)Ynm (e P )
1

n=0 m= n < >
b2n+1

We determine K by using Gauss’ Law and by requiring the charge between spheres with
radii slightly larger and slightly smaller than r be equal to 4ne,. We integrate (35-9) to

find the charge enclosed by a sphere with radius slightly larger than r:

Q, = _80§§

da’'=¢g,f,, (O,q))(l —Ejm,
r

+

where we have used the orthogonality of the spherical harmonics. Similarly we find the
charge within a sphere having radius slightly smaller than r:

da’ =g,f,(0,¢)- a)(l —%}/E .

r

Q, = _80§2§}:

The total charge between these two spheres must be 4me,:

Q,-Q_= 80f00(9,(p){(1—iJ+(3—%ﬂm =Keg, =4ng,.

r r

So K = 47 and we have for the Green’s Function:
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. aZn+1 1 I,>n
w 4m o~ ! _b2n+1
GE¥)=Y Y A Yo (

v . (0,0)Y,.(0,0).  (35-13)
R e 1)(1 - E“j

If we let a go to zero and b go to infinity, we will get the Green’s Function for all space,

-

n+1 >knm (e’ (P)Ynm (8” (P,) (35_14)

||ZZ

= n 2n+1

Comparing with equation (34-39) we obtain the addition theorem for spherical
harmonics:

. 4
Pn (COS Y) = Z (21’1‘:‘ l) Y *nm (99 (P)Ynm (6,9 (P’)’ (35-15)

where v is the angle between 1’ and 1.
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Exercise 35-1

A ring of charge has uniform linear charge density. The ring has radius R and lies in the
xy plane. The total charge of the bring is Q. The ring is between two concentric,
grounded metal spheres of radii a and b (a <b). Find the potential between the spheres.

Solution 35-1
We use equations (33-8) and (35-13). The charge density is given by:

o) = Q3(r" — R )3(cos0") ‘

2nR?
The potential is:
N 2n+l1 1 r>n
Q o 47‘5[1‘< - I,r1+1 j[rnﬂ - b2n+1] P
q)(f) = AR > 8(1" N R)z - - 2n+1 Y *.0 (9, (P)Yno(_a(p’}r'zdr'
Ty 0 Qnel)1-2 .
n+ b2n+l

From the definition of the spherical harmonics and associated Legendre functions we
have:
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and

. Q <& P,cosd)P (0 , Loatmhy S
cI)(r): 4TCR280 Z ( 21+1( )J.S(r _R{Q T a ol _b2n+l rdr’.

n=0 a
(1 - b2n+l J Y

The integral can be written:

2n+1 n r 2n+1
a 1 I a
8(r'—R) " - ——— Ir"*dr’ :J-S(r'—R ' —
n+l n+l 2n+1 rn+l
I I b r r
a
2n+l1 ' 2n+l
a 1 r a 1 r
' n 12 3.0 n__ _ > 2
8(1‘ R)r n+l rn+l b2n+1 r'dr’ = I n+l n+l b2n+1 R
g r r I, I,

where the greater and lesser than signs now refer to r and R:

= P, (cos®)P,(0)( , a1 r’
47[80 HZ: (1 2n+lJ (I’< - o j[rnﬂ _b2n+1j'

< >
b2n+1
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